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COMPARISON THEOREMS FOR THE MINIMUM EIGENVALUE
OF A RANDOM POSITIVE-SEMIDEFINITE MATRIX

JOEL A. TROPP

Abstract. This paper establishes a new comparison principle for the minimum
eigenvalue of a sum of independent random positive-semidefinite matrices. The prin-
ciple states that the minimum eigenvalue of the matrix sum is controlled by the mini-
mum eigenvalue of a Gaussian random matrix whose statistics are determined by the
summands. This methodology is powerful because of the vast arsenal of tools for treat-
ing Gaussian random matrices. As applications, the paper presents short, conceptual
proofs of some old and new results in high-dimensional statistics. It also settles a long-
standing open question in computational linear algebra about the injectivity properties
of very sparse random matrices.

1. Motivation

Random positive-semidefinite (psd) matrices appear throughout high-dimensional
statistics and high-dimensional probability. In particular, random psd matrices model
the sample covariance of a random vector, and they capture properties of random lin-
ear embeddings. For a psd matrix, the minimum eigenvalue provides a quantitative
measure of invertibility, so it is often the crucial statistic of these random matrix mod-
els. This paper introduces a new technique for studying the minimum eigenvalue of
a random psd matrix by establishing a comparison with the minimum eigenvalue of a
Gaussian random matrix. It also showcases several applications of this methodology.

1.1. Backgroundandcontext. A randommatrix is amatrixwhose entries are random
variables, not necessarily independent from each other. The distinctive concern of ran-
dom matrix theory (RMT) is the action of the random matrix as a linear map. Some
basic questions involve the localization of eigenvalues, the distribution of eigenvalues,
and the structure of eigenvectors. Onemay also study embedding properties—how the
random matrix distorts the geometry of a set, such as a linear subspace.
RMT emerged from applications in statistics (Wishart, 1927) and in nuclear physics

(Wigner, 1955). The early research centered on random matrix models with special
distributions (e.g., Gaussian) or with highly symmetric distributions (e.g., independent
entries). Researchers have attained exquisite insight on these models because there
are many ways to exploit the mathematical structure. See the textbook [Tao12] for an
introduction to RMT fundamentals and recent trends.

Received by the editors February 2, 2025, and, in revised form, January 25, 2026, and March 17, 2026.
2020Mathematics Subject Classification. Primary 15B52, 60B20.
Keywords and phrases. Comparison theorem, high-dimensional probability, high-dimensional statistics,

random matrix.
This research was supported in part by NSF FRG Award 1952777, ONR Award N-00014-24-1-2223, and

the Caltech Carver Mead New Adventures Fund.

©2026 by the author(s) under Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License (CC BY NC ND 4.0)

844

https://doi.org/10.1090/cams/72


COMPARISON FOR RANDOM PSD MATRICES 845

As applications of RMThavemultiplied, attention has shifted from particular exam-
ples to more versatile templates. A key contemporarymodel is the sum of independent
random self-adjoint matrices:

𝐘 =
𝑛
∑
𝑖=1

𝐖𝑖 where each𝐖𝑖 = 𝐖∗
𝑖 , and (𝐖1, . . . ,𝐖𝑛) is independent.

This model encompassesWishart andWignermatrices, as well as amenagerie of other
randommatrices that arise in practice. Usingmatrix concentration inequalities, we can
always bound the extreme eigenvalues of an independent sum in terms of accessible
statistics of the summands. These results havemade ameteoric impact because they re-
duce (formerly) challenging RMT problems to simple linear algebra calculations. The
monograph [Tro15] surveys matrix concentration and its applications.
Nevertheless, the basic matrix concentration inequalities often exhibit a subopti-

mal dependence on the matrix dimension, so researchers have continued to search
for general-purpose tools that can provide more precise information [Tro18, BBvH23,
Ban+24,BvH24]. This body of work revisits the classic idea that we can analyze a prob-
abilitymodel by relating it to a referencemodel with additional structure. In particular,
it is fruitful to compare a randommatrix to a Gaussian randommatrix that we already
understand.
This paper develops a new implementation of the comparison strategy: the mini-

mum eigenvalue of a sum of independent random psd matrices is controlled by the
minimum eigenvalue of a Gaussian random matrix with the same expectation and
with slightly higher variance. This comparison has implications for discrete geome-
try, high-dimensional statistics, and computational linear algebra.

1.2. Intuition: Positive random walks. Our approach is inspired by some surpris-
ing properties of a positive random walk. Consider a random walk on the real line
that can only move in the positive direction. What is the probability that the random
walk remains close to its origin? This event occurs only when all of the increments are
small, which is very unlikely. We can capture this insight with a standard probability
inequality that is the starting point for our investigation.
Tomodel the positive randomwalk, we introduce a sum of nonnegative real random

variables that are independent and identically distributed (iid):

𝑌 =
𝑛
∑
𝑖=1

𝑊𝑖 where the𝑊𝑖 are iid copies of𝑊 ≥ 0.

When the increment 𝑊 has two moments, we can compare the moment generating
function (mgf ) for its lower tail with themgf of a real-valuedGaussian randomvariable.
For all 𝜃 ≥ 0,

(1.1)

𝔼[e−𝜃𝑊 ] ≤ 𝔼[1 − 𝜃𝑊 + 1
2
𝜃2𝑊2] = 1 − 𝜃 𝔼[𝑊] + 1

2
𝜃2 𝔼[𝑊2]

≤ exp(−𝜃 𝔼[𝑊] + 1
2
𝜃2 𝔼[𝑊2])

= 𝔼[e−𝜃𝑋 ] where 𝑋 ∼ normalℝ(𝔼[𝑊], 𝔼[𝑊2]).
Using independence, this calculation extends to the mgf of the lower tail of the sum 𝑌 :
(1.2) 𝔼[e−𝜃𝑌 ] ≤ 𝔼[e−𝜃𝑍] where 𝑍 ∼ normalℝ (𝑛 ⋅ 𝔼[𝑊], 𝑛 ⋅ 𝔼[𝑊2]) .
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Figure 1.1. (Positive sum: Comparison). These plots illustrate the
distribution 𝑌 of an iid sum of nonnegative real random variables
(black line), alongwith thematchingGaussian distribution𝑍 (dashed
blue), described by (1.2), and the tail bound (dotted red), described
by (1.3). The top panel shows the densities; the bottom panel shows
the cumulative distributions. Each summand𝑊 is a chi-squared vari-
able with 1 degree of freedom, and 𝑌 comprises 𝑛 = 32 summands.

The mgf bound for the sum leads to a classic inequality for its lower tail:

(1.3) ℙ {𝑌 ≤ 𝔼[𝑍] − 𝑡} ≤ e−𝑡2/(2Var[𝑍]) for 𝑡 ∈ [0, 1].
In other words, the lower tail of the positive sum 𝑌 is related to the lower tail of a
matching Gaussian random variable 𝑍 whose statistics depend on the summand 𝑊 .
See Figure 1.1 for an illustration.

1.3. Random psd matrices. This paper demonstrates that the same phenomena per-
sist in the matrix setting. Consider a sum of iid random psd matrices, either real or
complex:

(1.4) 𝐘 =
𝑛
∑
𝑖=1

𝐖𝑖 where the𝐖𝑖 are iid copies of a random psd matrix𝐖.

The minimum eigenvalue 𝜆min(𝐘) can be expressed as the minimum of a family of iid
positive sums:

(1.5) 𝜆min(𝐘) = min‖𝐮‖=1
𝑛
∑
𝑖=1

𝐮∗𝐖𝑖𝐮.

For each direction 𝐮, the sum in (1.5) is very unlikely to be zero because of (1.3). On
the other hand, the random summands 𝐖𝑖 must cover every direction 𝐮 before the
minimum eigenvalue 𝜆min(𝐘) is strictly positive. It is not clear which of these two
opposing principles prevails.
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To resolve this dilemma, we adapt the strategy behind the scalar inequality (1.3) to
the matrix setting. Construct a self-adjoint Gaussian randommatrix 𝐙 that inherits its
statistics from the summands:

(1.6)
𝔼[𝐙] = 𝑛 ⋅ 𝔼[𝐖];

Var[Tr[𝐌𝐙]] = 𝑛 ⋅ 𝔼[(Tr[𝐌𝐖])2] for all self-adjoint𝐌.

Inspired by (1.2), we will establish a comparison between the trace mgfs of the two
random matrices:

(1.7) 𝔼[Tr e−𝜃𝐘] ≤ 2𝔼[Tr e−𝜃𝐙] for all 𝜃 ≥ 0.

Figure 1.2 illustrates the comparison. While the scalar case (1.2) is easy, the matrix in-
equality (1.7) relies on a deep fact frommatrix analysis called Stahl’s theorem, formerly
the BMV conjecture [Sta13]. This is a novel approach for studying random matrices.
Using standardmethods fromhigh-dimensional probability [Tro15,vH16], the trace

inequality (1.7) leads to a probabilistic comparison for the minimum eigenvalues:

(1.8) ℙ {𝜆min(𝐘) ≥ 𝔼[𝜆min(𝐙)] − 𝑡} ≤ 2𝑑 ⋅ e−𝑡2/(2𝜎2∗(𝐙)),

where 𝑑 is the matrix dimension. The weak variance 𝜎2∗ (𝐙) ≔ max‖𝐮‖=1 Var[𝐮∗𝐙𝐮]
controls the variance of 𝜆min(𝐙). The result (1.8) is powerful enough to yield sharp
bounds for the minimum eigenvalue of some models. See Theorem 2.4 for the full
statement of the comparison.
To analyze the minimum eigenvalue 𝜆min(𝐙) of the Gaussian matrix in (1.8), we

have a bristling armamentarium of techniques at our disposal. Thismethodology leads
to short, conceptual proofs of several important results from high-dimensional statis-
tics (Section 5). It also addresses a vexing open question from computational linear
algebra about very sparse random matrices (Section 6).

1.4. Roadmap. Section 2 states two comparison theorems and discusses related work.
Section 3 provides background on Gaussian random matrices that aids in the analysis
of the comparison model. Sections 4 to 6 apply the main results to several examples.
Section 7 details a proof of (1.3) that generalizes to matrices. Sections 8 and 9 establish
the main results, including (1.7) and (1.8).

1.5. Notation. We use standard conventions from linear algebra and probability.
Nonlinear functions bind before the trace and the expectation. Wemay omit the brack-
ets enclosing an argument.
Our results hold in both the real (𝔽 = ℝ) and complex (𝔽 = ℂ) setting; we often

suppress the field. For a natural number 𝑑 ∈ ℕ, the set𝕄𝑑(𝔽) is the linear space of 𝑑×𝑑
square matrices with entries in the field 𝔽. The set ℍ𝑑(𝔽) denotes the real-linear space
of self-adjoint (i.e., conjugate symmetric) matrices in 𝕄𝑑(𝔽). As usual, Tr[⋅] returns
the (unnormalized) trace of a square matrix.
The symbol ⊺ denotes the transpose of a vector or matrix, while ∗ denotes the conju-

gate transpose. The ℓ2 inner product is conjugate linear in the first coordinate: ⟨𝐮, 𝐯⟩ ≔
𝐮∗𝐯 for 𝐮, 𝐯 ∈ 𝔽𝑑. Likewise, we employ the trace inner product ⟨𝐌, 𝐀⟩ ≔ Tr[𝐌∗𝐀]
for matrices𝐌,𝐀 with the same dimensions.
The symbol ‖⋅‖ denotes the ℓ2 norm on vectors or the associated ℓ2 operator norm

on matrices. The Frobenius norm ‖⋅‖F also appears regularly.
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Figure 1.2. (Bivariate positive sum: Comparison). This figure illus-
trates the Gaussian comparison (1.6) for a 2×2 diagonal randomma-
trix 𝐖 with independent entries. Each diagonal entry 𝑊𝑖𝑖 is a chi-
squared variable with 1 degree of freedom, and there are 𝑛 = 32
summands. [Top] The bivariate distribution of a pair of independent
positive sums. [Bottom] The distribution of the matching Gaussian
model. [Left]Probability densities. [Right]Bivariate cumulative dis-
tribution functions. Brighter colors correspond to higher probabili-
ties. The Gaussian comparison is valid southwest of the expectation
(white lines). More precisely, the comparison concerns theminimum
of the two coordinates, whose distribution looks similar to the uni-
variate case (Figure 1.1).

As usual,ℙ(⋅) returns the probability of an event, and 𝔼[⋅] computes the expectation
of a random variable taking values in a finite-dimensional linear space. The operator
Var[⋅] reports the variance of a real random variable. The symbol ∼ means “has the
distribution”. The symbol ≍ means equivalent within constant factors. In informal
discussions, we may employ the orders ≲ and ≳, which suppress universal constants.
The symbol≪means “much less than”.
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2. Main results and related work

This section states our two main comparison theorems. The first concerns the sum
of psd matrices with random weights. The second theorem concerns the sum of iid
random psdmatrices that was described in Section 1.3. Afterward, we present a simple
first example, and we discuss related work.

2.1. Gaussian comparison: Randomly weighted sum of psdmatrices. The first re-
sult treats a random matrix model where we randomly weight the terms in a sum of
fixed psd matrices.

Theorem 2.1 (Comparison: Randomly weighted psd matrices). Fix a system of psd
matrices (𝐀1, . . . , 𝐀𝑛), real or complex, with common dimension 𝑑. Consider an indepen-
dent family (𝑊1, . . . ,𝑊𝑛) of nonnegative real random variables with two finite moments:
𝑊𝑖 ≥ 0 and 𝔼[𝑊2

𝑖 ] < +∞. Define the random matrices

(2.1)
𝐘 =

𝑛
∑
𝑖=1

𝑊𝑖𝐀𝑖;

𝐙 =
𝑛
∑
𝑖=1

𝑋𝑖𝐀𝑖 where 𝑋𝑖 ∼ normalℝ(𝔼[𝑊𝑖], 𝔼[𝑊2
𝑖 ]) are independent.

Then there is a stochastic comparison between the minimum eigenvalues of 𝐘 and 𝐙. In
expectation,

𝔼𝜆min(𝐘) ≥ 𝔼𝜆min(𝐙) −√2𝜎2∗ (𝐙) log 𝑑.
In addition, for all 𝑡 ≥ 0, the lower tail satisfies

ℙ {𝜆min(𝐘) ≤ 𝔼𝜆min(𝐙) − 𝑡} ≤ 𝑑 ⋅ e−𝑡2/(2𝜎2∗(𝐙)).
For this model, the weak variance takes the form

𝜎2∗ (𝐙) = max‖𝐮‖=1
𝑛
∑
𝑖=1

𝔼[𝑊2
𝑖 ] ⋅ (𝐮∗𝐀𝑖𝐮)2.

The proof of Theorem 2.1 appears in Section 8. The short argument employs tools
from Stein’s method [Ros11, CGS11]. The critical ingredient is Stahl’s theorem
(Fact 8.2), a deep result on the structure of the trace exponential function [Sta13]. The
weak variance 𝜎2∗ (𝐙) arises from Gaussian concentration [BLM13, Thm. 5.5] for the
minimum eigenvalue; see Fact 3.4.
A valuable feature of Theorem2.1 is that the psd coefficientmatrices𝐀𝑖 are arbitrary

and the random weights 𝑊𝑖 can have different distributions. Of particular interest is
the case where𝑊𝑖 ∼ bernoulli(𝑝𝑖), which models a random sample from a family of
fixed psd matrices.
Section 4 applies Theorem 2.1 to the geometric problem of sampling from a complex

projective design. This result complements Rudelson’s theorem [Rud99] on sampling
from an isotropic system.

Remark 2.2 (Second moment versus variance). Compare the construction of the
Gaussian comparison model (2.1) with the scalar case (1.2). It may be surprising that
the variance of the Gaussian 𝑋𝑖 depends on the raw secondmoment of𝑊𝑖, but this dis-
crepancy already arises in the scalar calculation (1.1) because of the Taylor expansion
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at zero. In both the scalar and matrix setting, the probability bounds are most accu-
rate when the random variables 𝑊𝑖 place a lot of mass near zero. As a consequence,
Theorem 2.1 is an effective tool for studying sparsely sampled sums of psd matrices.

2.2. Second moments and Gaussians. To state our next result compactly, we intro-
duce notation that describes the second moments of a random matrix model.

Definition 2.3 (Randommatrix: Second moments, self-adjoint case). Let 𝐗 ∈ ℍ𝑑 be a
random self-adjoint matrix. Define the second moment function and the variance func-
tion of the random matrix:

𝖬𝗈𝗆[𝐗](𝐌) ≔ 𝔼 |⟨𝐌, 𝐗⟩|2 = 𝔼[(Tr[𝐌𝐗])2],
𝖵𝖺𝗋[𝐗](𝐌) ≔ Var[⟨𝐌, 𝐗⟩] = Var[Tr[𝐌𝐗]], for self-adjoint𝐌 ∈ ℍ𝑑.

These functions pack up the second-order statistics of the one-dimensional linear
marginals of the random matrix.

Recall that a (real or complex) randommatrix is Gaussian if and only if the real and
imaginary parts of the entries compose a jointly Gaussian family of real random vari-
ables; e.g., see [BvH24, Sec. 2.1.2]. A self-adjoint Gaussian matrix 𝐙 ∈ ℍ𝑑 is uniquely
determined by its expectation 𝔼[𝐙] and variance function 𝖵𝖺𝗋[𝐙]. Given a self-adjoint
matrix𝚫 ∈ ℍ𝑑 and a positive quadratic form 𝖵 ∶ ℍ𝑑 → ℝ+, wewrite normal(𝚫, 𝖵) for
the unique Gaussian distribution on self-adjoint matrices with expectation𝚫 and vari-
ance function 𝖵. For more background on Gaussian random matrices, see Section 3.

2.3. Gaussian comparison: Sum of iid psd random matrices. Our second result
provides a Gaussian comparison for a sum of iid random psd matrices, the model pre-
sented in the introduction.

Theorem 2.4 (Comparison: Sum of iid psd matrices). Let𝐖 be a random psd matrix,
real or complex, with dimension 𝑑 and with two finite moments: 𝔼 ‖𝐖‖2 < +∞. Con-
sider any self-adjoint Gaussian matrix𝐗with dimension 𝑑 whose first- and second-order
statistics satisfy
(2.2) 𝔼[𝐗] = 𝔼[𝐖] and 𝖵𝖺𝗋[𝐗] ≥ 𝖬𝗈𝗆[𝐖].
For a natural number 𝑛 ∈ ℕ, define the random matrices

(2.3)
𝐘 =

𝑛
∑
𝑖=1

𝐖𝑖 where𝐖𝑖 ∼ 𝐖 iid;

𝐙 =
𝑛
∑
𝑖=1

𝐗𝑖 where 𝐗𝑖 ∼ 𝐗 iid.

Then there is a stochastic comparison between the minimum eigenvalues of 𝐘 and 𝐙. In
expectation,

𝔼𝜆min(𝐘) ≥ 𝔼𝜆min(𝐙) −√2𝜎2∗ (𝐙) log(2𝑑).(2.4)

In addition, for all 𝑡 ≥ 0, the lower tail satisfies
ℙ {𝜆min(𝐘) ≤ 𝔼𝜆min(𝐙) − 𝑡} ≤ 2𝑑 ⋅ e−𝑡2/(2𝜎2∗(𝐙)).(2.5)

The weak variance is defined as
(2.6) 𝜎2∗ (𝐙) ≔ max‖𝐮‖=1 Var[𝐮∗𝐙𝐮].
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Theorem 2.4 is a (nontrivial) corollary of Theorem 2.1. For the proof, the strategy is
to draw a large sample from the distribution of the summand𝐖 and to approximate
the iid sum 𝐘 by extracting a sparse subsample. See Section 9 for the grisly details.
Let us expand on the difference between the two comparison theorems. While The-

orem 2.1 forces the summands to take the simple form 𝑊𝑖𝐀𝑖, each summand has its
own distribution. In contrast, Theorem 2.4 comprehends a general distribution 𝐖,
but it requires the summands to be identical copies of𝐖. We permit inequality in the
comparison (2.2) to facilitate the application of the result. The Gaussian comparison
model (2.3) for the sum 𝐘 can also be written in the form

(2.7) 𝐙 = 𝑛 ⋅ (𝔼𝐗) + √𝑛 ⋅ (𝐗 − 𝔼𝐗) ∼ normal(𝑛 ⋅ 𝔼[𝐗], 𝑛 ⋅ 𝖵𝖺𝗋[𝐗]).
The statement (2.7) follows from the stability properties of the Gaussian. Compare
with (1.2).
Theorem 2.4 supports many applications. As a first example, Section 2.4 provides

a bound for the minimum eigenvalue of a Wishart matrix. Section 5 develops some
old and new results on the minimum eigenvalue of a sample covariance matrix. Sec-
tion 6 studies random linear embeddings, and it resolves a recalcitrant problem on the
injectivity properties of very sparse random matrices.

Conjecture 2.5 (Non-iid sums). It is natural to conjecture a comparison between the
random matrices

𝐘 =
𝑛
∑
𝑖=1

𝐖𝑖 where𝐖𝑖 are psd and independent;

𝐙 =
𝑛
∑
𝑖=1

𝐗𝑖 where 𝐗𝑖 ∼ normal(𝔼[𝐖𝑖], 𝖬𝗈𝗆[𝐖𝑖]) are independent.

In this setting, we can establish the weaker expectation bound

𝔼𝜆min(𝐘) ≥ 𝔼𝜆min(𝐙) −
𝑛
∑
𝑖=1

√2𝜎2∗(𝐗𝑖) log(2𝑑).

We believe that stronger statements, parallel with Theorem 2.4, should remain valid. See
Section 9 for a summary of the argument and the obstacles to improving the result.

2.4. Example: Wishartmatrix. As a first example, we treat theminimum eigenvalue
of a standard real Wishart matrix [Mui82, Sec. 3.2]. Introduce the random, rank-one
psd matrix

𝐖 = 𝐠𝐠⊺ ∈ ℍ𝑑(ℝ) where 𝐠 ∼ normalℝ(𝟎, 𝐈𝑑).
Draw independent copies𝐖1, . . . ,𝐖𝑛 of the random matrix𝐖, and form the sum:

(2.8) 𝐘 =
𝑛
∑
𝑖=1

𝐖𝑖 ∼ wishartℝ(𝐈𝑑, 𝑛).

After a calculation of the first and second moments of 𝐖, Theorem 2.4 furnishes a
comparison between the Wishart matrix 𝐘 and the Gaussian matrix

(2.9) 𝐙 = 𝑛 ⋅ 𝐈𝑑 + 𝛾√𝑛 ⋅ 𝐈𝑑 +√𝑛 ⋅ 𝐆goe ∈ ℍ𝑑(ℝ),
where 𝛾 ∼ normalℝ(0, 1) and𝐆goe is drawn independently from the (unnormalized)
Gaussian orthogonal ensemble (GOE); see Section 3.7.3 for details. Exploiting standard
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facts about the GOE matrix [AS17, Exer. 6.48], we find that the minimum eigenvalue
and the weak variance satisfy

𝔼𝜆min(𝐙) ≥ 𝑛 − 2√𝑑𝑛 and 𝜎2∗ (𝐙) ≤ 3𝑛.

Therefore, Theorem 2.4 yields the explicit, nonasymptotic bound

(2.10) 𝔼𝜆min(𝐘) ≥ 𝑛 − 2√𝑑𝑛 −√6𝑛 log(2𝑑).

The bound is nontrivial when 𝑛 > (2√𝑑 + √6 log(2𝑑))2. In particular, it suffices that
𝑛 ≳ 𝑑.
How tight is the inequality (2.10)? Rescale by the number 𝑛 of samples, and intro-

duce the aspect ratio 𝜚 ≔ 𝑑/𝑛 ∈ (0, 1]. When 𝑑, 𝑛 → ∞ with the ratio 𝜚 fixed, we
determine that

𝔼𝜆min(𝑛−1𝐘) ≥ 1 − 2√𝜚 −√6 log(2𝑑)/𝑛 → 1 − 2√𝜚.

In this regime, the sharp asymptotic [BY93, Thms. 1,2] is

𝜆min(𝑛−1𝐘) → 1 − 2√𝜚 + 𝜚 almost surely.

When the aspect ratio 𝜚 is small (that is, 𝑛 ≫ 𝑑), the bound (2.10) is correct to first
order, including the numerical constant. On the other hand, the bound is only active
inside the regime where 𝑛 > 4𝑑, so it does not speak to the more challenging case
where 𝑛 ≈ 𝑑.

2.5. Nonexample: Wishart matrix. Instead, suppose that we express the Wishart
matrix 𝐘 ∼ wishartℝ(𝐈𝑑, 𝑛) as the sum of 𝑘 iid copies of𝐖 ∼ wishartℝ(𝐈𝑑, 𝑛/𝑘),
where 𝑘 divides 𝑛.
After a calculation, we obtain the comparison model:

𝐙 = 𝑛 ⋅ 𝐈𝑑 + 𝛾𝑛𝑘−1/2 ⋅ 𝐈𝑑 +√𝑛 ⋅ 𝐆goe ∈ ℍ𝑑(ℝ).

The minimum eigenvalue satisfies the same bound as before, but the weak variance is
much larger:

𝔼𝜆min(𝐙) ≥ 𝑛 − 2√𝑑𝑛 and 𝜎2∗ (𝐙) ≤ 2𝑛 + 𝑛2/𝑘.
Theorem 2.4 results in the comparison

𝔼𝜆min(𝐘) ≥ 𝑛 − 2√𝑑𝑛 −√2(2𝑛 + 𝑛2/𝑘) log(2𝑑).

This inequality is vacuous unless the number of summands 𝑘 ≳ log 𝑑, and it does not
make accurate predictions unless 𝑘 ≫ 𝜚−1 log 𝑑.
From this exercise, we discover that Theorem 2.4 furnishes different conclusions,

depending on how we decompose a random matrix as a sum of iid psd terms. To ex-
tract the most leverage from the theorem, we want to break the random matrix into
the smallest pieces we can. This phenomenon is typical of concentration inequalities
for independent sums, which often deteriorate when individual summands are large
relative to the sum. The example also supports a general prescription: Theorem 2.4
usually requires ≳ log 𝑑 summands to produce nontrivial bounds.
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2.6. Equivariance. An attractive feature of Theorems 2.1 and 2.4 is that the results
are equivariant under linear transformations (Proposition 3.1). In particular, if 𝐙 is
a Gaussian comparison model for the random psd sum 𝐘, then 𝐊∗𝐙𝐊 is a Gaussian
comparison model for 𝐊∗𝐘𝐊. In this statement, 𝐊 is any conformable matrix, not
necessarily square.
This observation facilitates the computation of comparison models. For instance,

it is often convenient to transform the random matrix 𝐘 so that its expectation 𝔼𝐘 =
𝐈. The equivariance property also plays a central role in the analysis of randomized
subspace injections (Section 6).

2.7. Gaussian comparison versus matrix concentration. When is the Gaussian
comparison method effective? Consider a self-adjoint Gaussian matrix 𝐙 ∈ ℍ𝑑. Its
minimum eigenvalue satisfies

(2.11) 𝔼𝜆min(𝐙) ≥ 𝜆min(𝔼 𝐙) − 𝔼 ‖𝐙 − 𝔼𝐙‖.
A sufficient condition for the comparison (2.4) between 𝜆min(𝐘) and 𝜆min(𝐙) to be in-
formative is that the right-hand side of (2.11) is positive. To check the latter condition,
we need to understand the scale for the expected norm 𝔼 ‖𝐙 − 𝔼𝐙‖.
To that end, define thematrix variance statistic [Tro15, Eqn. (2.2.4)]:

𝜎2(𝐙) ≔ ‖𝔼 (𝐙 − 𝔼𝐙)2‖.
The matrix variance controls the expected norm of a self-adjoint, centered Gaussian
matrix:

(2.12) √(2/𝜋) 𝜎2(𝐙) ≤ 𝔼 ‖𝐙 − 𝔼𝐙‖ ≤ √2𝜎2(𝐙) log(2𝑑).

This statement (2.12) is a variant of the matrix Khinchin inequality (Fact 3.3). Both
bounds in (2.12) are saturated. We must undertake a more sensitive analysis to deter-
mine whether or not the expected norm includes the dimensional factor, log(2𝑑). The
matrix variance compares with the weak variance:

(2.13) 𝜎2∗ (𝐙) ≤ 𝜎2(𝐙) ≤ 𝑑 ⋅ 𝜎2∗ (𝐙).
Both bounds in (2.13) are attainable. In contrast to 𝔼𝜆min(𝐙), the statistics 𝜎2(𝐙) and
𝜎2∗ (𝐙) are easy to compute, as they only depend on the second moments of the random
matrix.
We can obtain a coarser version of Theorem2.4 by incorporating the estimates (2.11),

(2.12), and (2.13). For instance, the expectation bound (2.4) implies that

(2.14) 𝔼𝜆min(𝐘) ≥ 𝜆min(𝔼 𝐙) − 2√2𝜎2(𝐙) log(2𝑑).

In fact, an estimate similar with (2.14) follows from simpler arguments based on the
scalar mgf inequality (1.2) and matrix concentration tools [Tro15]; see Section A for
details.
The benefits of theGaussian comparisonmethodnowcome into sharper focus. The-

orems 2.1 and 2.4 are most effective in case

𝜆min(𝔼 𝐙) ≫ 𝔼 ‖𝐙 − 𝔼𝐙‖ ≈ 𝜎(𝐙) ≫ 𝜎∗(𝐙).
Butweneed a finer scalpel than thematrixKhinchin inequality (2.12) to assesswhether
the expected norm includes the dimensional factor, log(2𝑑).
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Example 2.6 (Wishart: Matrix concentration). Suppose we apply the matrix concen-
tration bound (2.14) to the comparison model (2.9) for the Wishart matrix 𝐘 ∼
wishartℝ(𝐈𝑑, 𝑛). The matrix variance statistic 𝜎2(𝐙) = 𝑛(𝑑 + 2), and we arrive at
the bound

𝔼𝜆min(𝐘) ≥ 𝑛 − 2√2𝑛(𝑑 + 2) log(2𝑑).
This bound, while nontrivial, does not capture the correct dimensional dependence
that is visible in (2.10). We have squandered the valuable distributional information
provided by Theorem 2.4.
Remark 2.7 (Intrinsic freeness). Recent research [BBvH23, Ban+24], inspired by
[Tro18], has demonstrated that we can sometimes compare the eigenvalue distribution
of a Gaussian matrix with a free probability model, using simple summary statistics.
These intrinsic freeness results can be valuable for handling the Gaussian comparison
model, but they are unhelpful for the applications in this paper.
2.8. Related work. This paper is the first to recognize the potential applications of
Stahl’s theorem (Fact 8.2) in random matrix theory. A companion paper [Tro26a] ex-
ploits other facets of Stahl’s theorem to derive comparison theorems for the extreme
eigenvalues of a sum of independent random self-adjoint matrices. We believe that
there are many further opportunities at this nexus.
We are not aware of previous results that are similar in detail with the Gaussian

comparisons from Theorems 2.1 and 2.4. Nevertheless, the literature is scattered with
breadcrumbs that form a broken trail toward these new results.

2.8.1. Universality laws for randommatrices. Comparedwith ourwork, the results that
are closest in spirit appear in a recent paper of Brailovskaya & van Handel [BvH24].
They derive quantitative universality theorems for sums of independent randommatri-
ces, in the spirit of the Berry–Esseen theorem. See [Tro26b] for an alternative approach
to their results. As we will explain, their results are incomparable with the ones in this
paper.
Brailovskaya & van Handel consider an independent sum of random self-adjoint

matrices 𝐖𝑖, not necessarily psd or identically distributed. They compare the sum
with a Gaussian model that shares the same first- and second-order statistics, as in the
multivariate central limit theorem:

𝐘 =
𝑛
∑
𝑖=1

𝐖𝑖 and 𝐙′ ∼ normal(𝔼[𝐘], 𝖵𝖺𝗋[𝐘]).

In contrast, our approach requires the summands𝐖𝑖 to be iid random psd matrices,
and it compares the sum with a different Gaussian model that has slightly higher vari-
ance.
Under appropriate conditions on the summands, Brailovskaya & van Handel argue

that the eigenvalue distribution of 𝐘 and the eigenvalue distribution of the Gaussian
model 𝐙′ are similar. Their results address both the spectral density and the spectral
support. As onemay imagine, it appears to require stricter assumptions on the statistics
of the random matrices to ensure this strong affinity.
For instance, to control the minimum eigenvalue of the random sum, Brailovskaya

& van Handel assume that the uniform bound statistic
𝑅 ≔ 𝔼max𝑖 ‖𝐖𝑖 − 𝔼𝐖𝑖‖2 ≪ 𝜎(𝐘)(log 𝑑)−3.
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This condition ensures that each one of the summands makes a limited contribution
to the sum. The restriction is particularly important when the random matrices have
few moments or the summands have inhomogeneous distributions. Under this sur-
mise, they prove [BvH24, Thm. 2.8] that the expected distance between the minimum
eigenvalues satisfies

𝔼 |𝜆min(𝐘) − 𝜆min(𝐙′)| ≲ 𝜎(𝐙′)5/6𝑅1/6 log 𝑑 + 𝜎∗(𝐙′)(log 𝑑)1/2.

As in the present paper, the second term on the right arises from Gaussian concentra-
tion. To understand the first term, recall from (2.12) that the statistic 𝜎(𝐙′) controls
the scale of the minimum eigenvalue: 𝔼𝜆min(𝐙′ − 𝔼𝐙′). In some examples, the factor
𝑅1/6 log 𝑑 submerges the first term below 𝜎(𝐙′).
As with our Gaussian comparison theorems, the proof strategy in the paper of

Brailovskaya & van Handel is based on techniques from Stein’s method. While there
are small points of similarity (e.g., the use of interpolation), our technical apparatus
follows an independent design.
The results of Brailovskaya & van Handel are powerful and wide ranging. For some

of the applications we consider in this paper, however, their approach leads to para-
sitic error terms that make it impossible to reach the optimal bounds. These factors
are particularly significant in applications to computational mathematics (Section 6),
where constants and logarithmsmatter. The results in this paper and in the companion
paper [Tro26a] sometimes allow for superior bounds.

2.8.2. A sum of independent random psd matrices. There is also a body of work that
provides specialized bounds for the minimum eigenvalue of an independent sum of
randompsdmatrices. Several of these papers are inspired by the same observation (1.3)
that an independent sum of nonnegative real random variables has a Gaussian lower
tail, and they pursue this insight in creative and multifarious ways. We focus on the
earliest and most distinctive contributions.
This literature treats several distinct random matrix models. To facilitate compar-

isons, we summarize the implications for a special case involving sample covariance
matrices. Consider a real randomvector𝐰 ∈ ℝ𝑑 that has four finitemoments. For nor-
malization, assume that the vector is centered and isotropic: 𝔼[𝐰] = 𝟎 and 𝔼[𝐰𝐰⊺] =
𝐈𝑑. Form the sample covariance matrix based on 𝑛 samples:

𝐘 = 1
𝑛

𝑛
∑
𝑖=1

𝐰𝑖𝐰⊺
𝑖 where𝐰𝑖 ∼ 𝐰 iid.

For a parameter 𝜀 ∈ (0, 1), how many samples 𝑛 = 𝑛(𝜀) are sufficient to ensure that
𝜆min(𝐘) ≥ 1 − 𝜀 with high probability? The weak assumptions on moments make this
question very challenging.
Srivastava & Vershynin [SV13] formulated this problem and made the first contri-

bution. Consider a random vector 𝐰 ∈ ℝ𝑑 that satisfies the uniform fourth moment
condition

(2.15) max‖𝐮‖=1 𝔼 |⟨𝐮, 𝐰⟩|4 ≤ 𝐿.

They established a sample complexity bound:

𝑛 ≥ 400𝐿𝜀−3𝑑 implies 𝔼𝜆min(𝐘) ≥ 1 − 𝜀.
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Their paper is important because the sample complexity 𝑛 has the correct (linear) de-
pendence on the dimension 𝑑, although it exhibits a suboptimal dependence on 𝜀.
Their proof employs a Stieltjes transform argument inspired by work in spectral graph
theory [BSS14].
Koltchinskii & Mendelson [KM15] developed a family of related results under a

weak form of the moment condition (2.15). For some 𝜂 > 2, assume that

ℙ {|⟨𝐮, 𝐰⟩| > 𝑡} ≤ 𝐿𝑡−(2+𝜂) when ‖𝐮‖ = 1 and 𝑡 ≥ 1.

In this regime, their work yields the correct dependence on the parameter 𝜀. Indeed,

𝑛 ≥ 𝐶𝜀−2𝑑 implies ℙ {𝜆min(𝐘) < 1 − 𝜀} ≤ 𝐶 log(e𝑛/𝑑) ⋅ e−𝑑/𝐶 .

The constant𝐶 = 𝐶(𝜂, 𝐿). Their proof involves truncation, small ball probabilities, and
a Vapnik–Chervonenkis dimension argument.
Oliveira [Oli16] proposed a third approach. Under the assumption (2.15), he estab-

lished that

(2.16) 𝑛 ≥ 81𝐿𝜀−2(𝑑 + 2 log(2/𝛿)) implies that ℙ {𝜆min(𝐘) < 1 − 𝜀} ≤ 𝛿.

The bound (2.16) has the correct dependence on all of the parameters. Oliveira’s ar-
gument relies on the PAC-Bayesian method [LST02,McA03, AC11], a technique that
smooths the distribution and employs the variational formulation of the entropy to ob-
tain bounds. In Section 5, we will exploit the Gaussian comparison method to give a
short proof of Oliveira’s bound (2.16).
The papers discussed in this section depend heavily on moment assumptions, such

as (2.15), which cannot capture the detailed distribution of a random vector. To high-
light the benefits of the Gaussian comparison method, we will obtain new bounds for
the sample covariance of a very sparse random vector (Theorem 5.4) that are not ac-
cessible via the methods outlined in this section.

3. Gaussian random matrices

To take advantage of the Gaussian comparison method, we must be able to con-
struct the comparison model and determine its spectral properties. This section out-
lines some facts about Gaussian random matrices that will play a role in the applica-
tions and the proofs of the main theorems. For generality, we work in the complex
setting, which includes the real setting as a special case.

3.1. The Cartesian decomposition. To simplify some formulas, let us introduce the
Cartesian decomposition of a square matrix. The real part and imaginary part of a
square matrix𝐌 ∈ 𝕄𝑑(ℂ) with complex entries are the self-adjoint matrices

Re𝐌 ≔ 1
2(𝐌 +𝐌∗) ∈ ℍ𝑑(ℂ) and Im𝐌 ≔ 1

2i (𝐌 −𝐌∗) ∈ ℍ𝑑(ℂ).

The Cartesian decomposition states that 𝐌 = (Re𝐌) + i(Im𝐌), and the two terms
are orthogonal with respect to the trace inner product. In other terms, the Cartesian
decomposition presents the matrix as the sum of its Hermitian and skew-Hermitian
parts.
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3.2. First and second moments of random matrices. Let 𝐗 ∈ ℍ𝑑(ℂ) be a random
self-adjointmatrixwith complex entries. The secondmoment function (Definition 2.3)
contains information about the second moment of each entry of the random matrix:

𝖬𝗈𝗆[𝐗](Re𝐄𝑖𝑗) = 𝔼 |Re𝑋𝑖𝑗 |2 and 𝖬𝗈𝗆[𝐗](Im𝐄𝑖𝑗) = 𝔼 |Im𝑋𝑖𝑗 |2.
Here, 𝐄𝑖𝑗 ∈ 𝕄𝑑(ℂ) is the square matrix with a one in the (𝑖, 𝑗) position and zeros
elsewhere. We can extract mixed second moments via polarization. For example,

𝖬𝗈𝗆[𝐗]((Re𝐄𝑖𝑗)+(Re𝐄𝑘ℓ)) − 𝖬𝗈𝗆[𝐗]((Re𝐄𝑖𝑗)−(Re𝐄𝑘ℓ)) = 4𝔼 [(Re𝑋𝑖𝑗)(Re𝑋𝑘ℓ)].
In the last two displays, the range of the indices 𝑖, 𝑗, 𝑘, ℓ = 1, . . . , 𝑑.
The variance function (Definition 2.3) collects the second moments of the centered

random matrix:

𝖵𝖺𝗋[𝐗] = 𝖬𝗈𝗆[𝐗 − 𝔼𝐗] = 𝖬𝗈𝗆[𝐗] − 𝖬𝗈𝗆[𝔼𝐗].
For random self-adjoint matrices𝐗,𝐘 ∈ ℍ𝑑(ℂ), the variance function is additive in the
sense that

(3.1) 𝖵𝖺𝗋[𝐗 + 𝐘] = 𝖵𝖺𝗋[𝐗] + 𝖵𝖺𝗋[𝐘] when 𝐗,𝐘 are independent.

For contrast, the secondmoment function𝖬𝗈𝗆 does not satisfy the additivity rule (3.1).
The first and second moments of a random matrix are equivariant under linear

transformations. This fact allows us to transfer the comparison theorems between
models. We remark that there are many types of linear transformations that preserve
the cone of psd matrices [Bha07, Sec. 2.1].

Proposition 3.1 (Moments: Equivariance). Consider random self-adjoint matrices
𝐖,𝐗 ∈ ℍ𝑑(ℂ) with

𝔼[𝐗] = 𝔼[𝐖] and 𝖵𝖺𝗋[𝐗] ≥ 𝖬𝗈𝗆[𝐖].
Then, for each real-linear map ℒ ∶ ℍ𝑑(ℂ) → ℍ𝑑′(ℂ) on self-adjoint matrices,

𝔼[ℒ(𝐗)] = 𝔼[ℒ(𝐖)] and 𝖵𝖺𝗋[ℒ(𝐗)] ≥ 𝖬𝗈𝗆[ℒ(𝐖)].

Proof. By linearity,

𝔼[ℒ(𝐗)] = ℒ(𝔼𝐗) = ℒ(𝔼𝐖) = 𝔼[ℒ(𝐖)].
By duality, for each𝐌 ∈ ℍ𝑑(ℂ),

𝖵𝖺𝗋[ℒ(𝐗)](𝐌) = Var[⟨𝐌, ℒ(𝐗)⟩] = Var[⟨ℒ∗(𝐌), 𝐗⟩]
= 𝖵𝖺𝗋[𝐗](ℒ∗(𝐌) ≥ 𝖬𝗈𝗆[𝐖](ℒ∗(𝐌))
= 𝔼 |⟨ℒ∗(𝐌), 𝐖⟩|2 = 𝔼 |⟨𝐌, ℒ(𝐖)⟩|2 = 𝖬𝗈𝗆[ℒ(𝐖)](𝐌).

As usual,ℒ∗ is the adjoint of the linearmapwith respect to the trace inner product. □

3.3. Matrix Gaussian series. Section 2.2 provides an abstract definition of a Gauss-
ian random matrix. This section introduces a concrete model that is often useful for
calculations. A (self-adjoint) matrix Gaussian series is a random matrix model of the
form

(3.2) 𝐙 = 𝚫 +
𝑛
∑
𝑖=1

𝛾𝑖𝐇𝑖 where 𝛾𝑖 ∼ normalℝ(0, 1) iid.
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The coefficients (𝚫,𝐇1, . . . , 𝐇𝑛) are deterministic matrices inℍ𝑑(ℂ). Let us emphasize
that the Gaussian random variables 𝛾𝑖 are real-valued. Every self-adjoint Gaussian ran-
dom matrix can be written in the form (3.2) in many different ways.
We can easily compute the mean and variance function of the randommatrix (3.2):

(3.3) 𝔼[𝐙] = 𝚫 and 𝖵𝖺𝗋[𝐙](𝐌) =
𝑛
∑
𝑖=1

|⟨𝐌, 𝐇𝑖⟩|2 for𝐌 ∈ ℍ𝑑(ℂ).

The expression for the variance function follows from the additivity rule (3.1).

3.4. Gaussianmonotonicity. Gaussian randommatrices enjoy a strongmonotonicity
property. As the variance function increases, expectations of convex functions of the
random matrix also increase.

Proposition 3.2 (Gaussians: Monotonicity). Consider two self-adjoint Gaussianmatri-
ces in ℍ𝑑(ℂ) with distributions 𝐙 ∼ normal(𝚫, 𝖵) and 𝐙′ ∼ normal(𝚫, 𝖵′) that share
the same expectation. Suppose the variance functions 𝖵 and 𝖵′ satisfy the pointwise in-
equality

(3.4) 𝖵(𝐌) ≤ 𝖵′(𝐌) for all𝐌 ∈ ℍ𝑑(ℂ).
For each convex function 𝑓 ∶ ℍ𝑑(ℂ) → ℝ where the expectations are finite,

(3.5) 𝔼𝑓(𝐙) ≤ 𝔼𝑓(𝐙′).

Proof. Since 𝖵′ −𝖵 is a positive quadratic form on ℍ𝑑(ℂ), we can construct a Gaussian
matrix𝐗 ∼ normal(𝟎, 𝖵′−𝖵) that is independent from 𝐙. By linearity of expectation,
𝔼[𝐙 + 𝐗] = 𝚫. By additivity of the variance function (3.1),

𝖵𝖺𝗋[𝐙 + 𝐗] = 𝖵𝖺𝗋[𝐙] + 𝖵𝖺𝗋[𝐗] = 𝖵 + (𝖵′ − 𝖵) = 𝖵′.
Therefore, the sum 𝐙 + 𝐗 ∼ normal(𝚫, 𝖵′) follows the same distribution as 𝐙′. To
obtain the convexity inequality (3.5), note that

𝔼𝑓(𝐙′) = 𝔼𝑓(𝐙 + 𝐗) ≥ 𝔼𝑓(𝐙).
We have invoked Jensen’s inequality, conditional on 𝐙. □

3.5. Matrix variance. We can capture information about spectral features of a Gauss-
ianmatrix using scalar summary statistics. Thematrix variance of a self-adjoint Gauss-
ian matrix 𝐙 ∈ ℍ𝑑(ℂ) is

(3.6) 𝜎2(𝐙) ≔ ‖‖𝔼 (𝐙 − 𝔼𝐙)2‖‖ = ‖
‖
𝑛
∑
𝑖=1

𝐇2
𝑖
‖
‖ .

The second identity in (3.6) is valid for an arbitrary representation (3.2) of 𝐙 as a Gauss-
ian series. When 𝐙, 𝐙′ are independent, we have the subadditivity rule 𝜎2(𝐙 + 𝐙′) ≤
𝜎2(𝐙) + 𝜎2(𝐙′).
The matrix Khinchin inequality [Tro15, Thm. 4.6.1] states that the matrix variance

controls the expectation of the extreme eigenvalues of the centered Gaussian matrix:

Fact 3.3 (Matrix Khinchin). Consider a self-adjoint Gaussianmatrix𝐙with dimension
𝑑. Then

(3.7) −𝔼𝜆min(𝐙 − 𝔼𝐙) = 𝔼𝜆max(𝐙 − 𝔼𝐙) ≤ √2𝜎2(𝐙) log 𝑑.
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In general, the logarithmic factor in (3.7) is required. The lower bound stated in (2.12)
follows from a sharp moment comparison [LO99, Cor. 3] and Jensen’s inequality.

3.6. Weak variance. For a self-adjoint Gaussianmatrix 𝐙 ∈ ℍ𝑑(ℂ), theweak variance
statistic is defined as

(3.8) 𝜎2∗ (𝐙) ≔ max‖𝐮‖=1 Var[𝐮∗𝐙𝐮] = max‖𝐮‖=1
𝑛
∑
𝑖=1
(𝐮∗𝐇𝑖𝐮)2.

The second identity holds for an arbitrary representation (3.2) of𝐙 as a Gaussian series.
As stated in (2.13), the weak variance is controlled by the matrix variance, and both
bounds are attainable.
The weak variance can easily be expressed in terms of the variance function:

𝜎2∗ (𝐙) = max‖𝐮‖=1 𝖵𝖺𝗋[𝐙](𝐮𝐮∗) = max‖𝐌‖∗=1 𝖵𝖺𝗋[𝐙](𝐌).

We have written ‖⋅‖∗ for the Schatten 1-norm, also known as the nuclear norm. As a
consequence, for self-adjoint Gaussian matrices 𝐙, 𝐙′ ∈ ℍ𝑑(ℂ), the weak variance is
monotone with respect to the variance function:

(3.9) 𝖵𝖺𝗋[𝐙] ≤ 𝖵𝖺𝗋[𝐙′] implies 𝜎2∗ (𝐙) ≤ 𝜎2∗ (𝐙′).

When 𝐙, 𝐙′ are independent, we also have the subadditivity rule 𝜎2∗ (𝐙 + 𝐙′) ≤ 𝜎2∗ (𝐙) +
𝜎2∗ (𝐙′).
The weak variance arises when studying concentration properties of Gaussian ran-

dom matrices.

Fact 3.4 (Gaussian concentration). Let ℎ ∶ ℍ𝑑(ℂ) → ℝ be a function that is 1-Lipschitz
with respect to the ℓ2 operator norm:

|ℎ(𝐀) − ℎ(𝐁)| ≤ ‖𝐀 − 𝐁‖ for all 𝐀,𝐁 ∈ ℍ𝑑(ℂ).

For a self-adjoint Gaussian matrix 𝐙 ∈ ℍ𝑑(ℂ), the mgf of ℎ(𝐙) satisfies

(3.10) 𝔼 e𝜃(ℎ(𝐙)−𝔼ℎ(𝐙)) ≤ e𝜃2𝜎2∗(𝐙)/2 for all 𝜃 ∈ ℝ.

We can instantiate (3.10) with ℎ = 𝜆max or ℎ = 𝜆min because of Weyl’s inequal-
ity [Bha97, Cor. III.2.6].

Sketch of proof. To confirm (3.10), define the composite function

𝑓 ∶ (𝛾1, . . . , 𝛾𝑛) ↦ ℎ (𝚫 +
𝑛
∑
𝑖=1

𝛾𝑖𝐇𝑖) ≕ ℎ(𝐙).

We quickly bound the Lipschitz constant of 𝑓 with respect to the ℓ2 norm:

|𝑓(𝑎1, . . . , 𝑎𝑛) − 𝑓(𝑏1, . . . , 𝑏𝑛)| ≤ ‖
‖
𝑛
∑
𝑖=1
(𝑎𝑖 − 𝑏𝑖)𝐇𝑖

‖
‖

= max‖𝐮‖=1
𝑛
∑
𝑖=1
(𝑎𝑖 − 𝑏𝑖)(𝐮∗𝐇𝑖𝐮) ≤ 𝜎∗(𝐙) ⋅ ‖𝐚 − 𝐛‖.

The last inequality is Cauchy–Schwarz. Gaussian Lipschitz concentration [BLM13,
Thm. 5.5] yields the mgf bound (3.10). □
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3.7. Basic examples. Let us collect some simple Gaussianmatrices that wemay com-
bine to build comparison models. Indeed, we can represent a Gaussian matrix as a
sum of independent Gaussian matrices by breaking the variance function into pieces
and identifying a Gaussian model for each piece. This strategy is justified by the ad-
ditivity (3.1) of the variance. In this section, the random variables 𝛾, 𝛾𝑖, 𝛾𝑗𝑘, 𝛾′𝑗𝑘 are iid
normalℝ(0, 1). The distribution normalℂ(0, 1) generates a complex Gaussian ran-
dom variable whose real and imaginary parts are iid normalℝ(0, 1/2) random vari-
ables.

3.7.1. Scalar Gaussian matrix. As a warmup, consider the scalar matrix 𝐒 ≔ 𝛾𝐈 ∈
ℍ𝑑(ℂ). It is easy to see that 𝔼𝜆min(𝐒) = 𝔼 𝜆max(𝐒) = 0. The variance function of the
scalar matrix acts as

𝖵𝖺𝗋[𝐒](𝐌) = (Tr𝐌)2 for𝐌 ∈ ℍ𝑑(ℂ).
Note that the matrix variance and weak variance coincide: 𝜎2(𝐒) = 𝜎2∗ (𝐒) = 1.

3.7.2. Diagonal Gaussian matrix. Next, consider the diagonal matrix

𝐃 ≔
𝑑
∑
𝑖=1

𝛾𝑖𝐄𝑖𝑖 ∈ ℍ𝑑(ℂ).

The extreme eigenvalues satisfy

−𝔼𝜆min(𝐃) = 𝔼𝜆max(𝐃) = 𝔼max{𝛾𝑖 ∶ 𝑖 = 1, . . . , 𝑑} ≤ √2 log 𝑑.
This expectation bound is asymptotically sharp. The variance function of the diagonal
matrix is

𝖵𝖺𝗋[𝐃](𝐌) =
𝑑
∑
𝑖=1

|𝑚𝑖𝑖|2 for𝐌 ∈ ℍ𝑑(ℂ).

The matrix variance and weak variance again coincide: 𝜎2(𝐃) = 𝜎2∗ (𝐃) = 1.

3.7.3. Gaussian orthogonal ensemble. Now, we turn to a more sophisticated example.
A randommatrix from the (unnormalized) Gaussian orthogonal ensemble (GOE) takes
the form

𝐆goe ≔ √2
𝑑
∑
𝑗,𝑘=1

𝛾𝑗𝑘 ⋅ (Re𝐄𝑗𝑘) ∈ ℍ𝑑(ℝ).

Note that thismatrix is real and symmetric. The diagonal entries are iidnormalℝ(0, 2)
random variables, while the entries in the upper triangle are iid normalℝ(0, 1) ran-
dom variables. The key property of the GOE distribution is its orthogonal invariance:

(3.11) 𝐐⊺𝐆goe𝐐 ∼ 𝐆goe for each orthogonal 𝐐 ∈ 𝕄𝑑(ℝ).
The extreme eigenvalues of theGOEmatrix satisfy an elegant bound [AS17, Exer. 6.48]:

(3.12) −𝔼𝜆min(𝐆goe) = 𝔼 𝜆max(𝐆goe) ≤ 2√𝑑.
To recognize the GOE matrix, observe that its variance function is

𝖵𝖺𝗋[𝐆goe](𝐌) = 2
𝑑
∑
𝑗,𝑘=1

|𝑚𝑗𝑘|2 = 2‖𝐌‖2F for𝐌 ∈ ℍ𝑑(ℝ).
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The matrix variance and weak variance differ almost as much as possible. Indeed,
𝜎2(𝐆goe) = 𝑑+1 and 𝜎2∗ (𝐆goe) = 2. GOEmatrices arise in several of our comparisons.
(For example, see Section 2.4.)

3.7.4. Gaussian unitary ensemble. The Gaussian unitary ensemble (GUE) is the com-
plex cousin of the GOE. A random matrix from this family takes the form

𝐆gue ≔
𝑑
∑
𝑗,𝑘=1

[𝛾𝑗𝑘 ⋅ (Re𝐄𝑗𝑘) + 𝛾′𝑗𝑘 ⋅ (Im𝐄𝑗𝑘)] ∈ ℍ𝑑(ℂ).

The diagonal entries are iid real normalℝ(0, 1) random variables, while the entries in
the upper triangle are iid complex normalℂ(0, 1) random variables. The GUE distri-
bution is unitarily invariant:

𝐔∗𝐆gue𝐔 ∼ 𝐆gue for each unitary𝐔 ∈ 𝕄𝑑(ℂ).
The extreme eigenvalues of the GUE matrix satisfy the following bound
[AS17, Exer. 6.38].

−𝔼𝜆min(𝐆gue) = 𝔼 𝜆max(𝐆gue) ≤ 2√𝑑.
The variance function of the GUE matrix acts as

𝖵𝖺𝗋[𝐆gue](𝐌) =
𝑑
∑
𝑗,𝑘=1

|𝑚𝑗𝑘|2 = ‖𝐌‖2F for𝐌 ∈ ℍ𝑑(ℂ).

The matrix variance and weak variance differ as much as possible: 𝜎2(𝐆gue) = 𝑑 and
𝜎2∗ (𝐆gue) = 1. Among all random matrices, the GUE matrix is perhaps the most fun-
damental.

4. Application: Sampling from a design

Our first application is geometric. If we randomly subsample a set of vectors that
spans a (complex) linear space, does the reduced set still span the space? In considering
this question, we must enforce some regularity properties to avoid situations where
most of the vectors fall in a proper subspace. For illustration, we impose a rather strong
condition, which ensures that the vectors are distributed evenly across the unit sphere.

4.1. Projective designs. Consider a finite system 𝒰 ≔ (𝐮1, . . . , 𝐮𝑛) of unit-norm vec-
tors in ℂ𝑑. The system is called a complex projective 𝑡-design when it yields a quadra-
ture rule for homogeneous degree-2𝑡 polynomials on the complex unit sphere𝕊𝑑−1(ℂ).
More precisely, for each vector 𝐚 ∈ ℂ𝑑,

1
𝑛

𝑛
∑
𝑖=1

|⟨𝐚, 𝐮𝑖⟩|2𝑡 = 𝔼 |⟨𝐚, 𝐯⟩|2𝑡 where 𝐯 ∼ uniform(𝕊𝑑−1).

In particular, a projective 1-design is the same as an isotropic system (also known as a
unit-norm tight frame), so it spans the whole space:

(4.1) 1
𝑛

𝑛
∑
𝑖=1

𝐮𝑖𝐮∗𝑖 =
1
𝑑 ⋅ 𝐈𝑑.
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We are interested in a projective 2-design, which is characterized by the condition

(4.2) 1
𝑛

𝑛
∑
𝑖=1

|⟨𝐌, 𝐮𝑖𝐮∗𝑖 ⟩|2 =
1

𝑑(𝑑 + 1)[‖𝐌‖2F + (Tr𝐌)2] for all𝐌 ∈ ℍ𝑑(ℂ).

A projective 2-design is always a projective 1-design. Examples of projective 2-designs
include systems of equiangular vectors, mutually unbiased bases, and other highly
symmetric configurations. See [Wal18, Chap. 8] or [GKKT20, App. B.1] for more ex-
amples and discussion.

4.2. Sampling from a projective design. A classic question in nonasymptotic ran-
dom matrix theory asks when a random subset of an isotropic system remains a span-
ning set. The fundamental result for this problem is due to Rudelson [Rud99]; see
Section 4.2.1 for a proof sketch.

Fact 4.1 (Sampling: Projective 1-design). Consider a complex projective 1-design𝒰 ≔
(𝐮1, . . . , 𝐮𝑛) consisting of 𝑛 unit-norm vectors in ℂ𝑑. For a parameter 1 ≤ 𝑠 ≤ 𝑛, con-
struct a random subsystem 𝒰′ with an average of 𝑠 vectors by uniform sampling:

(4.3) 𝒰′ = (𝐮𝑖 ∶ 𝜉𝑖 = 1) where 𝜉𝑖 ∼ bernoulli(𝑠/𝑛) iid.

When 𝑠 ≥ 𝑑 log(𝑑/𝛿), the random subset 𝒰′ spans ℂ𝑑 with probability at least 1 − 𝛿.
The logarithmic factor in the sampling complexity is necessary.

As a complement to Fact 4.1, we study the problem of sampling from a complex
projective 2-design. We will establish the optimal result: a random subset remains a
spanning set when the average number of vectors exceeds the ambient dimension by a
constant factor. The proof appears in Section 4.2.2.

Theorem 4.2 (Sampling: Projective 2-design). With the notation of Fact 4.1, assume
that the system𝒰 is a complex projective 2-design. When the average number 𝑠 of sampled
vectors satisfies

𝑠 ≥ 4[√𝑑 +√log(𝑑/𝛿)]2,

the random subset𝒰′ spans ℂ𝑑 with probability at least 1 − 𝛿.

To analyze the subsampled system 𝒰′, defined in (4.3), we introduce the random
psd matrix

(4.4) 𝐘 ≔ ∑
𝐮∈𝒰′

𝐮𝐮∗ =
𝑛
∑
𝑖=1

𝜉𝑖𝐮𝑖𝐮∗𝑖 where 𝜉𝑖 ∼ bernoulli(𝑠/𝑛) iid.

Observe that the system𝒰′ spansℂ𝑑 if and only if 𝜆min(𝐘) > 0. We can obtain themin-
imum eigenvalue bound from a quick application of the Gaussian comparison method
(Theorem 2.1).
In contrast, the existing techniques for minimum eigenvalues [SV13,KM15,Oli16]

all fail to provide the correct bound for 𝜆min(𝐘) because the summands in (4.4) are
both spiky and non-identically distributed. Spectral universality tools, such as [BvH24,
Cor. 2.7], also produce the wrong answer when applied to the random matrix 𝐘.
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4.2.1. Proof of Fact 4.1. Assume that𝒰 is a complex projective 1-design. For the proof,
we express the average number of sampled vectors 𝑠 = 𝛽𝑑 in terms of a parameter in
the range 1 ≤ 𝛽 ≤ 𝑛/𝑑.
Consider the random matrix 𝐘, defined in (4.4). By the isotropy property (4.1),

𝔼𝐘 = 𝛽𝑑
𝑛

𝑛
∑
𝑖=1

𝐮𝑖𝐮∗𝑖 = 𝛽 ⋅ 𝐈𝑑.

The 𝐮𝑖 are unit vectors, so the spectral norm of each summand in (4.4) is bounded by
one. An application of the matrix Chernoff inequality [Tro15, Thm. 5.1.1] yields

ℙ {𝜆min(𝐘) = 0} ≤ 𝑑 ⋅ e−𝛽.
If the oversampling parameter 𝛽 ≥ log(𝑑/𝛿), then the probability that 𝐘 is singular is
at most 𝛿.
Last, to confirm that the sampling complexity bound is unimprovable without fur-

ther assumptions, consider the 1-design obtained by repeating the standard basis for
ℝ𝑑:

𝒰 = (𝐞1, . . . , 𝐞1⏟⎵⏟⎵⏟
𝑅

, 𝐞2, . . . , 𝐞2⏟⎵⏟⎵⏟
𝑅

, . . . , 𝐞𝑑, . . . , 𝐞𝑑⏟⎵⎵⏟⎵⎵⏟
𝑅

).

The parameter 𝑅 is a large natural number. To reliably select each distinct basis vector
at least once, it takes 𝑠 ≥ 𝑑 log 𝑑 samples because of the coupon collector phenome-
non [MU17, Sec. 2.4.1].

4.2.2. Proof of Theorem 4.2. Assume that 𝒰 is a complex projective 2-design, and pa-
rameterize the average number of samples as 𝑠 = 𝛽𝑑.
Consider the random matrix 𝐘 defined in (4.4). Theorem 2.1 immediately yields a

comparison with the Gaussian matrix

𝐙 =
𝑛
∑
𝑖=1

𝑋𝑖𝐮𝑖𝐮∗𝑖 where 𝑋𝑖 ∼ normalℝ(𝛽𝑑/𝑛, 𝛽𝑑/𝑛) iid;

∼ 𝛽 ⋅ 𝐈𝑑 +√
𝛽𝑑
𝑛

𝑛
∑
𝑖=1

𝛾𝑖𝐮𝑖𝐮∗𝑖 where 𝛾𝑖 ∼ normalℝ(0, 1) iid.

Indeed, 𝔼𝐙 = 𝛽 ⋅ 𝐈𝑑 because a 2-design satisfies the isotropy property (4.1). The 2-
design property (4.2) also allows us to compute the variance function. For self-adjoint
𝐌 ∈ ℍ𝑑(ℂ),

𝖵𝖺𝗋[𝐙](𝐌) = 𝛽𝑑
𝑛

𝑛
∑
𝑖=1

|⟨𝐌, 𝐮𝑖𝐮∗𝑖 ⟩|2 =
𝛽

𝑑 + 1 [‖𝐌‖2F + (Tr𝐌)2] .

The variance function determines the distribution of the random part of 𝐙. In view of
the discussion in Section 3.7, we identify a GUE matrix and a scalar Gaussian matrix:

𝐙 = 𝛽⋅𝐈𝑑+√
𝛽

𝑑 + 1(𝐆gue+𝛾𝐈𝑑) where 𝐆gue and 𝛾 ∼ normalℝ(0, 1) are independent.

Using the inequality (3.12) for the GUE eigenvalues, we get

𝔼𝜆min(𝐙) = 𝛽 +√
𝛽

𝑑 + 1 ⋅ 𝔼 [𝜆min(𝐆gue) + 𝛾] ≥ 𝛽 − 2√
𝛽𝑑
𝑑 + 1 > 𝛽 − 2√𝛽.
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Meanwhile, the weak variance satisfies

𝜎2∗ (𝐙) ≤
𝛽

𝑑 + 1[𝜎
2
∗ (𝐆gue) + 𝜎2∗ (𝛾𝐈)] <

2𝛽
𝑑 .

Instantiating Theorem 2.1, we arrive at the probability inequality

ℙ {𝜆min(𝐘) ≤ 𝛽 − 2√𝛽 − 𝑡} ≤ 𝑑 ⋅ e−𝑡2𝑑/(4𝛽).

Choose 𝑡 = 𝛽 − 2√𝛽, set the failure probability equal to 𝛿, and solve for the oversam-
pling parameter 𝛽 to complete the argument. □

5. Application: Sample covariance matrices

Our next application arises from high-dimensional statistics. Suppose that we want
to detect which linear marginals of a random vector have strictly positive variance
[SV13]. One procedure is to draw iid copies of the random vector and to form the
sample covariance matrix. The sample covariance matrix provides estimates for the
variance of each marginal. How many samples are sufficient to ensure that none of
these estimates is too small?
Using the Gaussian comparison theorem (Theorem 2.4), we can reproduce and ex-

tend several major results on sample covariance matrices from the recent literature.
When the second moments and fourth moments of the random vector are compara-
ble, then the sampling complexity is proportional to the dimension of the random vec-
tor [Oli16]. We can also obtain useful information about the sample covariance matrix
of a very sparse random vector [DZ24].

5.1. The sample covariance matrix. Consider a real random vector 𝐰 ∈ ℝ𝑑 with
dimension 𝑑 that has four finite moments: 𝔼 ‖𝐰‖4 < +∞. Assume that the random
vector is centered, and introduce the (population) covariance matrix:

𝔼[𝐰] = 𝟎 and 𝐊 ≔ 𝔼[𝐰𝐰⊺].
For simplicity, we also assume that the covariance matrix 𝐊 has full rank 𝑑. We can
compute the variance of a linear marginal of the random vector in terms of the covari-
ance matrix:

(5.1) Var[⟨𝐚, 𝐰⟩] = 𝐚⊺𝐊𝐚 for each 𝐚 ∈ ℝ𝑑.

Our goal is to obtain lower bounds for the variance in every direction, which we call
the variance detection problem.
Suppose that we sample 𝑛 iid copies of the random vector𝐰. The sample covariance

matrix of this data is the random psd matrix

(5.2) 𝐊̂𝑛 ≔
1
𝑛

𝑛
∑
𝑖=1

𝐰𝑖𝐰⊺
𝑖 where𝐰𝑖 ∼ 𝐰 iid.

The sample covariance is an unbiased estimator for the population covariance: 𝔼[𝐊̂𝑛]
= 𝐊 for each 𝑛 ∈ ℕ. Moreover, the sample covariance matrix provides estimates for
the variance of each linearmarginal (5.1) of the distribution. For a parameter 𝜀 ∈ (0, 1),
we aspire that, with high probability,

(5.3) 𝐚⊺𝐊̂𝑛𝐚 ≥ (1 − 𝜀) ⋅ 𝐚⊺𝐊𝐚 for all 𝐚 ∈ ℝ𝑑.
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Howmany samples 𝑛 = 𝑛(𝐰, 𝜀) are sufficient to ensure that the property (5.3) is likely
to prevail?
The answer to this question depends on the distribution of the random vector 𝐰.

Since 𝐊 has rank 𝑑, it is necessary that 𝑛 ≥ 𝑑 because the rank of the sample covari-
ance matrix 𝐊̂𝑛 does not exceed the number 𝑛 of samples. For a worst-case vector that
satisfies ‖𝐰‖ ≲ √𝑑, it is necessary to draw 𝑛 ≍ 𝑑 log 𝑑 samples [Rud99].
A major technical challenge is to find large classes of random vectors where the

sample complexity of (5.3) is proportional to the dimension: 𝑛 ≍ 𝑑. This problem has
already inspired a vast literature that draws on a diverse set of technical ideas. The
Gaussian comparison inequality (Theorem 2.4) offers a new methodology for address-
ing this problem.

Remark 5.1 (Sample covariance: Complex setting). Our approach adapts to the com-
plex setting with minimal changes. We work in the real setting, as it is more typical in
the statistics literature.

5.2. Sample covariance: Four moment theorem. Our first result reconstructs a
prominent theorem from high-dimensional statistics, in a form due to Oliveira [Oli16].
When the second and fourth moments of a random vector are comparable, then the
sample complexity of the variance detection problem is proportional to the dimension.
The proof appears in Section 5.2.2.

Theorem5.2 (Sample covariancematrices: Fourmoment theorem). Suppose that𝐰 ∈
ℝ𝑑 is a centered random vector with covariance matrix 𝐊 and with four finite moments.
For a constant 𝛽 ≥ 1, assume that

(5.4) 𝔼 |⟨𝐚, 𝐰⟩|4 ≤ 𝛽2 ⋅ ( 𝔼 |⟨𝐚, 𝐰⟩|2)2 for each 𝐚 ∈ ℝ𝑑.

For parameters 𝜀, 𝛿 ∈ (0, 1), suppose that the number 𝑛 of samples satisfies

(5.5) 𝑛 ≥ 24𝛽2 ⋅ (𝑑 ∨ log(2𝑑/𝛿))
𝜀2 .

Then, with probability at least 1 − 𝛿, the sample covariance matrix 𝐊̂𝑛 defined in (5.2)
satisfies

(5.6) 𝐚⊺𝐊̂𝑛𝐚 ≥ (1 − 𝜀) ⋅ 𝐚⊺𝐊𝐚 for all 𝐚 ∈ ℝ𝑑.

The sample complexity (5.5) contains a “startup cost” of 𝑛 ≳ 𝛽2 log(𝑑/𝛿) samples
to ensure that the failure probability is controlled. Usually, the sample complexity is
governed by the other term: 𝑛 ≳ 𝛽2𝑑. The statistic 𝛽 relates the second and fourth
moments of marginals of the random vector.
The sample complexity 𝑛 ≍ 𝑑 whenever the comparison factor 𝛽 is independent of

the dimension 𝑑. Many types of random vectors meet this criterion, including random
vectors with independent bounded entries, log-concave random vectors, and tensor
products of independent random vectors from these classes. We refer to the litera-
ture [SV13,KM15,Oli16,Zhi24] for more examples and discussion.

5.2.1. Prior work. Srivastava & Vershynin [SV13, Thm. 1.5] established the first result
in the spirit of Theorem5.2, with suboptimal dependence on the parameter 𝜀. Koltchin-
skii & Mendelson [KM15, Thm. 1.3] obtained improvements to the dependence on 𝜀
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with slightly stricter moment assumptions. Oliveira [Oli16, Thm. 1.1] obtained a ver-
sion of the result stated here, which gives the correct dependence on all the parameters.
See Section 2.8.2 for more discussion.
Several papers [SV13, KM15, Tik18] present nonasymptotic bounds on the mini-

mum eigenvalue of the sample covariance assuming control of the 2 + 𝜂 moments,
where 𝜂 > 0. These conditions are weaker than (5.4). Nevertheless, we will see that
the Gaussian comparison method can tease out structure from the random vector that
is invisible to a uniform bound on moments (Section 5.3).

5.2.2. Proof of Theorem 5.2. The key idea is to exploit the superior concentration of
the Gaussian comparison model. Indeed, we can invoke the most elementary net ar-
gument to bound the norm of the Gaussianmatrix. The result we need is encapsulated
in Lemma 5.3, which is established in Section 5.2.3.

Lemma 5.3 (Gaussian matrix: Bounded variance). Let 𝐙 ∈ ℍ𝑑(ℝ) be symmetric and
Gaussian with

(5.7) Var[𝐚⊺𝐙𝐚] ≤ 𝛽2 ⋅ ‖𝐚‖2 for each 𝐚 ∈ ℝ𝑑.

Then

𝔼 ‖𝐙 − 𝔼𝐙‖ ≤ √12𝛽2𝑑 and 𝜎2∗ (𝐙) ≤ 𝛽2.

Let us continue with the proof of Theorem 5.2. We may assume that the covariance
matrix 𝐊 has full rank by restricting our attention to its range. Observe that the mo-
ment condition (5.4) and the conclusion (5.6) are both invariant under invertible linear
transformations of the random vector. Therefore, we can make the change of variables
𝐰 ↦ 𝐊−1/2𝐰 to ensure that the random vector𝐰 is isotropic: 𝔼[𝐰𝐰⊺] = 𝐈𝑑.
Introduce the Gaussian matrix 𝐗 ∈ ℍ𝑑(ℝ) with statistics

𝔼[𝐗] = 𝔼[𝐰𝐰⊺] = 𝐈𝑑 and 𝖵𝖺𝗋[𝐗] = 𝖬𝗈𝗆[𝐰𝐰⊺].
Note that the variances of the quadratic forms satisfy

Var[𝐚⊺𝐗𝐚] = 𝖵𝖺𝗋[𝐗](𝐚𝐚⊺) = 𝖬𝗈𝗆[𝐰𝐰⊺](𝐚𝐚⊺) = 𝔼 |⟨𝐚, 𝐰⟩|4 ≤ 𝛽2 ⋅ ‖𝐚‖2.
The last inequality is the hypothesis (5.4) of the theorem, plus isotropy.
According to Theorem 2.4, the Gaussian comparisonmodel 𝐙 ∈ ℍ𝑑(ℝ) for the sam-

ple covariance matrix 𝐊̂𝑛 is

𝐙 = 1
𝑛

𝑛
∑
𝑖=1

𝐗𝑖 ∼ (𝔼𝐗) + 1
√𝑛

(𝐗 − 𝔼𝐗) where 𝐗𝑖 ∼ 𝐗 iid.

Using Lemma 5.3, we get

𝔼𝜆min(𝐙) ≥ 𝜆min(𝔼𝐗) − 𝑛−1/2 𝔼 ‖𝐗 − 𝔼𝐗‖ ≥ 1 − √12𝛽2𝑑/𝑛.
Meanwhile, the weak variance 𝜎2∗ (𝐙) ≤ 𝛽2/𝑛. Activating Theorem 2.4, we discover that

ℙ {𝜆min(𝐊̂𝑛) ≥ 1 − √12𝛽2𝑑/𝑛 − 𝜀/√12} ≤ 2𝑑 ⋅ e−𝑛𝜀2/(24𝛽2).

Introduce the stated bound (5.5) for the sample complexity 𝑛 and simplify the expres-
sion. The Rayleigh variational formula for the minimum eigenvalue yields the conclu-
sion (5.6). □
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5.2.3. Proof of Lemma 5.3. Without loss of generality, we may assume that 𝐙 is cen-
tered. The statement about the weak variance is immediate. Indeed, by its defini-
tion (3.8) and the hypothesis (5.7) of the lemma,

𝜎2∗ (𝐙) = max‖𝐮‖=1 Var[𝐮⊺𝐙𝐮] ≤ 𝛽2.
For the norm bound, recall that the unit sphere in ℝ𝑑 admits an 𝜀-net𝒩 with at most
(1 + 2/𝜀)𝑑 points [Ver18, Cor. 4.2.13]. By the standard discretization argument [Ver18,
Sec. 4.4],

𝔼 ‖𝐙‖ ≤ 𝔼max𝐮∈𝒩 |𝐮⊺𝐙𝐮| + 2𝜀 ⋅ 𝔼 ‖𝐙‖.
Since Var[𝐮⊺𝐙𝐮] ≤ 𝛽2 uniformly, the maximal inequality [vH16, Lem. 5.1] for Gauss-
ian random variables asserts that

𝔼max𝐮∈𝒩 |𝐮⊺𝐙𝐮| ≤ √2𝛽2 log(2|𝒩|) ≤ √2𝛽2(log 2 + 𝑑 log(1 + 2/𝜀)).
The factor two inside the logarithm takes care of the absolute value in the maximum.
Combine the last two displays, and solve for the expected norm to obtain

𝔼 ‖𝐙‖ ≤ 1
1 − 2𝜀√2𝛽2(log 2 + 𝑑 log(1 + 2/𝜀)).

Select 𝜀 = 1/12, and note that the numerical constant is bounded by √12 for all 𝑑 ≥
1. □

5.3. Example: Sparse covariance matrices. For a more challenging example that
goes beyond the scope of Theorem 5.2, we consider variance detection for a sparse
random vector. For simplicity, we treat the case of iid entries, but we only require four
finite moments.
Fix the dimension 𝑑, and let 𝜁 ∈ (0, 𝑑] be a sparsity parameter. Introduce a real

random variable 𝜓 that is standardized and has bounded fourth moment:
𝔼[𝜓] = 0 and Var[𝜓] = 1 and 𝔼 |𝜓|4 = 𝐵.

Construct a sparse random vector𝐰 ∈ ℝ𝑑 with iid entries:

𝐰 =√
𝑑
𝜁 [

𝜉1𝜓1
⋮

𝜉𝑑𝜓𝑑
] where

𝜉𝑖 ∼ bernoulli(𝜁/𝑑) iid;
𝜓𝑖 ∼ 𝜓 iid.

It is straightforward to check that 𝐰 is centered and isotropic, and 𝐰 has 𝜁 nonzero
entries on average. How does the sample complexity of the variance detection problem
depend on the sparsity?

Theorem 5.4 (Sample covariance: Sparse vectors). Instate the prevailing notation, and
fix parameters 𝜀, 𝛿 ∈ (0, 1). Suppose that the number 𝑛 of samples satisfies

(5.8) 𝑛 ≥ 25𝑑 ⋅ (1 ∨ (2𝐵𝜁−1 log(2𝑑/𝛿)))
𝜀2 .

With probability at least 1−𝛿, the sample covariance matrix of the sparse random vector
𝐰 has minimum eigenvalue 𝜆min(𝐊̂𝑛) ≥ 1 − 𝜀.

Theorem 5.4 handles two different behavioral regimes:
• When 𝜁 ≥ 2𝐵 log 𝑑, the sample complexity 𝑛 ≍ 𝑑.
• When 𝜁 ≤ 2𝐵 log 𝑑, the sample complexity 𝑛 ≍ 𝐵𝜁−1𝑑 log 𝑑.
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It is quite difficult to confirm the optimal linear sample complexity in the first regime,
especially when the distribution 𝜓 has few moments. The scaling 𝑛 ≳ 𝜁−1𝑑 log 𝑑 in
the second regime is also sharp. Indeed, with fewer samples, it is likely that one of
the diagonal entries of 𝐊̂𝑛 equals zero. In the ultra-sparse case (𝜁 ≤ 1), similar results
follow from classic matrix concentration inequalities, such as Fact A.1.
We were unable to locate any prior work that matches Theorem 5.4, although there

are several closely related results from the last few years. In particular, assume that the
distribution 𝜓 is bounded. In this case, the paper [CHZ22, Thm. 3.5] achieves the same
complexity estimate (5.8) for the expectation of theminimum eigenvalue of the sample
covariance matrix. In the regime where the sparsity 𝜁 ≳ log 𝑑 and 𝑑/𝑛 is constant,
Dumitriu & Zhu [DZ24, Thm. 2.9] achieve stronger estimates for the expectation of
the minimum eigenvalue that are sufficient to attain the Bai–Yin limit, which is out of
reach for our method. For a thorough literature review, refer to the paper [DZ24].

5.3.1. Proof of Theorem 5.4. By elementary considerations, we can calculate the second
moment function of the random matrix𝐰𝐰⊺. Indeed, for symmetric𝐌 ∈ ℍ𝑑(ℝ),

𝖬𝗈𝗆[𝐰𝐰⊺](𝐌) = 𝔼 [(𝐰⊺𝐌𝐰)2] = ∑
𝑖≠𝑗
(2𝑚2

𝑖𝑗 +𝑚𝑖𝑖𝑚𝑗𝑗) +
𝐵𝑑
𝜁

𝑑
∑
𝑖=1

𝑚2
𝑖𝑖

≤ 2‖𝐌‖2F + (Tr𝐌)2 + 𝐵𝑑
𝜁

𝑑
∑
𝑖=1

𝑚2
𝑖𝑖.

A natural comparison model for𝐰𝐰⊺ is the Gaussian randommatrix 𝐗 ∈ ℍ𝑑(ℝ)with
statistics

𝔼[𝐗] = 𝔼[𝐰𝐰⊺] = 𝐈𝑑;

𝖵𝖺𝗋[𝐗](𝐌) = 2‖𝐌‖2F + (Tr𝐌)2 + 𝐵𝑑
𝜁

𝑑
∑
𝑖=1

𝑚2
𝑖𝑖 ≥ 𝖬𝗈𝗆[𝐰𝐰⊺](𝐌).

Referring back to Section 3.7, we quickly determine the Gaussian matrix with these
statistics:

𝐗 = 𝐈𝑑 + 𝐆goe + 𝛾𝐈𝑑 +√𝐵𝑑/𝜁𝐃.
The matrix 𝐃 is a diagonal matrix of real standard Gaussian variables, independent
from the GOE matrix 𝐆goe and the scalar Gaussian 𝛾 ∼ normalℝ(0, 1).
Therefore, the Gaussian comparison 𝐙 ∈ ℍ𝑑(ℝ) for the sample covariance matrix

𝐊̂𝑛 is

𝐙 ∼ (𝔼𝐗) + 𝑛−1/2(𝐗 − 𝔼𝐗) = 𝐈𝑑 + 𝑛−1/2𝐆goe + 𝑛−1/2𝛾𝐈𝑑 +√𝐵𝑑/(𝜁𝑛)𝐃.

We may now calculate the spectral statistics:

𝔼𝜆min(𝐙) ≥ 1 − 2√
𝑑
𝑛 −√

2𝐵𝑑 log 𝑑
𝜁𝑛 and 𝜎2∗ (𝐙) ≤

3 + 𝐵𝑑/𝜁
𝑛 .

Invoking Theorem 2.4,

ℙ{𝜆min(𝐊̂𝑛) ≤ 1 − 2√
𝑑
𝑛 −√

2𝐵𝑑 log 𝑑
𝜁𝑛 − 2𝜀

5 } ≤ 2𝑑 ⋅ exp( −2𝑛𝜀2𝜁
25𝑑(𝐵 + 3𝜁/𝑑)) .
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Introduce the sample complexity parameter from (5.8), and simplify to reach the stated
result. □

6. Application: Randomized subspace injections

In numerical linear algebra, we can devise randomized algorithms for large-scale
matrix computations; for example, see [MT20]. The design and analysis of these al-
gorithms often relies on methods from random matrix theory. In fact, the tools in the
present paper were developed to treat challenging mathematical problems from this
field.
A randomized subspace injection is a random linear map whose action preserves

the dimension of a fixed subspace [Sar06,OT18]. These injections serve as an impor-
tant building block for randomized linear algebra algorithms [Woo14,MT20,Mur+23,
CEMT25]. In this section, we employ theGaussian comparison theorem (Theorem2.4)
to develop a new analysis of subspace injections based on very sparse random matri-
ces [CW13, NN13]. The result largely settles an open question of Nelson & Nguyen
[NN13, NN14] that has generated a substantial literature; Section 6.3.1 summarizes
the prior work.

6.1. Subspace injections. For a given subspace, a subspace injection is a linear map
that does not annihilate any vector in that subspace; see [OT18, Sec. 7.1] or [CEMT25,
Def. 1.2].

Definition 6.1 (Subspace injection). Fix a matrix 𝐐 ∈ ℝ𝑛×𝑑 with 𝑑 orthonormal
columns. For a fixed contraction factor 𝛼 > 0, suppose that 𝚽 ∈ ℝ𝑘×𝑛 is a matrix
that satisfies

(6.1) ‖𝚽𝐐𝐮‖2 ≥ 𝛼 ⋅ ‖𝐮‖2 for all 𝐮 ∈ ℝ𝑑.

When (6.1) holds, we say that𝚽 is an 𝛼-subspace injection for the 𝑑-dimensional range
of𝐐with embedding dimension 𝑘. If (6.1) only holds at 𝛼 = 0, then𝚽 is not a subspace
injection for range(𝐐).

The subspace injection property (6.1) has an equivalent spectral formulation:

(6.2) 𝜆min((𝚽𝐐)⊺(𝚽𝐐)) ≥ 𝛼 > 0.

Of course, a necessary condition for the subspace injection property (6.1) or (6.2) is that
the embedding dimension exceeds the subspace dimension: 𝑘 ≥ 𝑑. We want to design
subspace injections where the embedding dimension 𝑘 ≍ 𝑑.

Remark 6.2 (Subspace embedding [Sar06]). For an orthonormal matrix 𝐐 ∈ ℝ𝑛×𝑑,
suppose that 𝚽 ∈ ℝ𝑘×𝑛 satisfies the two-sided bound

(6.3) 𝛼 ⋅ ‖𝐮‖2 ≤ ‖𝚽𝐐𝐮‖2 ≤ 𝛽 ⋅ ‖𝐮‖2 for all 𝐮 ∈ ℝ𝑑.

Then we say that 𝚽 is an (𝛼, 𝛽)-subspace embedding for the range of 𝐐. While it is
critical that the contraction factor 𝛼 > 0, weak control on the ratio 𝛽/𝛼 suffices for
most applications.
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6.2. Randomized subspace injections. Inmany applications to computational linear
algebra, we must construct a subspace injection without detailed knowledge of the
fixed subspace range(𝐐). We can achieve this goal by drawing thematrix𝚽 at random.
Consider an isotropic random vector 𝝓 ∈ ℝ𝑛; that is, 𝔼[𝝓𝝓⊺] = 𝐈𝑛. The distribution

of the random vector 𝝓 is an algorithm design choice. For an embedding dimension 𝑘,
construct the random matrix

(6.4) 𝚽 = 1
√𝑘

[
𝝓⊺1
⋮
𝝓⊺𝑘

] ∈ ℝ𝑘×𝑛 where 𝝓𝑖 ∼ 𝝓 iid.

Since the rows are isotropic, the random matrix is an isometry on average:

(6.5) 𝔼 ‖𝚽𝐮‖2 = ‖𝐮‖2 for each 𝐮 ∈ ℝ𝑛.

The normalization (6.5) is chosen so that 𝚽 typically has a contraction factor 𝛼 ≤ 1.
For a fixed subspace 𝐐 ∈ ℝ𝑑×𝑛 and embedding dimension 𝑘, we want to demon-

strate that the random matrix 𝚽 is a subspace injection for the range of 𝐐 with high
probability. Quantitatively, we need to understand how the contraction factor 𝛼 de-
pends on the embedding dimension 𝑘. In view of (6.2), it suffices to establish a lower
bound on the minimum eigenvalue of the random psd matrix

(6.6) 𝐘 ≔ (𝚽𝐐)⊺(𝚽𝐐) = 1
𝑘

𝑘
∑
𝑖=1

𝐐⊺(𝝓𝑖𝝓⊺𝑖 )𝐐.

By the construction (6.4), the matrix 𝐘 is a sum of iid random psd matrices, so we can
activate our Gaussian comparison tools (Theorem 2.4).

6.3. Sparse dimension reduction maps. In computational applications, it is desir-
able to employ very sparse randommatrices as subspace injections. While these maps
are widely used [MT20,Mur+23], no existing analysis justifies the typical parameter
choices. We outline prior work in Section 6.3.1.
Choose an embedding dimension 𝑘 ≥ 𝑑, and fix the sparsity parameter 𝜁 ∈ (0, 𝑘].

Construct the random vector

(6.7) 𝝓⊺ =√
𝑘
𝜁 ⋅ [𝜉1𝜓1 . . . 𝜉𝑛𝜓𝑛] ∈ ℝ𝑛 where

𝜉𝑖 ∼ bernoulli(𝜁/𝑘) iid;
𝜓𝑖 ∼ uniform{±1} iid.

It is easy to verify that 𝝓 is centered and isotropic. Form the random matrix 𝚽, as
in (6.4). Observe that 𝚽 has an average of 𝜁 nonzero entries per column, for a total of
𝜁𝑛 nonzero entries on average. We inquire when this sparse randommatrix𝚽 serves as
a subspace injection for a fixed subspace. To achieve an embedding dimension 𝑘 ≍ 𝑑,
what is the minimal sparsity 𝜁?
The result depends on a geometric property of the subspace. Define the coherence

𝜇(𝐐) of an orthonormal matrix 𝐐 ∈ ℝ𝑛×𝑑 via

(6.8) 𝜇(𝐐) ≔ max{‖𝐞⊺𝑖𝐐‖2 ∶ 𝑖 = 1, . . . , 𝑛}.

The coherence describes the alignment of the range of𝐐with the standard coordinate
basis (𝐞1, . . . , 𝐞𝑛). It satisfies the inequalities 𝑑/𝑛 ≤ 𝜇(𝐐) ≤ 1.
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Theorem 6.3 (Subspace injection: Sparse randommatrix). Fix an orthonormal matrix
𝐐 ∈ ℝ𝑛×𝑑 with coherence 𝜇(𝐐), defined in (6.8). For parameters 𝜀, 𝛿 ∈ (0, 1), choose

(6.9) 𝑘 ≥ 16(𝑑 ∨ 6 log(2𝑑/𝛿))
𝜀2 and 𝜁 ≥ 32𝜇(𝐐) log(2𝑑/𝛿)

𝜀2 .

Construct the sparse randommatrix𝚽 ∈ ℝ𝑘×𝑛 using (6.4) and (6.7). Then𝚽 is a (1−𝜀)-
subspace injection for range(𝐐) with probability at least 1 − 𝛿.

The proof of Theorem 6.3 appears in Section 6.3.2. It follows from a quick application
of Gaussian comparison, in the samemanner as the result for sparse sample covariance
matrices (Theorem 5.4).
Theorem 6.3 has several attractive features. First, we have achieved the optimal

embedding dimension 𝑘 ≍ 𝑑. Second, the sparsity level 𝜁 ≲ log 𝑑 for every subspace,
nearly matching known lower bounds for sparse subspace embeddings; see (6.10) be-
low. Third, the result shows that we can even reduce the sparsity for subspaces with
small coherence. The ultimate limit, for a minimally coherent subspace, is 𝜁 ≳
(𝑑 log 𝑑)/𝑛, which allows for a random subspace injection with just𝒪(𝑑 log 𝑑) nonzero
entries. Further improvements to the sparsity are only possible for special subspaces
(e.g., when the rows of 𝐐 compose a complex projective 2-design).
For a sparse random matrix with iid entries, the 𝜀−2 dependence in the embedding

dimension 𝑘 and the sparsity 𝜁 seems to be necessary [CDD25]. For most applications,
the parameter 𝜀 is a constant (say, 𝜀 = 1/2), so the poor scaling in 𝜀 is not a significant
concern. In contrast, the subspace dimension 𝑑 can be quite large, so it is essential to
obtain the minimal dependence on 𝑑.

Remark 6.4 (Subspace embedding: Sparse randommatrix). To verify the subspace em-
bedding property (Remark 6.2) of the iid sparse random matrix 𝚽 in Theorem 6.3, we
can easily obtain adequate upper bounds for the dilation factor 𝛽. For example, with
𝑘 ≍ 𝑑 and 𝜁 ≍ 𝜇(𝐐) log 𝑑,

𝔼𝛽 = 𝔼 ‖𝚽𝐐‖2 ≲ log 𝑑.
This statement follows quickly when we apply the matrix Bernstein inequality [Tro15,
Thm. 6.1.1] to the decomposition

𝚽𝐐 =√
1
𝜁

𝑘
∑
𝑖=1

𝑛
∑
𝑗=1

𝜉𝑖𝑗𝜓𝑖𝑗𝐄𝑖𝑗𝐐 where
𝜉𝑖𝑗 ∼ bernoulli(𝜁/𝑘) iid;
𝜓𝑖𝑗 ∼ uniform{±1} iid.

For these parameter choices, the remaining question is whether we can reach the
bound 𝔼𝛽 ≤ Const.

6.3.1. Priorwork and discussion. Sarlós [Sar06] introduced the definition of a subspace
embedding (Remark 6.2). Clarkson & Woodruff [CW13] proposed the first construc-
tion of a sparse subspace embedding. Soon after, Nelson & Nguyen [NN13] identi-
fied more effective constructions, including the iid entry model in Theorem 6.3, and a
related model, called a fixed-sparsity subspace embedding, that has exactly 𝜁 nonzero
entries per column. There are several variants of these sparse subspace embeddings,
which offer slightly different advantages and disadvantages. For brevity, we summa-
rize results without listing the details of the embedding constructions.
What are the opportunities for and limitations on sparse subspace embeddings? For

any fixed-sparsity subspace embedding with conditioning ratio 𝛽/𝛼 ≕ 1 + 𝜀, Nelson &
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Nguyen [NN14, Thm. 13] established lower bounds for the parameters:

(6.10) 𝑘 ≳ 𝑑/𝜀2 and 𝜁 ≳ (log 𝑑)/(𝜀 log log 𝑑).
Bourgain et al. [BDN15, Thm. 5] obtained upper bounds for the parameters of sparse
subspace embeddings that identified the role of the coherence statistic 𝜇(𝐐). Using
matrix concentration tools, Cohen [Coh16, Thm. 4.2] obtained upper bounds for fixed-
sparsity subspace embeddings:

𝑘 ≲ (𝑑 log 𝑑)/𝜀2 and 𝜁 ≲ (log 𝑑)/𝜀.
For a long time, Cohen’s analysis was the best available, and it has remained a vexing
problem to obtain an upper bound that matches the minimal dependence (6.10).
In applications, constants and logarithms are important. Based on computer ex-

periments, Tropp et al. [TYUC19] recommended the following parameter settings for
fixed-sparsity subspace embeddings:

𝑘 = 2𝑑 and 𝜁 = 8.
These parameters work well, but they lack theoretical justification. Regardless, fixed-
sparsity subspace embeddings are widely used in computational linear algebra [MT20,
Mur+23].
The last few years have witnessed a burst of new theoretical activity. Cartis et al.

[CFS21] established upper bounds that improve over the Bourgain et al. result for sub-
spaces with sufficiently small coherence. Chenakkod et al. [CDDR24, Thm. 1.2] re-
moved the log 𝑑 factor from the embedding dimension 𝑘 at the cost of higher spar-
sity 𝜁 by invoking results of Brailovskaya & van Handel [BvH24]. At the end of 2024,
Chenakkod et al. [CDD25, Thm. 3.4] made further improvements to their arguments,
reaching the following guarantee for fixed-sparsity subspace embeddings:

𝑘 ≍ 𝑑/𝜀2 and 𝜁 ≲ log2(𝑑/𝜀)/𝜀 + log3(𝑑/𝜀).
The latter result is the state of the art. While the embedding dimension 𝑘 has the op-
timal form, the excess logarithmic factors in the sparsity 𝜁 remain a serious limita-
tion. After this paper was written, Chenakkod et al. [CDD26] obtained further im-
provements, but these results do not operate with proportional embedding dimension
𝑘 ≍ 𝑑.
As outlined, the prior work has focused on sparse subspace embeddings (Remark

6.2), rather than sparse subspace injections (Definition 6.1). Nevertheless, the injection
property is by far themore important feature, both in theory and in practice; see [OT18,
Sec. 7.1] or [MT20, Sec. 8] or [CEMT25]. Our result (Theorem 6.3) is the first to prove
that sparse randommatrices serve as subspace injectionswith (essentially) theminimal
dependence (6.10) on the subspace dimension 𝑑 in both the embedding dimension 𝑘
and the sparsity 𝜁. The plain role of the subspace coherence 𝜇(𝐐) is an added bonus.

Remark 6.5 (Fixed-sparsity subspace injection). Wehave treated the simplestmodel for
a sparse subspace injection, where the random matrix 𝚽 has iid entries. The Gauss-
ian comparison theorem also allows us to study the injection properties of a certain
class of fixed-sparsity randommatrices [CDD25, Def. 3.2]. To obtain a (1−𝜀)-subspace
injection, it is sufficient that

𝑘 ≍ 𝑑/𝜀2 and 𝜁 ≍ (log 𝑑)/𝜀2.
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As compared with Theorem 6.3, the subspace coherence 𝜇(𝐐) does not appear in this
result. See our follow-up paper [CEMT25, Thm. 1.8] for a full proof. As compared with
Chennakod et al. [CDD25], we have reduced the dependence on log 𝑑 significantly, at
the cost of a worse dependence on 𝜀.

6.3.2. Proof of Theorem 6.3. To apply the Gaussian comparison theorem, we need to
construct an appropriate comparisonmodel. We can accomplish this goal in a few short
steps, building on the calculations for the sparse covariance matrix (Theorem 5.4).
As before, the second moment function of the random matrix𝐖 = 𝝓𝝓⊺ ∈ ℍ𝑛(ℝ)

takes the form

𝖬𝗈𝗆[𝐖](𝐌) = ∑
𝑖≠𝑗
(2𝑚2

𝑖𝑗 +𝑚𝑖𝑖𝑚𝑗𝑗) +
𝑘
𝜁

𝑛
∑
𝑖=1

𝑚2
𝑖𝑖 ≤ 2‖𝐌‖2F + (Tr𝐌)2 + 𝑘

𝜁
𝑛
∑
𝑖=1

𝑚2
𝑖𝑖.

For the random matrix 𝐖, we construct a Gaussian comparison model 𝐗 ∈ ℍ𝑑(ℝ)
with the statistics

𝔼[𝐗] = 𝔼[𝐖] = 𝐈𝑛;

𝖵𝖺𝗋[𝐗](𝐌) = 2‖𝐌‖2F + (Tr𝐌)2 + 𝑘
𝜁

𝑛
∑
𝑖=1

𝑚2
𝑖𝑖 ≥ 𝖬𝗈𝗆[𝐖](𝐌).

Therefore, 𝐗 ∼ 𝐈𝑛 + 𝐆(𝑛)
goe + 𝛾𝐈𝑛 + √𝑘/𝜁𝐃𝑛. As usual, the GOE matrix 𝐆(𝑛)

goe ∈ ℍ𝑛(ℝ),
the standard normal variable 𝛾 ∼ normalℝ(0, 1), and the standard normal diagonal
matrix 𝐃𝑛 ∈ ℍ𝑛(ℝ) are independent.
Since first and secondmoments are equivariant (Proposition 3.1), the Gaussian ran-

dom matrix 𝐐⊺𝐗𝐐 serves as a comparison model for 𝐐⊺𝐖𝐐. That is,
𝔼[𝐐⊺𝐗𝐐] = 𝔼[𝐐⊺𝐖𝐐] and 𝖵𝖺𝗋[𝐐⊺𝐗𝐐] ≥ 𝖬𝗈𝗆[𝐐⊺𝐖𝐐].

The matrix 𝐐 ∈ ℝ𝑛×𝑑 has orthonormal columns, so

𝐐⊺𝐗𝐐 ∼ 𝐈𝑑 + 𝐆(𝑑)
goe + 𝛾𝐈𝑑 +√𝑘/𝜁𝐐⊺𝐃𝑛𝐐.

We have exploited the fact (3.11) that the GOE distribution is invariant under rotations
to confirm that the matrix 𝐆(𝑑)

goe ∈ ℍ𝑑(ℝ) also follows the GOE distribution.
Next, we construct a comparison model 𝐙 for the random matrix 𝐘, appearing in

(6.6), that captures the subspace injection property. Since 𝐘 = 𝑘−1∑𝑘
𝑖=1𝐐⊺𝐖𝑖𝐐 for iid

𝐖𝑖 ∼ 𝐖, we quickly determine that
𝐙 ∼ 𝐐⊺[(𝔼𝐗) + 𝑘−1/2(𝐗 − 𝔼𝐗)]𝐐

∼ 𝐈𝑑 + 𝑘−1/2𝐆(𝑑)
goe + 𝛾𝑘−1/2𝐈𝑑 + 𝜁−1/2𝐐⊺𝐃𝑛𝐐.

To finish the proof, we need to compute spectral statistics.
To that end, express the compression of the diagonal matrix as a Gaussian series:

𝐐⊺𝐃𝑛𝐐 =
𝑛
∑
𝑖=1

𝛾𝑖𝐪𝑖𝐪⊺𝑖 ∈ ℍ𝑑(ℝ) where 𝛾𝑖 ∼ normalℝ(0, 1) iid.

The vector 𝐪⊺𝑖 ∈ ℝ𝑑 is the 𝑖th row of 𝐐. The matrix variance satisfies

𝜎2(𝐐⊺𝐃𝑛𝐐) = ‖
‖
𝑛
∑
𝑖=1
(𝐪𝑖𝐪⊺𝑖 )2‖‖ =

‖
‖
𝑛
∑
𝑖=1

‖𝐪𝑖‖2𝐪𝑖𝐪⊺𝑖 ‖‖ ≤ 𝜇(𝐐) ⋅ ‖𝐐⊺𝐐‖ = 𝜇(𝐐),



874 JOEL A. TROPP

where 𝜇(𝐐) is the coherence (6.8) of the subspace. The matrix Khinchin inequality
(Fact 3.3) provides

𝔼𝜆max(𝐐⊺𝐃𝑛𝐐) ≤ √2𝜇(𝐐) log 𝑑.

Owing to the comparison (2.13), the weak variance 𝜎2∗ (𝐐⊺𝐃𝑛𝐐) ≤ 𝜎2(𝐐⊺𝐃𝑛𝐐) ≤ 𝜇(𝐐).
Last, bound the expected minimum eigenvalue and weak variance of the compari-

son model:

𝔼𝜆min(𝐙) ≥ 1 − 2√𝑑/𝑘 −√2𝜁−1𝜇(𝐐) log 𝑑;
𝜎2∗ (𝐙) ≤ 3/𝑘 + 𝜇(𝐐)/𝜁.

Activating Theorem 2.4,

ℙ {𝜆min(𝐘) ≥ 1 − 2√𝑑/𝑘 −√2𝜁−1𝜇(𝐐) log 𝑑 − 𝜀/4} ≤ 2𝑑 ⋅ exp( −𝜀2/32
3/𝑘 + 𝜇(𝐐)/𝜁) .

Introduce the parameter choices (6.9) and simplify to reach the stated result. □

7. Gaussian comparison: Positive scalar sums

The technical development commences in this section. As a warmup, we present
another proof of the lower tail bound for an independent sum of positive scalar random
variables.

Theorem 7.1 (Positive sum: Gaussian lower tail). Consider an independent family
(𝑊1, . . . ,𝑊𝑛) of nonnegative, square-integrable, real random variables: 𝑊𝑖 ≥ 0 and 𝔼𝑊2

𝑖
< +∞. Introduce the sum of the random variables, along with the sum of second mo-
ments:

𝑋 ≔
𝑛
∑
𝑖=1

𝑊𝑖 and 𝐿2 ≔
𝑛
∑
𝑖=1

𝔼𝑊2
𝑖 .

Then the lower tail of the sum 𝑋 satisfies

ℙ {𝑋 ≤ 𝔼𝑋 − 𝑡} ≤ e−𝑡2/(2𝐿2) for all 𝑡 ≥ 0.

Proof. Introduce the mgf of the lower tail of the centered sum:

(7.1) mgf𝑋(𝜃) ≔ 𝔼 e−𝜃(𝑋−𝔼𝑋) for 𝜃 ≥ 0.

Proposition 7.4 states that logmgf𝑋(𝜃) ≤ 𝜃2𝐿2/2 for all 𝜃 ≥ 0. The Laplace transform
method [BLM13, Sec. 2.2] yields the tail bound

ℙ {𝑋 − 𝔼𝑋 ≤ −𝑡} ≤ inf𝜃>0 e−𝜃𝑡+logmgf𝑋 (𝜃) ≤ inf𝜃>0 e−𝜃𝑡+𝜃
2𝐿2/2 = e−𝑡2/(2𝐿2).

The infimum is attained when 𝜃 = 𝑡/𝐿2. □

The proof of Theorem 7.1 depends on a bound formgf𝑋 , defined in (7.1). Although
this bound is classic [BLM13, Exer. 2.9] and rather elementary (Section 1.2), we will
develop an alternative treatment that hasmore potential for generalization. The results
in this section will reappear in the proof of the matrix comparison inequalities.
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7.1. Completely monotone functions. Our approach takes advantage of a special
feature of the decaying exponential that is encapsulated in Definition 7.2.

Definition 7.2 (Completely monotone function). A continuous function 𝑓 ∶ 𝖨 → ℝ on
the interval 𝖨 ⊆ ℝ is completely monotone to order 𝐾 when its first 𝐾 derivatives exist
and alternate sign:

(7.2) (−1)𝑘𝑓(𝑘)(𝑤) ≥ 0 for all 𝑤 ∈ int(𝖨) and each 𝑘 = 0, 1, 2, . . . , 𝐾.
The function 𝑓 is completely monotone when (7.2) holds for each 𝐾 ∈ ℕ.

The fundamental example of a completely monotone function is a decaying expo-
nential. For fixed 𝜃 ≥ 0 and variable 𝑤 ∈ ℝ, the function

𝑤 ↦ e−𝜃𝑤 is completely monotone for 𝑤 ∈ ℝ.
In fact, a continuous function 𝑓 ∶ ℝ+ → ℝ on the nonnegative real line is completely
monotone if and only if it is the Laplace transform of a finite, positive Borel measure
𝜇:

(7.3) 𝑓(𝑤) = ∫
[0,∞)

e−𝜃𝑤 𝜇(d𝜃).

The representation (7.3) is called Bernstein’s theorem [Wid41, Thm. IV.12a].
Completelymonotone functions support a beautiful theory, elaborated in the classic

book ofWidder [Wid41, Chap. IV]. Themonograph of Schilling et al. [SSV10] is amore
recent reference. This background is not required for our purposes.

7.2. Tools from Stein’s method. The main steps in the analysis are adapted from the
literature on Charles Stein’s method, a collection of tools for establishing distributional
approximations and concentration inequalities. This section outlines some ideas from
Stein’s method. See the survey of Ross [Ros11] or the book of Chen et al. [CGS11] for
more information.
To describe the variability in a distribution, we can employ exchangeable pairs of

random variables. A pair (𝑊, 𝑌) of real random variables is exchangeablewhen (𝑊, 𝑌)
∼ (𝑌,𝑊). Equivalently,
(7.4) 𝔼𝐹(𝑊, 𝑌) = 𝔼𝐹(𝑌,𝑊)
for every bivariate function 𝐹 ∶ ℝ × ℝ → ℝ where the expectation exists. A pair of iid
random variables is the most basic example of an exchangeable pair.
The next ingredient is an elegant covariance identity. Let 𝑔, ℎ ∶ 𝖨 → ℝ be functions

on an interval 𝖨 ⊆ ℝ. For an iid pair (𝑊, 𝑌) of random variables taking values in 𝖨,

(7.5) Cov(𝑔(𝑊), ℎ(𝑊)) = 1
2 𝔼 [(𝑔(𝑊) − 𝑔(𝑌))(ℎ(𝑊) − ℎ(𝑌))].

This formula can be verified by direct calculation. It is valid whenever the expectations
are finite.
To bound differences of function values, as in (7.5), we employ a formula ofHermite.

For a continuously differentiable function ℎ ∶ 𝖨 → ℝ,

(7.6) ℎ(𝑤) − ℎ(𝑦)
𝑤 − 𝑦 = ∫

1

0
ℎ′(𝜏𝑤 + (1 − 𝜏)𝑦) d𝜏 for all 𝑤, 𝑦 ∈ 𝖨.
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Identity (7.6) follows from the fundamental theorem of calculus. Moreover, if the de-
rivative ℎ′ is convex on 𝖨, then

(7.7) ℎ(𝑤) − ℎ(𝑦)
𝑤 − 𝑦 ≤ ℎ′(𝑤) + ℎ′(𝑦)

2 for all 𝑤, 𝑦 ∈ 𝖨.

When 𝑤 = 𝑦 in (7.6) or (7.7), we interpret the left-hand side as ℎ′(𝑤).
Themost important element in our proof of Theorem 7.1 is an association inequality

for functions with opposite sense [BLM13, Thm. 2.14]. Assume that 𝑔 ∶ 𝖨 → ℝ is
increasing, while ℎ ∶ 𝖨 → ℝ is decreasing. For any random variable𝑊 taking values in
𝖨,

(7.8) 𝔼[𝑔(𝑊)ℎ(𝑊)] ≤ 𝔼[𝑔(𝑊)] ⋅ 𝔼[ℎ(𝑊)].

Equivalently, the covariance of 𝑔(𝑊) and ℎ(𝑊) is negative. To establish the result (7.8),
note that

(𝑔(𝑠) − 𝑔(𝑡))(ℎ(𝑠) − ℎ(𝑡)) ≤ 0 for all 𝑠, 𝑡 ∈ 𝖨.
Combine this formula with the covariance identity (7.5).

7.3. Covariance bounds for completely monotone functions. This section shows
how the tools from Stein’s method lead to clean bounds for covariances involving a
completely monotone function. In particular, this argument applies to the mgf of the
lower tail.

Lemma 7.3 (Covariance bound: Completely monotone function). Let 𝑓 ∶ ℝ+ → ℝ
be a function on the nonnegative real line that is completely monotone to order four. For
each nonnegative real random variable𝑊 ,

Cov(𝑊, 𝑓′(𝑊)) = 𝔼 [(𝑊 − 𝔼𝑊)𝑓′(𝑊)] ≤ 𝔼[𝑊2] ⋅ 𝔼[𝑓″(𝑊)].

The bound is valid when the expectations are finite.

Proof. According to Definition 7.2, the derivatives of a completely monotone function
𝑓 alternate sign. We only rely on the conditions that 𝑓″ is positive, decreasing, and
convex, so complete monotonicity to order four is sufficient.
Let 𝑌 be an independent copy of𝑊 . By the exchangeable pairs formula (7.5),

Cov(𝑊, 𝑓′(𝑊)) = 1
2 𝔼 [(𝑊 − 𝑌)(𝑓′(𝑊) − 𝑓′(𝑌))]

≤ 1
4 𝔼 [(𝑊 − 𝑌)2(𝑓″(𝑊) + 𝑓″(𝑌))] = 1

2 𝔼 [(𝑊 − 𝑌)2𝑓″(𝑊)].

The inequality is the bound (7.7) for the divided difference of the function 𝑓′, whose
derivative𝑓″ is convex. In the last step, wehaveused the exchangeability (7.4) of (𝑊, 𝑌)
to simplify the expression.
To continue, let us separate the two factors in the expectation. Note that (𝑤 − 𝑦)2 ≤

𝑤2 + 𝑦2 for 𝑤, 𝑦 ≥ 0. Since 𝑓″ is positive,

Cov(𝑊, 𝑓′(𝑊)) ≤ 1
2 𝔼 [(𝑊

2 + 𝑌2)𝑓″(𝑊)] = 1
2 𝔼[𝑊

2𝑓″(𝑊)] + 1
2 𝔼[𝑊

2] ⋅ 𝔼[𝑓″(𝑊)].

The second step relies on the independence and identical distribution of (𝑊, 𝑌). On
the nonnegative real lineℝ+, the function𝑤 ↦ 𝑤2 is increasing, while𝑓″ is decreasing.
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Thus, the association inequality (7.8) furnishes a bound for the first expectation on the
right-hand side:

𝔼[𝑊2𝑓″(𝑊)] ≤ 𝔼[𝑊2] ⋅ 𝔼[𝑓″(𝑊)].
Combine the last two displays to arrive at the desired result. □

Lemma 7.3 depends crucially on the assumption that 𝑓‴ is negative, which allows
us to invoke the association inequality (7.8) to decouple𝑊2 from 𝑓″(𝑊). The entropy
method employs association inequalities in a similar fashion; for instance, see [BLM13,
Thm. 6.27]. The overall structure of the proof is similar with classic arguments from
Stein’s method, exemplified in [Cha07, Thm. 1.5(ii)].

7.4. Positive sum: mgf bound. With Lemma 7.3 at hand, we quickly obtain a bound
for the mgf of a sum of independent, nonnegative random variables.

Proposition 7.4 (Positive sum: mgf bound). Instate the hypotheses of Theorem 7.1. The
mgf (7.1) satisfies the bound

logmgf𝑋(𝜃) ≤ 𝜃2𝐿2/2 for all 𝜃 ≥ 0.

We can rewrite the outcome of Proposition 7.4 in a more suggestive fashion:

(7.9) 𝔼 e−𝜃𝑋 ≤ 𝔼e−𝜃𝑍 where 𝑍 ∼ normal(𝔼𝑋, 𝐿2).

In other words, we have compared the lower tail of the sum 𝑋 with the lower tail of an
appropriate normal random variable 𝑍 whose statistics derive from the summands in
𝑋 . In Section 8, we will see that the inequality (7.9) generalizes to matrices.

Proof. Recall the definition (7.1) of mgf𝑋(𝜃). Since logmgf𝑋(0) = 0, the result holds
for 𝜃 = 0, and we may assume that 𝜃 > 0. The derivative of the mgf takes the form

mgf′𝑋(𝜃) = −𝔼 [(𝑋 − 𝔼𝑋)e−𝜃(𝑋−𝔼𝑋)]

= −
𝑛
∑
𝑖=1

𝔼 [(𝑊𝑖 − 𝔼𝑊𝑖)e−𝜃(𝑋−𝔼𝑋)] ≕ −
𝑛
∑
𝑖=1

𝔼 [(𝑊𝑖 − 𝔼𝑊𝑖)e𝜃𝐵𝑖−𝜃𝑊𝑖 ].

The second relation expands the sum𝑋−𝔼𝑋 = ∑𝑛
𝑖=1(𝑊𝑖−𝔼𝑊𝑖). Note that the random

variable 𝐵𝑖 ≔ 𝑊𝑖 − (𝑋 − 𝔼𝑋) = 𝔼𝑊𝑖 − ∑𝑗≠𝑖(𝑊𝑗 − 𝔼𝑊𝑗) is statistically independent
from𝑊𝑖.
Conditional on 𝐵𝑖, apply Lemma 7.3 to the completely monotone function 𝑓𝑖(𝑤) ≔

e𝜃𝐵𝑖−𝜃𝑤 defined for 𝑤 ∈ ℝ+. This step results in the bound

mgf′𝑋(𝜃) = 𝜃−1
𝑛
∑
𝑖=1

Cov(𝑊𝑖, 𝑓′𝑖 (𝑊𝑖))

≤ 𝜃
𝑛
∑
𝑖=1

𝔼[𝑊2
𝑖 ] ⋅ 𝔼[e𝜃𝐵𝑖−𝜃𝑊𝑖 ]

= 𝜃
𝑛
∑
𝑖=1

𝔼[𝑊2
𝑖 ] ⋅ 𝔼[e−𝜃(𝑋−𝔼𝑋)] = 𝜃𝐿2 ⋅ mgf𝑋(𝜃).

Solve the differential inequality to complete the proof. □
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8. Gaussian comparison: Randomly weighted sums of psd matrices

In this section, we turn to the proof of Section 2.1, which provides a bound for the
minimum eigenvalue of a randomly weighted sum of fixed psd matrices. For technical
reasons, we develop the result using slightly different notation and assumptions.
Fix a system (𝐀1, . . . , 𝐀𝑛) of psd matrices, with common dimension 𝑑. These matri-

ces need not be distinct from each other. Consider an independent family (𝑊1, . . . ,𝑊𝑛)
of square-integrable, nonnegative real random variables: 𝑊𝑖 ≥ 0 and 𝔼𝑊2

𝑖 < +∞.
Form the random psd matrix

(8.1) 𝐗 ≔
𝑛
∑
𝑖=1

𝑊𝑖𝐀𝑖.

Wewill compare the randompsdmatrix𝐗with an appropriateGaussianmodel. Define
the deterministic self-adjoint matrices

(8.2) 𝐇𝑖 ≔ (𝔼𝑊2
𝑖 )1/2𝐀𝑖 for 𝑖 = 1, . . . , 𝑛.

Construct the centered Gaussian matrix

(8.3) 𝐙 ≔
𝑛
∑
𝑖=1

𝛾𝑖𝐇𝑖 where 𝛾𝑖 ∼ normalℝ(0, 1) iid.

Equivalently, 𝐙 ∼ normal(𝟎, 𝖵) with variance function

(8.4) 𝖵(𝐌) ≔
𝑛
∑
𝑖=1

|⟨𝐌, 𝐇𝑖⟩|2 =
𝑛
∑
𝑖=1
(𝔼𝑊2

𝑖 ) ⋅ |⟨𝐌, 𝐀𝑖⟩|2 for𝐌 ∈ ℍ𝑑.

With these definitions, we can state a comparison inequality.

Theorem 8.1 (Gaussian comparison: Weighted psd sum). Fix an arbitrary self-adjoint
matrix 𝚫 ∈ ℍ𝑑. Introduce the random 𝑑-dimensional matrices 𝐗 and 𝐙 from (8.1) and
(8.3). Then

(8.5) 𝔼𝜆min(𝐗 − 𝔼𝐗 + 𝚫) ≥ 𝔼𝜆min(𝐙 + 𝚫) −√2𝜎2∗ (𝐙) log 𝑑.

In addition, for all 𝑡 ≥ 0,
(8.6) ℙ {𝜆min(𝐗 − 𝔼𝐗 + 𝚫) ≤ 𝔼𝜆min(𝐙 + 𝚫) − 𝑡} ≤ 𝑑 ⋅ e−𝑡2/(2𝜎2∗(𝐙)).
The weak variance 𝜎2∗ (𝐙) is defined in (3.8).

Theorem 8.1 generalizes Theorem 2.1 by allowing a shift𝚫 of the expectation. This
improvement comes for free and allows for a more transparent and natural argument.

Proof of Theorem 8.1. Proposition 8.5 provides a comparison for the trace mgfs:

mgf𝐗(𝜃) ≔ 𝔼Tr e−𝜃(𝐗−𝔼𝐗+𝚫) ≤ 𝔼Tr e−𝜃(𝐙+𝚫) for 𝜃 ≥ 0.
Bound the trace exponential on the right-hand side in terms of the minimum eigen-
value:

mgf𝐗(𝜃) ≤ 𝑑 ⋅ 𝔼 𝜆max(e−𝜃(𝐙+𝚫)) = 𝑑 ⋅ 𝔼 e−𝜃𝜆min(𝐙+𝚫).
Indeed, the trace of a psd matrix does not exceed the dimension times the maximum
eigenvalue. The second relation is the spectral mapping theorem, combined with the
fact that the decreasing exponential function reverses the order of the eigenvalues.



COMPARISON FOR RANDOM PSD MATRICES 879

To continue, add and subtract 𝔼𝜆min(𝐙 + 𝚫) in the exponent:
mgf𝐗(𝜃) ≤ 𝑑 ⋅ e−𝜃𝔼𝜆min(𝐙+𝚫) ⋅ 𝔼 e−𝜃(𝜆min(𝐙+𝚫)−𝔼𝜆min(𝐙+𝚫)).

TheGaussian concentration inequality (3.10) controls the fluctuations of theminimum
eigenvalue 𝜆min(𝐙 + 𝚫) around its mean:
(8.7) mgf𝐗(𝜃) ≤ 𝑑 ⋅ e−𝜃𝔼𝜆min(𝐙+𝚫) ⋅ e𝜃2𝜎2∗(𝐙)/2.
The inequality (8.7) quickly leads to both the stated results.
To obtain the probability bound (8.6), we employ the matrix Laplace transform

method [Tro15, Prop. 3.2.1]. For fixed 𝑡 ≥ 0 and arbitrary 𝜃 > 0,
ℙ {𝜆min(𝐗 − 𝔼𝐗 + 𝚫) ≤ 𝔼𝜆min(𝐙 + 𝚫) − 𝑡} ≤ e𝜃(𝔼𝜆min(𝐙+𝚫)−𝑡) ⋅ mgf𝐗(𝜃)

≤ 𝑑 ⋅ e−𝜃𝑡 ⋅ e𝜃2𝜎2∗(𝐙)/2.
The second inequality is (8.7). Select 𝜃 = 𝑡/𝜎2∗ (𝐙) to reach the probability inequality.
The result (8.5) for the expectation follows from a similar argument. For arbitrary

𝜃 > 0, the matrix Laplace transform method [Tro15, Prop. 3.2.2] yields

𝔼𝜆min(𝐗 − 𝔼𝐗 − 𝚫) ≥ −1𝜃 logmgf𝐗(𝜃)

≥ −1𝜃 [log 𝑑 − 𝜃 𝔼 𝜆min(𝐙 + 𝚫) + 𝜃2𝜎2∗ (𝐙)/2] .

The second inequality is (8.7). Choose 𝜃 = √(2 log 𝑑)/𝜎2∗(𝐙) to reach the expectation
bound. □

Proof of Theorem 2.1 from Theorem 8.1. Choose the shift 𝚫 = 𝔼𝐗, and define the
Gaussian matrix 𝐙′ ≔ 𝐙+𝔼𝐗 ∼ normal(𝔼𝐗, 𝖵), where 𝖵 is defined in (8.4). Change
variables to state Theorem 2.1 directly in terms of the distribution of 𝐙′. □

8.1. Stahl’s theorem: Complete monotonicity of the trace exponential. To prove
Theorem 8.1, we extend the considerations behind the scalar comparison (Theorem
7.1) to the matrix setting. This strategy depends on a profound fact from matrix analy-
sis, called Stahl’s theorem [Sta13].

Fact 8.2 (Stahl’s theorem; formerly the BMV conjecture). Fix self-adjoint matrices
𝐀,𝐁 ∈ ℍ𝑑, and assume that 𝐀 is psd. Then the trace exponential function

𝑓(𝑤) ≔ Tr exp(𝐁 − 𝑤𝐀) is completely monotone for 𝑤 ≥ 0.
In particular, Lemma 7.3 applies to the function 𝑓.
While Stahl’s theorem is recent, it has a long history. In 1975, Bessis–Moussa–

Villani [BMV75] conjectured Fact 8.2 as part of their method for bounding partition
functions of quantum mechanical systems. They established the result in two special
cases: (1) when 𝐀,𝐁 commute; or (2) when 𝐀,𝐁 are 2 × 2 matrices. Over the next
decades, the BMV conjecture received significant attention in mathematical physics,
but it was not resolved.
In 2004, Lieb & Seiringer [LS04] proved that Fact 8.2 admits an equivalent formula-

tion: For all psd 𝐀,𝐁 ∈ ℍ𝑑, the coefficients of the polynomial 𝑤 ↦ Tr (𝑤𝐀 + 𝐁)𝑝 are
nonnegative for all 𝑝 ∈ ℕ. This link with real algebraic geometry ignited a new stage
of research, based on sum-of-squares hierarchies and semidefinite programming, that
generated new evidence supporting the BMV conjecture.
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Finally, in 2012, Herbert Stahl [Sta13] established Fact 8.2 using classic methods
from complex analysis. Bernstein’s theorem (7.3) states that a completely monotone
function is the Laplace transform of a finite, positive Borelmeasure. Roughly speaking,
Stahl inverted the Laplace transform to obtain the representing measure. To prove
that the representing measure is positive, he exploited the theory of Riemann surfaces.
See [Erë15,Cli16] for other accounts of Stahl’s proof.
Very recently, Otte Heinävaara constructed a rather different argument [Hei25,

Cor. 1.2] that leads to a remarkable generalization of Fact 8.2:

Fact 8.3 (Heinävaara’s theorem). Fix self-adjoint matrices𝐀,𝐁 ∈ ℍ𝑑, and assume that
𝐀 is psd. Consider a function ℎ ∶ ℝ → ℝ that is completelymonotone to order𝐾. Then
the trace function

𝑓(𝑤) ≔ Tr ℎ(𝑤𝐀 − 𝐁) is completely monotone to order 𝐾 for 𝑤 ∈ ℝ.
Stahl’s theorem (Fact 8.2) follows from the choice ℎ(𝑤) = e−𝑤.
Heinävaara’s proof of Fact 8.3 appeals to a novel object, called a tracial joint spectral
measure, that captures the behavior of trace functions of the form (𝑤, 𝑦) ↦ Tr ℎ(𝑤𝐀+
𝑦𝐁) for self-adjoint 𝐀,𝐁. His techniques yield many deep new statements about trace
functions.

8.2. Additional tools. The argument involves some standard tools from probability
and matrix analysis. First, we record the Gaussian integration by parts (IBP) rule
[NP12, Lem. 1.1.1].

Fact 8.4 (Gaussian IBP). Consider iid real standard normal variables (𝛾1, . . . , 𝛾𝑛). For
each differentiable function ℎ ∶ ℝ𝑛 → ℝ,

𝔼 [𝛾𝑖 ⋅ ℎ(𝛾1, . . . , 𝛾𝑛)] = 𝔼 [(𝜕𝑖ℎ)(𝛾1, . . . , 𝛾𝑛)].
In this formula, 𝜕𝑖ℎ denotes the partial derivative of ℎ with respect to its 𝑖th argument.
The identity is valid whenever the right-hand side is finite.

Second, we recall Duhamel’s formula from matrix calculus [Bha97, Example
X.4.2(v)]. For self-adjoint matrices 𝐀,𝐇 ∈ ℍ𝑑, the derivative of the exponential at
𝐀 in the direction𝐇 satisfies

(8.8) (D e𝐀)[𝐇] ≔ lim𝑠→0 𝑠−1[e𝐀+𝑠𝐇 − e𝐀] = ∫
1

0
e𝜏𝐀𝐇e(1−𝜏)𝐀 d𝜏.

As a consequence, the derivative of the trace exponential simplifies to
(8.9) (DTr e𝐀)[𝐇] = Tr [𝐇e𝐀].
The statement (8.9) follows from (8.8) when we take the trace and cycle to combine the
exponentials.

8.3. Comparison for the trace mgf. With Stahl’s theorem (Fact 8.2) at hand, we can
establish a bound for the trace mgf associated with the minimum eigenvalue of a ran-
dom psd matrix.

Proposition 8.5 (Weighted psd sum: Comparison of tracemgfs). Instate the hypotheses
of Theorem 8.1. For 𝜃 ≥ 0,

mgf𝐗(𝜃) ≔ 𝔼Tr e−𝜃(𝐗−𝔼𝐗+𝚫) ≤ 𝔼Tr e−𝜃(𝐙+𝚫) ≕ mgf𝐙(𝜃).
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In the scalar setting (Proposition 7.4), the mgf of a Gaussian random variable
emerges from a direct argument. In the matrix setting, it is more expedient to compare
the tracemgf of the psdmodelwith the tracemgf of theGaussianmodel. This argument
relies on interpolation, much like classic Gaussian comparison inequalities [Kah86] or
more recent work on universality for random matrices [BvH24].

Proof. To implement the comparison, we interpolate between the two random matrix
models. Define a path in the space of random matrices:

(8.10) 𝐘𝑠 ≔ √𝑠 (𝐗 − 𝔼𝐗) + √1 − 𝑠𝐙 + 𝚫 for 𝑠 ∈ [0, 1].
Introduce the trace mgf of the interpolants:

𝑢(𝑠) ≔ 𝔼Tr e−𝜃𝐘𝑠 for 𝑠 ∈ [0, 1].
Note that 𝑢(0) = mgf𝐙(𝜃) and 𝑢(1) = mgf𝐗(𝜃). We claim that the derivative 𝑢′(𝑠) ≤ 0
for 𝑠 ∈ (0, 1). Once this point is settled, Proposition 7.4 follows inexorably.
By a scaling argument, we can assume that 𝜃 = 1. Now, for fixed 𝑠 ∈ (0, 1), the

derivative 𝑢′(𝑠) along the interpolation path takes the form

(8.11) 𝑢′(𝑠) = −1
2√𝑠

𝔼Tr [(𝐗 − 𝔼𝐗)e−𝐘𝑠] − −1
2√1 − 𝑠

𝔼Tr [𝐙e−𝐘𝑠] ≕ À − Á.

We start with the second term Á, involving the Gaussian random matrix, as it offers a
template for how to bound the first term À.
To handle the termÁ from (8.11), we invokeGaussian integration by parts. In prepa-

ration, expand the random matrix 𝐙 = ∑𝑛
𝑖=1 𝛾𝑖𝐇𝑖 as a sum:

Á = −1
2√1 − 𝑠

𝔼Tr [𝐙e−𝐘𝑠] = −1
2√1 − 𝑠

𝑛
∑
𝑖=1

𝔼 [𝛾𝑖 Tr [𝐇𝑖e−𝐘𝑠]]

= 1
2

𝑛
∑
𝑖=1

∫
1

0
𝔼Tr [𝐇𝑖e−𝜏𝐘𝑠𝐇𝑖e−(1−𝜏)𝐘𝑠] d𝜏

= 1
2

𝑛
∑
𝑖=1

𝔼[𝑊2
𝑖 ] ⋅ ∫

1

0
𝔼Tr [𝐀𝑖e−𝜏𝐘𝑠𝐀𝑖e−(1−𝜏)𝐘𝑠] d𝜏.

The second line is theGaussian IBP rule (Fact 8.4). This calculation relies onDuhamel’s
formula (8.8) for the derivative of thematrix exponential. The partial derivative 𝜕𝛾𝑖𝐘𝑠 =
√1 − 𝑠𝐇𝑖, owing to the expressions (8.10) for𝐘𝑠 and (8.3) for 𝐙. For the last step, recall
the definition (8.2) of the matrix coefficients𝐇𝑖.
To obtain a bound for the term À in (8.11), we plan to exploit Lemma 7.3. Expand

the centered random matrix 𝐗 − 𝔼𝐗 = ∑𝑛
𝑖=1(𝑊𝑖 − 𝔼𝑊𝑖)𝐀𝑖 as a sum:

À = −1
2√𝑠

𝔼Tr [(𝐗 − 𝔼𝐗)e−𝐘𝑠] = −1
2√𝑠

𝑛
∑
𝑖=1

𝔼Tr [(𝑊𝑖 − 𝔼𝑊𝑖)𝐀𝑖e−𝐘𝑠]

≕ 1
2𝑠

𝑛
∑
𝑖=1

𝔼Tr [ − √𝑠(𝑊𝑖 − 𝔼𝑊𝑖)𝐀𝑖e𝐁𝑖−√𝑠𝑊𝑖𝐀𝑖 ].

For each index 𝑖, we have defined the randommatrix 𝐁𝑖 ≔ √𝑠𝑊𝑖𝐀𝑖 −𝐘𝑠. Observe that
𝐁𝑖 is statistically independent from the random variable𝑊𝑖.
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Conditional on 𝐁𝑖, introduce the (deterministic) functions

𝑓𝑖(𝑤) ≔ Tr e𝐁𝑖−√𝑠𝑤𝐀𝑖 for 𝑤 ≥ 0 and 𝑖 = 1, . . . , 𝑛.

Stahl’s theorem (Fact 8.2) asserts that each 𝑓𝑖 is completely monotone for fixed self-
adjoint 𝐀𝑖, 𝐁𝑖 with 𝐀𝑖 psd. In light of (8.8) and (8.9), the first two derivatives of 𝑓𝑖
satisfy

𝑓′𝑖 (𝑤) = −√𝑠 ⋅ Tr [𝐀𝑖e𝐁𝑖−√𝑠𝑤𝐀𝑖 ];

𝑓″𝑖 (𝑤) = 𝑠 ⋅ ∫
1

0
Tr [𝐀𝑖e𝜏(𝐁𝑖−√𝑠𝑤𝐀𝑖)𝐀𝑖e(1−𝜏)(𝐁𝑖−√𝑠𝑤𝐀𝑖)] d𝜏.

We may now express À in terms of the functions 𝑓𝑖. This revision allows us to invoke
Lemma 7.3, conditional on 𝐁𝑖. We arrive at the inequality

À = 1
2𝑠

𝑛
∑
𝑖=1

𝔼 [(𝑊𝑖 − 𝔼𝑊𝑖)𝑓′𝑖 (𝑊𝑖)] ≤
1
2𝑠

𝑛
∑
𝑖=1

𝔼[𝑊2
𝑖 ] ⋅ 𝔼[𝑓″𝑖 (𝑊𝑖)]

= 1
2

𝑛
∑
𝑖=1

𝔼[𝑊2
𝑖 ] ⋅ ∫

1

0
𝔼Tr [𝐀𝑖e−𝜏𝐘𝑠𝐀𝑖e−(1−𝜏)𝐘𝑠] d𝜏 = Á.

The last line depends on the relations 𝐁𝑖 − √𝑠𝑊𝑖𝐀𝑖 = −𝐘𝑠. As promised, 𝑢′(𝑠) =
À − Á ≤ 0. □

8.4. Extension: Polynomial moments. The proof of Proposition 8.5 can be adapted
to obtain a comparison theorem for one-sided polynomial moments.

Proposition 8.6 (Randomly weighted sum: Polynomial moment bound). Instate the
hypotheses of Theorem 8.1. For each 𝑝 ≥ 4,

𝔼Tr (𝐗 − 𝔼𝐗 + 𝚫)𝑝− ≤ 𝔼Tr (𝐙 + 𝚫)𝑝−.

As usual, the negative part (𝑎)− ≔ max{−𝑎, 0} for 𝑎 ∈ ℝ binds before the power.

Sketch of proof. The structure of the argument is identical with the proof of Proposition
8.5. For justification, when 𝑝 ≥ 4, note that ℎ ∶ 𝑤 ↦ (𝑤)𝑝− is completely monotone
to order four on the real line. Heineväara’s theorem (Fact 8.3) ensures that the associ-
ated trace function 𝑓(𝑤) ≔ Tr (𝑤𝐀 − 𝐁)𝑝− is also completely monotone to order four.
Therefore, we can activate Lemma 7.3.
While it is not really necessary to compute the derivatives of the trace function 𝑓

explicitly, one may employ the Daleckiĭ–Kreĭn formula [Bha97, Thm. V.3.3] to obtain
the detailed expressions. □

9. Gaussian comparison: Sum of iid random psd matrices

This section develops a comparison theorem for the minimum eigenvalue of a sum
of iid random psdmatrices. This formulation includes covariancematrices and related
models. Surprisingly, this result is a consequence of the comparison (Theorem 8.1) for
sums of randomly weighted psd matrices.
Let𝐖 be a random psd matrix with dimension 𝑑. Assume that𝐖 has two finite

moments: 𝔼 ‖𝐖‖2 < +∞. For a fixed natural number 𝑘 ∈ ℕ, consider the random psd
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matrix 𝐘 obtained by adding 𝑘 independent copies of𝐖. That is,

(9.1) 𝐘 ≔
𝑘
∑
𝑗=1

𝐖𝑗 where𝐖𝑗 ∼ 𝐖 iid.

We compare the random psd matrix 𝐘 with an appropriate Gaussian model. Consider
a centered Gaussian matrix that follows the distribution

(9.2) 𝐙 ∼ normal(𝟎, 𝖵) where 𝖵 ≔ 𝑘 ⋅ 𝖬𝗈𝗆[𝐖].

With these definitions, we can state another comparison theorem.

Theorem 9.1 (Gaussian comparison: Sum of iid psd matrices). Fix an arbitrary self-
adjointmatrix𝚫 ∈ ℍ𝑑. Introduce the random𝑑-dimensionalmatrices𝐘and𝐙 from (9.1)
and (9.2). Then

𝔼𝜆min(𝐘 − 𝔼𝐘 + 𝚫) ≥ 𝔼𝜆min(𝐙 + 𝚫) −√2𝜎2∗ (𝐙) log(2𝑑).

In addition, for all 𝑡 ≥ 0,

ℙ {𝜆min(𝐘 − 𝔼𝐘 + 𝚫) ≤ 𝔼𝜆min(𝐙 + 𝚫) − 𝑡} ≤ 2𝑑 ⋅ e−𝑡2/(2𝜎2∗(𝐙)).

The weak variance 𝜎2∗ (𝐙) is defined in (3.8).

Proof of Theorem 9.1. The content of the argument is a comparison inequality for the
trace mgfs:

(9.3) mgf𝐘(𝜃) ≔ 𝔼Tr e−𝜃(𝐘−𝔼𝐘+𝚫) ≤ 2𝔼Tr e−𝜃(𝐙+𝚫) for 𝜃 ≥ 0.

See (9.9). The rest of the argument follows the same route as the proof of Theorem 8.1.
□

Proof of Theorem 2.4 from Theorem 9.1. To derive the result in Section 2.3, we
choose the shift 𝚫 = 𝔼𝐘, and we employ monotonicity properties of the Gaussian
distribution to relax the assumption on the variance function.
Here are the details. Construct the Gaussian distribution 𝐙′ ∼ normal(𝚫, 𝖵′)

where 𝚫 = 𝔼𝐘 and the variance function 𝖵′ ≥ 𝖵 = 𝑘 ⋅ 𝖬𝗈𝗆[𝐖]. Invoke Theorem 9.1
with the centered Gaussian matrix 𝐙 ∼ normal(𝟎, 𝖵) to obtain the expectation bound

𝔼𝜆min(𝐘) ≥ 𝔼𝜆min(𝐙 + 𝚫) −√2𝜎2∗ (𝐙) log(2𝑑).

Gaussian monotonicity (Proposition 3.2) for the concave function 𝐀 ↦ 𝜆min(𝐀 + 𝚫)
and monotonicity of the weak variance (3.9) imply that

𝔼𝜆min(𝐙 + 𝚫) ≥ 𝔼𝜆min(𝐙′) and 𝜎2∗ (𝐙) ≤ 𝜎2∗ (𝐙′).

Combine the last two displays and adjust the notation to reach the expectation bound
(2.4) in Theorem 2.4. The proof of the tail bound (2.5) is similar. □

Remark 9.2 (Non-iid case). To obtain the expectation bound for non-iid sums stated in
Conjecture 2.5, we simply iterate the expectation bound fromTheorem 9.1 to substitute
a Gaussian matrix for one summand at a time. At each step, we use the shift matrix 𝚫
to capture the contributions of the remaining random matrices.
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9.1. Proof of the trace mgf bound: Overview. The trace mgf bound (9.3) for an iid
sum is a nontrivial corollary of the trace mgf bound for a randomly weighted sum
(Proposition 8.5). Our strategy depends on an empirical approximation of the distri-
bution of the iid sum 𝐘. We draw and fix a large sample from the distribution of the
summand𝐖, and we form a proxy 𝐘̂ for the random matrix 𝐘 by adding exactly 𝑘 of
the sample points. The empirical approximation 𝐘̂ is a randomlyweighted sumof fixed
psd matrices with dependent coefficients. Via the classic Poissonization technique, we
can decouple the coefficients to arrive at a randomly weighted sum with independent
coefficients. Proposition 8.5 allows us to compare the trace mgf of the independent
model with a Gaussian distribution. Related arguments have appeared in the proba-
bility literature; for example, see [Tal21, Sec. 11.11].

Remark 9.3 (Non-iid case). We cannot extend this proof strategy to address the non-iid
case because each application of Poissonization introduces a factor of two into the trace
mgf bound; cf. (9.3). After replacing each of 𝑛 non-identical summands by its Gaussian
proxy, we have increased the trace mgf by an intolerable factor of 2𝑛.

9.2. Step 1: Empirical approximation. To lightennotation, assume that the shift𝚫 ∈
ℍ𝑑 equals the zero matrix. The proof for a general shift is no different.
For a large parameter 𝑛 ∈ ℕ, draw a sample 𝒜𝑛 ≔ (𝐀1, . . . , 𝐀𝑛) where the matrices

𝐀𝑖 are iid copies of𝐖. The sampled matrices may not be distinct. Until the last steps
of the proof, we regard the sample 𝒜𝑛 as fixed.
Consider a random matrix 𝐖̂ that takes a uniformly random value from the fixed

sample 𝒜𝑛:
𝐖 = 𝐀𝐼 where 𝐼 ∼ uniform{1, . . . , 𝑛}.

We construct a proxy 𝐘̂𝑛 for the iid sum 𝐘 by forming an iid sum of copies of 𝐖̂.

𝐘̂𝑛 ≔
𝑘
∑
𝑗=1

𝐖̂𝑗 where 𝐖̂𝑗 ∼ 𝐖.

As a heuristic, when the number 𝑛 of sample points is large, the distribution of the
proxy 𝐘̂𝑛 is close to the distribution of the original sum 𝐘. Lemma 9.8 justifies this
claim.

9.3. Step 2: Multinomial model. To analyze the proxy 𝐘̂𝑛, we work with an alterna-
tive representation. The 𝑘 independent summands in the proxy take the form

𝐖̂𝑗 = 𝐀𝐼𝑗 where 𝐼𝑗 ∼ uniform{1, . . . , 𝑛} iid for 𝑗 = 1, . . . , 𝑘.

For each index 𝑖 = 1, . . . , 𝑛, define a scalar random variable 𝛿𝑖 that counts the number
of the 𝐼𝑗 that select the index 𝑖. That is,

𝛿𝑖 ≔ #{𝑗 ∈ {1, . . . , 𝑘} ∶ 𝐼𝑗 = 𝑖}.

As a consequence, 𝜹 ≔ (𝛿1, . . . , 𝛿𝑛) ∼ multinomial(𝑘, 𝑛) follows the multinomial
distribution of 𝑘 balls placed independently and uniformly at random in 𝑛 bins. Recall
that

𝛿𝑖 ∼ binomial(1/𝑛, 𝑘) and
𝑛
∑
𝑖=1

𝛿𝑖 = 𝑘.
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Because of the coupling between the distributions,

(9.4) 𝐘̂𝑛 =
𝑘
∑
𝑗=1

𝐖̂𝑗 =
𝑛
∑
𝑖=1

𝛿𝑖𝐀𝑖.

Let us emphasize that the coefficient vector 𝜹 is independent from the sample 𝒜𝑛.

9.4. Step 3: Poissonization. The coefficients 𝛿𝑖 in the representation (9.4) are not in-
dependent, but we can pass to a model that has independent coefficients:

(9.5) 𝐗𝑛 ≔
𝑛
∑
𝑖=1

𝑄𝑖𝐀𝑖 where 𝑄𝑖 ∼ poisson(𝑘/𝑛) iid.

The Poisson variables 𝑄𝑖 are independent from each other and from the multinomial
variables 𝛿𝑖. Since 𝔼𝑄𝑖 = 𝔼𝛿𝑖, the conditional expectations of the random matrices
𝐗𝑛 and 𝐘̂𝑛 coincide.
(9.6) 𝔼 [𝐗𝑛 | 𝒜𝑛] = 𝔼 [𝐘̂𝑛 | 𝒜𝑛] = 𝔼 [𝑘𝐖̂ |𝒜𝑛].
Standard arguments quickly lead to a comparison between the two randommodels 𝐘̂𝑛
and 𝐗𝑛.

Lemma 9.4 (Poissonization). Consider the randommatrices 𝐘̂𝑛 and𝐗𝑛 defined in (9.4)
and (9.5). For all 𝜃 ≥ 0,

𝔼 [ Tr e−𝜃(𝐘̂𝑛−𝔼[𝐘̂𝑛 |𝒜𝑛]) || 𝒜𝑛] ≤ 2𝔼 [ Tr e−𝜃(𝐗𝑛−𝔼[𝐗𝑛 |𝒜𝑛]) || 𝒜𝑛].
Proof. With the sample 𝒜𝑛 fixed, consider the deterministic, positive function

𝑓(𝑠1, . . . , 𝑠𝑛) ≔ Tr exp(−𝜃 (
𝑛
∑
𝑖=1

𝑠𝑖𝐀𝑖 − 𝔼 [𝑘𝐖̂ |𝒜𝑛])) for (𝑠1, . . . , 𝑠𝑛) ∈ ℝ𝑛
+.

According to (9.6), the conditional expectation in the definition of 𝑓 coincides with
the conditional expectation of both 𝐘̂𝑛 and 𝐗𝑛. Thus, we obtain the trace exponential
with 𝐘̂𝑛 by evaluating 𝑓(𝛿1, . . . , 𝛿𝑛), and we obtain the trace exponential with 𝐗𝑛 by
evaluating 𝑓(𝑄1, . . . , 𝑄𝑛).
The key insight is that the function𝑓 ismonotone decreasingwith respect to each ar-

gument 𝑠𝑖 because eachmatrix𝐀𝑖 is psd. This is awell-established and easy fact [Car10,
Thm. 2.10], and it is also contained in Stahl’s theorem (Fact 8.2).
For completeness, we include the familiar argument [MU17, Sec. 5.4] that leads to

the conclusion of the lemma. Recall that (𝛿1, . . . , 𝛿𝑛) ∼ multinomial(𝑘, 𝑛) and that
𝑄𝑖 ∼ poisson(𝑘/𝑛) iid for 𝑖 = 1, . . . , 𝑛. Define the sum 𝑄 ≔ ∑𝑛

𝑖=1 𝑄𝑖 of the Poisson
variables, and note that𝑄 ∼ poisson(𝑘). Conditional on the sample𝒜𝑛, calculate that

𝔼[𝑓(𝑄1, . . . , 𝑄𝑛) | 𝒜𝑛] ≥
𝑘
∑
ℓ=0

𝔼[𝑓(𝑄1, . . . , 𝑄𝑛) | 𝒜𝑛, 𝑄 = ℓ] ⋅ ℙ {𝑄 = ℓ}

≥ 𝔼[𝑓(𝑄1, . . . , 𝑄𝑛) | 𝒜𝑛, 𝑄 = 𝑘] ⋅
𝑘
∑
ℓ=0

ℙ {𝑄 = ℓ}

≥ 1
2 𝔼[𝑓(𝛿1, . . . , 𝛿𝑛) | 𝒜𝑛].

The first inequality follows from the law of total expectation and the positivity of 𝑓.
The second inequality depends on the monotonicity of 𝑓. The third inequality holds
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because 𝑘 is a median of the poisson(𝑘) distribution [Cho94, Thm. 2]. Last, condi-
tioning the Poisson variables on the event {𝑄 = 𝑘} produces the multinomial distribu-
tion [MU17, Thm. 5.6]. □

Remark 9.5 (Poissonization). The analog of Lemma 9.4 holds if we replace the trace
exponential with any other trace function that is both positive and monotone. In par-
ticular, it applies to the one-sided power function𝐌↦ Tr (𝐌)𝑝− for 𝑝 > 0.

9.5. Step 4: Comparison with the Gaussian model. We may now invoke the exist-
ing trace mgf bound (Proposition 8.5) to compare the independent model 𝐗𝑛 with a
suitable Gaussian matrix.
Conditional on the sample 𝒜𝑛, define the variance function

𝖵𝑛(𝐌) ≔
𝑛
∑
𝑖=1
(𝔼𝑄2

𝑖 ) ⋅ |⟨𝐌, 𝐀𝑖⟩|2 = (1 + 𝑘
𝑛)

𝑘
𝑛

𝑛
∑
𝑖=1

|⟨𝐌, 𝐀𝑖⟩|2 for𝐌 ∈ ℍ𝑑.

Indeed, since 𝑄𝑖 ∼ poisson(𝑘/𝑛), its second moment is (1 + 𝑘/𝑛)(𝑘/𝑛). Construct the
centered (conditionally) Gaussian random matrix

(9.7) 𝐙𝑛 ∼ normal(𝟎, 𝖵𝑛).
By the law of large numbers, when the number 𝑛 of samples is large, 𝖵𝑛 ≈ 𝖵, where 𝖵 is
defined in (9.2). As a consequence, the distribution of 𝐙𝑛 is close to the distribution of
the original Gaussian model 𝐙 with covariance 𝖵. Lemma 9.9 fully justifies this claim.
To compare the tracemgfs of the proxy 𝐘̂𝑛 and theGaussianmatrix𝐙𝑛, first apply the

Poissonization result (Lemma 9.4). Then invoke the tracemgf bound (Proposition 8.5),
conditional on 𝒜𝑛. We arrive at the comparison

𝔼 [ Tr e−𝜃(𝐘̂𝑛−𝔼[𝐘̂𝑛 |𝒜𝑛]) || 𝒜𝑛] ≤ 2𝔼 [ Tr e−𝜃(𝐗𝑛−𝔼[𝐗𝑛 |𝒜𝑛]) || 𝒜𝑛]
≤ 2𝔼 [ Tr e−𝜃𝐙𝑛 || 𝒜𝑛].(9.8)

It remains to relate the random matrices 𝐘̂𝑛 and 𝐙𝑛 to the target models 𝐘 and 𝐙.

Remark 9.6 (Sparse sampling). We are employing Proposition 8.5 in a situation where
each random weight 𝑄𝑖 places most of its mass at zero. This is precisely the setting
where we anticipate that the result is most accurate.

9.6. Step 5: Limits. At this stage, we can unfreeze the random sample 𝒜𝑛 and take
limits. This process will produce the bound

(9.9) 𝔼Tr e−𝜃(𝐘−𝔼𝐘) ≤ 2𝔼Tr e−𝜃𝐙.
The randommatrices 𝐘 and 𝐙 are defined in (9.1) and (9.2). The remaining steps lead-
ing to this result are technical.
First, Lemma 9.7 shows that it is enough to prove (9.9) under the additional assump-

tion that the random summand𝐖 is bounded. In this case, we may calculate that

𝔼Tr e−𝜃(𝐘−𝔼𝐘) = lim𝑛→∞ 𝔼 [ 𝔼 [ Tr e−𝜃(𝐘̂𝑛−𝔼[𝐘̂𝑛 |𝒜𝑛]) || 𝒜𝑛]]
≤ 2 lim𝑛→∞ 𝔼 [ 𝔼 [ Tr e−𝜃𝐙𝑛 || 𝒜𝑛]] = 2𝔼Tr e−𝜃𝐙.

The first limit follows from Lemma 9.8. The second relation is the mgf bound (9.8).
The second limit follows from Lemma 9.9. The details of these computations occupy
the upcoming subsections.
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9.7. Technical step 6: Truncation. To continue, we restrict our attention to the set-
ting where the random summand𝐖 is bounded in norm.

Lemma 9.7 (Truncation). Suppose that (9.9) holds when the ℓ2 operator norm ‖𝐖‖ is
uniformly bounded. Then (9.9) remains valid when 𝔼 ‖𝐖‖2 < +∞.

Proof. Suppose that 𝔼 ‖𝐖‖2 < +∞. Let 𝑅 > 0 be a truncation parameter. We will
consider the randommatrix models arising from the truncated summand: 𝐖𝟙{‖𝐖‖ ≤
𝑅}.
For iid summands𝐖𝑗 ∼ 𝐖, define the coupled random matrix models

𝐘 ≔
𝑘
∑
𝑗=1

𝐖𝑗 and 𝐘∧𝑅 ≔
𝑘
∑
𝑗=1

𝐖𝑗𝟙{‖𝐖𝑗‖ ≤ 𝑅}.

Since the trace exponential is monotone with respect to the psd order [Car10,
Thm. 2.10],

Tr e−𝜃(𝐘∧𝑅−𝔼𝐘∧𝑅) ≤ Tr e𝜃𝔼𝐘 < +∞ pointwise and for all 𝑅 > 0.

We have used the semidefinite relations 𝟎 ≼ 𝐘∧𝑅 and 𝔼𝐘∧𝑅 ≼ 𝔼𝐘, where≼ is the semi-
definite partial order, also known as the Loewner partial order. Bounded convergence
yields

lim𝑅→∞ 𝔼Tr e−𝜃(𝐘∧𝑅−𝔼𝐘∧𝑅) = 𝔼Tr e−𝜃(𝐘−𝔼𝐘).
Indeed, 𝐘∧𝑅 → 𝐘 pointwise, and so 𝔼𝐘∧𝑅 → 𝔼𝐘. The limit of the expectation is
confirmed by applying monotone convergence to the quadratic forms induced by the
random psd matrices.
As for the Gaussian model, define the variance functions for an argument𝐌 ∈ ℍ𝑑:

𝖵(𝐌) ≔ 𝑘 ⋅ 𝔼 [|⟨𝐌, 𝐖⟩|2] and 𝖵∧𝑅(𝐌) ≔ 𝑘 ⋅ 𝔼 [|⟨𝐌, 𝐖⟩|2 ⋅ 𝟙{‖𝐖‖ ≤ 𝑅}].

It is easy to see that 𝖵∧𝑅(𝐌) ≤ 𝖵(𝐌). Therefore, the Gaussian randommatrices 𝐙∧𝑅 ∼
normal(𝟎, 𝖵∧𝑅) and 𝐙 ∼ normal(𝟎, 𝖵) satisfy

𝔼Tr e−𝜃𝐙∧𝑅 ≤ 𝔼Tr e−𝜃𝐙 for all 𝑅 > 0.

This statement follows from monotonicity (Proposition 3.2) for the expectation of a
convex function of a Gaussian. Convexity of the trace exponential is an easy classical
fact [Car10, Thm. 2.10], which is also contained in Stahl’s theorem (Fact 8.2).
We conclude that

𝔼Tr e−𝜃(𝐘−𝔼𝐘) = lim sup𝑅→∞ 𝔼Tr e−𝜃(𝐘∧𝑅−𝔼𝐘∧𝑅)

≤ 2 lim sup𝑅→∞ 𝔼Tr e−𝜃𝐙∧𝑅 ≤ 2𝔼Tr e−𝜃𝐙.

The inequality in the last display depends on the hypothesis of the lemma, namely that
the relation (9.9) holds when ‖𝐖‖ is uniformly bounded. □

9.8. Technical step 7: Convergence of the empirical model. Next, we must verify
that the empirical approximations 𝐘̂𝑛 converge weakly to the original random matrix
model 𝐘.
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Lemma 9.8 (Empirical approximation: Weak convergence). Assume that the random
summand has two finite moments: 𝔼 ‖𝐖‖2 < +∞. Define randommatrices 𝐘 and 𝐘̂𝑛 as
in (9.1) and (9.4).

(1) For each bounded, Lipschitz function ℎ ∶ ℍ𝑑 → ℝ,
(9.10) 𝔼ℎ(𝐘̂𝑛 − 𝔼 [𝐘̂𝑛 | 𝒜𝑛]) → 𝔼ℎ(𝐘 − 𝔼𝐘) as 𝑛 → ∞.

(2) If ‖𝐖‖ is uniformly bounded, the limit (9.10) also holds for ℎ(𝐌) ≔ Tr e−𝜃𝐌
with 𝜃 ∈ ℝ.

Lipschitz functions are defined with respect to the Frobenius norm on self-adjoint matri-
ces. The expectations average over everything, including the random sample𝒜𝑛.

Proof. To begin, let us explore some properties of the empirical approximation 𝐘̂𝑛. The
representation (9.4) shows that

𝐘̂𝑛 =
𝑛
∑
𝑖=1

𝛿(𝑛)𝑖 𝐀𝑖 where 𝜹(𝑛) ∼ multinomial(𝑘, 𝑛).

The multinomial coefficients 𝜹(𝑛) ≔ (𝛿(𝑛)1 , . . . , 𝛿(𝑛)𝑛 ) are independent from the sample
𝒜𝑛. Define the event 𝖣𝑛 where the multinomial selects 𝑘 distinct summands:

𝖣𝑛 ≔ {# supp (𝜹(𝑛)) = 𝑘}.
For large sample size 𝑛, it is likely that 𝖣𝑛 occurs. By the birthday paradox argu-
ment [MU17, Sec. 5.1],

(9.11) ℙ(𝖣𝑛) =
𝑘
∏
𝑗=1

(1 − 𝑗 − 1
𝑛 ) ≥ 1 −

𝑘
∑
𝑗=1

𝑗 − 1
𝑛 > 1 − 𝑘2

𝑛 .

Conditional on the event𝖣𝑛 occurring, the distribution of the empirical approximation
𝐘̂𝑛 is the same as the distribution 𝐘. More precisely, for each Borel set 𝖡 ⊆ ℍ𝑑,

ℙ {𝐘̂𝑛 ∈ 𝖡 || 𝖣𝑛} = ℙ{ ∑
𝑖∈supp(𝜹(𝑛))

𝐀𝑖 ∈ 𝖡 || 𝖣𝑛} = ℙ{
𝑘
∑
𝑗=1

𝐖𝑗 ∈ 𝖡} = ℙ {𝐘 ∈ 𝖡} .

Indeed, each sample𝐀𝑖 is an independent draw from the distribution𝐖, as are the ran-
dom matrices𝐖1, . . . ,𝐖𝑘. This argument formalizes the intuition that the empirical
approximation is a good proxy for the original random matrix.
Next, we turn to the conditional expectation of the empirical approximation. Since

each coefficient 𝛿𝑖 ∼ binomial(1/𝑛, 𝑘),

𝔼 [𝐘̂𝑛 | 𝒜𝑛] =
𝑘
𝑛

𝑛
∑
𝑖=1

𝐀𝑖.

Each sample𝐀𝑖 is an independent copy of𝐖, so its expectation satisfies 𝔼𝐀𝑖 = 𝔼𝐖 =
𝑘−1 𝔼𝐘. By orthogonality,

(9.12) 𝔼 ‖‖𝔼 [𝐘̂𝑛 | 𝒜𝑛] − 𝔼𝐘‖‖
2
F = 𝔼 ‖‖

𝑘
𝑛

𝑛
∑
𝑖=1
(𝐀𝑖 − 𝔼𝐀𝑖)‖‖

2

F

= 𝑘2
𝑛 𝔼 ‖𝐖− 𝔼𝐖‖2F → 0.

The limit occurs as 𝑛 → ∞, while 𝑘 is a fixed number. We have used the fact that𝐖
has two moments.
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Now, suppose that ℎ has bounded Lipschitz norm 𝐿. In other words, both the uni-
form norm of ℎ and the Lipschitz constant of ℎ are at most 𝐿. Define the sequence of
moments

𝐸𝑛 ≔ 𝔼ℎ(𝐘̂𝑛 − 𝔼 [𝐘̂𝑛 | 𝒜𝑛]).
Add and subtract the matrix 𝔼𝐘, and invoke the Lipschitz property:

𝐸𝑛 = 𝔼ℎ(𝐘̂𝑛 − 𝔼𝐘) ± 𝐿 ⋅ 𝔼 ‖‖𝔼 [𝐘̂𝑛 | 𝒜𝑛] − 𝔼𝐘‖‖F .
The notation 𝑥 = 𝑎 ± 𝑏 is shorthand for the pair of inequalities 𝑎 − 𝑏 ≤ 𝑥 ≤ 𝑎 + 𝑏.
From (9.12), we see that the second term on the right-hand side of the last display tends
to zero. As for the first term, we compute the expectation by conditioning on the event
𝖣𝑛:

𝔼ℎ(𝐘̂𝑛 − 𝔼𝐘) = 𝔼 [ℎ(𝐘̂𝑛 − 𝔼𝐘) || 𝖣𝑛] ⋅ ℙ(𝖣𝑛) + 𝔼 [ℎ(𝐘̂𝑛 − 𝔼𝐘) || 𝖣c
𝑛] ⋅ ℙ(𝖣c

𝑛)

= 𝔼 [ℎ(𝐘 − 𝔼𝐘)] ± 2𝑘2𝐿
𝑛 → 𝔼ℎ(𝐘 − 𝔼𝐘).

Indeed, the conditional distribution 𝐘̂𝑛 | 𝖣𝑛 ∼ 𝐘. The inequalities depend on two ap-
plications of the probability estimate (9.11) and the fact that the magnitude of ℎ is uni-
formly bounded by 𝐿. Altogether,

𝐸𝑛 = 𝔼ℎ(𝐘̂𝑛 − 𝔼 [𝐘̂𝑛 | 𝒜𝑛]) → 𝔼ℎ(𝐘 − 𝔼𝐘) as 𝑛 → ∞.
We have established the weak convergence claim.
Last, assume that the random summand satisfies ‖𝐖‖ ≤ 𝑅 for some 𝑅 > 0. In this

case, the random matrices 𝐘̂𝑛 and 𝐘 are all bounded in norm by 𝑘𝑅. The trace expo-
nential function ℎ(𝐌) = Tr e−𝜃𝐌 is bounded and Lipschitz on the common support of
these random matrices. Therefore, the weak convergence result (9.10) ensures that

𝔼Tr e−𝜃(𝐘̂𝑛−𝔼[𝐘̂𝑛 |𝒜𝑛]) → 𝔼Tr e−𝜃(𝐘−𝔼𝐘) as 𝑛 → ∞.
This is the second conclusion. □

9.9. Technical step 8: Convergence of the Gaussian model. Finally, we must ar-
gue that the sequence 𝐙𝑛 of Gaussian models converges weakly to the target Gaussian
distribution 𝐙. The proof relies on characteristic functions.
Lemma 9.9 (Gaussianmodel: Weak convergence). Assume that the random summand
has two finite moments: 𝔼 ‖𝐖‖2 < +∞. Define Gaussian matrices 𝐙 and 𝐙𝑛 as in (9.2)
and (9.7).

(1) For each bounded Lipschitz function ℎ ∶ ℍ𝑑 → ℝ,
(9.13) 𝔼ℎ(𝐙𝑛) → 𝔼ℎ(𝐙) as 𝑛 → ∞.

(2) If ‖𝐖‖ is uniformly bounded, the limit (9.13) also holds for ℎ(𝐌) ≔ Tr e−𝜃𝐌
with 𝜃 ∈ ℝ.

The expectation averages over everything, including the random sample𝒜𝑛.

Proof. Consider a self-adjoint Gaussian matrix 𝐆 ∼ normal(𝟎, 𝖢). For a self-adjoint
argument𝐌 ∈ ℍ𝑑, the characteristic function 𝜒𝐆 of the Gaussian 𝐆 takes the form

𝜒𝐆(𝐌) ≔ 𝔼 ei⟨𝐌, 𝐆⟩ = e−𝖢(𝐌)/2.
This just reinterprets the usual formula for the Gaussian characteristic function
[Dud02, Sec. 9.5].
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Now, the centered Gaussian matrices 𝐙𝑛 and 𝐙 have variance functions

𝖵𝑛(𝐌) ≔ (1 + 𝑘
𝑛)

𝑘
𝑛

𝑛
∑
𝑖=1

|⟨𝐌, 𝐀𝑖⟩|2 and 𝖵(𝐌) ≔ 𝑘 ⋅ 𝔼 |⟨𝐌, 𝐖⟩|2.

Since 𝖵𝑛 is a random function that depends on the sample 𝒜𝑛, the random matrix 𝐙𝑛
is actually a Gaussian mixture. Each random sample 𝐀𝑖 is an independent copy of𝐖.
Therefore,

(9.14) 𝖵𝑛(𝐌) = (1 + 𝑘
𝑛)

𝑘
𝑛

𝑛
∑
𝑖=1

|⟨𝐌, 𝐀𝑖⟩|2 → 𝑘 ⋅ 𝔼 |⟨𝐌, 𝐖⟩|2 almost surely.

The formula (9.14) is just the strong law of large numbers [Dud02, Thm. 8.3.5]. The
statement is justified by the fact that 𝔼 ‖𝐖‖2 is finite.
Recall that a sequence of randommatrices converges weakly if and only if the char-

acteristic functions converge pointwise to a limit that is continuous at the origin
[Dud02, Thm. 9.8.2]. Therefore, to prove the weak convergence statement (9.13), it
suffices to verify that

𝜒𝐙𝑛(𝐌) → 𝜒𝐙(𝐌) for each𝐌 ∈ ℍ𝑑.
Equivalently, we can obtain weak convergence from the limit

𝔼 e−𝖵𝑛(𝐌)/2 → e−𝖵(𝐌)/2 for each𝐌 ∈ ℍ𝑑.
But this statement follows instantly from bounded convergence and the almost sure
limit (9.14). Indeed, variance functions are positive, so the exponentials are uniformly
bounded by one.
Last, assume that the random summand satisfies ‖𝐖‖ ≤ 𝑅 for some 𝑅 > 0. We

must upgrade the weak convergence (9.13) to convergence for the trace mgf func-
tion ℎ(𝐌) ≔ Tr e−𝜃𝐌 with 𝜃 ∈ ℝ. This step requires asymptotic uniform integra-
bility [vdV98, Thm. 2.20]. We claim that
(9.15) lim𝐵→∞ lim sup𝑛→∞ 𝔼 [ Tr e−𝜃𝐙𝑛𝟙{‖𝐙𝑛‖ ≥ 𝐵}] → 0.
Granted (9.15), we obtain the limit 𝔼ℎ(𝐙𝑛) → 𝔼ℎ(𝐙), and the proof is complete.
Let us establish the claim. Since ‖𝐖‖ ≤ 𝑅, the variance functions 𝖵𝑛 are uniformly

bounded by a fixed variance function. More precisely, for 𝑛 ≥ 𝑘, since ‖𝐀𝑖‖ ≤ 𝑅 as
well,

𝖵𝑛(𝐌) = (1 + 𝑘
𝑛)

𝑘
𝑛

𝑛
∑
𝑖=1

|⟨𝐌, 𝐀𝑖⟩|2 ≤ 2𝑘𝑅2𝑑‖𝐌‖2F ≕ 𝖢(𝐌).

Define the Gaussian random matrix 𝐆 ∼ normal(𝟎, 𝖢). By monotonicity (Proposi-
tion 3.2), applied conditionally on 𝒜𝑛, the comparison 𝔼𝑓(𝐙𝑛) ≤ 𝔼𝑓(𝐆) holds for
each convex function 𝑓 ∶ ℍ𝑑 → ℝ.
To confirm asymptotic uniform integrability (9.15), make a simple bound on the

trace exponential. Then apply the inequalities of Cauchy–Schwarz and Markov to the
expectation in (9.15) to obtain

𝔼 [ Tr e−𝜃𝐙𝑛𝟙{‖𝐙𝑛‖ ≥ 𝐵}] ≤ 𝑑 ⋅ 𝔼 [e|𝜃| ‖𝐙𝑛‖𝟙{‖𝐙𝑛‖ ≥ 𝐵}]

≤ 𝑑 ⋅ (𝔼 e2|𝜃| ‖𝐙𝑛‖)1/2 (𝐵−1 𝔼 ‖𝐙𝑛‖)1/2

≤ 𝑑 ⋅ (𝔼 e2|𝜃| ‖𝐆‖)1/2 (𝐵−1 𝔼 ‖𝐆‖)1/2.
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The last inequality follows from the comparison of 𝐙𝑛 with 𝐆. Since 𝐆 is a particular
Gaussian matrix with dimension 𝑑, the two expectations with respect to 𝐆 are finite,
and the asymptotic uniform integrability condition (9.15) is valid. □

9.10. Extension: Polynomial moments. The proof of the trace mgf comparison (9.9)
can be adapted to obtain a comparison theorem for polynomial moments.
Proposition 9.10 (iid psd sum: Polynomial moment bound). Instate the hypotheses of
Theorem 9.1. For each 𝑝 ≥ 4,

𝔼Tr (𝐘 − 𝔼𝐘 + 𝚫)𝑝− ≤ 2𝔼Tr (𝐙 + 𝚫)𝑝−.
Sketch of proof. Note that the trace function 𝑓(𝑤) ≔ Tr (𝑤𝐀−𝐁)𝑝− is completelymono-
tone of order four when 𝑝 ≥ 4. Therefore, we can activate the Poissonization result
(Remark 9.5) and the polynomial moment bound for weighted sums (Proposition 8.6).
These are the main changes, as compared with the proof of (9.9). There are also some
minor technical differences in the proofs of Lemmas 9.7 to 9.9. □

Appendix A. Matrix concentration for psd sums

For completeness, we include a short proof of a matrix concentration inequality for
the lower tail of a psd sum. This result was communicated to the author by Andreas
Maurer in 2011, but there does not seem to be a citation available.
Fact A.1 (Matrix concentration: Exponential Paley–Zygmund). Consider an indepen-
dent family (𝐖1, . . . ,𝐖𝑛) of random psdmatrices with common dimension 𝑑 and with
two finite moments. Define the matrix sum and the sum of second moments:

𝐘 ≔
𝑛
∑
𝑖=1

𝐖𝑖 and 𝐿2 ≔ ‖
‖
𝑛
∑
𝑖=1

𝔼[𝐖2
𝑖 ]‖‖ .

Then
(A.1) 𝔼𝜆min(𝐘) ≥ 𝜆min(𝔼𝐘) − √2𝐿2 log 𝑑.
In addition, for 𝑡 ≥ 0,
(A.2) ℙ {𝜆min(𝐘) ≤ 𝜆min(𝔼𝐘) − 𝑡} ≤ 𝑑 ⋅ e−𝑡2/(2𝐿2).
To identify the connection between Fact A.1 and the Paley–Zygmund inequality

[BLM13, Exer. 2.4], select 𝑡 = 𝜀 ⋅ 𝜆min(𝔼𝐘) in the tail bound (A.2). We obtain a ratio
of the squared norm of the first moment to the norm of the sum of second moments.
The proof depends on a trace mgf bound.
Lemma A.2 (Exponential Paley–Zygmund: log-mgf bound). Let𝐖 be a random psd
matrix with two finite moments. For 𝜃 ≥ 0, we have the semidefinite relation

log 𝔼 e−𝜃𝐖 ≼ −𝜃 𝔼[𝐖] + 1
2
𝜃2 𝔼[𝐖2].

Proof. Recall the numerical inequality e−𝑎 ≤ 1 − 𝑎 + 𝑎2/2, valid for 𝑎 ≥ 0. By the
transfer rule [Tro15, Prop. 2.1.4], the inequality extends to matrices:

𝔼 e−𝜃𝐖 ≼ 𝔼[𝐈 − 𝜃𝐖+ 1
2
𝜃2𝐖2] = 𝐈 − 𝜃 𝔼[𝐖] + 1

2
𝜃2 𝔼[𝐖2] for 𝜃 ≥ 0.

Since the logarithm is matrix monotone [Tro15, Prop. 8.4.4], we can extract the loga-
rithm. Apply the numerical inequality log(1 + 𝑎) ≤ 𝑎 for 𝑎 > −1 using the transfer
rule. □
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Proof of Fact A.1. The result follows quickly from standardmatrix concentration argu-
ments. For example, to derive the probability inequality, we apply the matrix Laplace
transform method [Tro15, Prop. 3.2.1]. For each 𝜃 > 0,

ℙ {𝜆min(𝐘 − 𝔼𝐘) ≤ −𝑡} ≤ e−𝜃𝑡 𝔼Tr exp(−𝜃𝐘 + 𝜃 𝔼[𝐘])

≤ e−𝜃𝑡 Tr exp(
𝑛
∑
𝑖=1

( log 𝔼 e−𝜃𝐖𝑖 + 𝜃 𝔼[𝐖𝑖]))

≤ e−𝜃𝑡 Tr exp( 1
2
𝜃2

𝑛
∑
𝑖=1

𝔼[𝐖2
𝑖 ]) ≤ 𝑑 ⋅ e−𝜃𝑡+𝜃2𝐿2/2.

The second inequality requires the subadditivity of matrix log-mgfs [Tro15, Lem. 3.1]
and the monotonicity of the trace exponential. The third inequality is Lemma A.2.
The last inequality depends on the spectral mapping theorem and the definition of 𝐿2.
Select 𝜃 = 𝑡/(2𝐿2) to complete the bound. The stated result follows from an application
of Weyl’s inequality [Bha97, Cor. III.2.2]. □
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