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ACCELERATED RANDOMLY PIVOTED CHOLESKY\ast 

ETHAN N. EPPERLY\dagger , JOEL A. TROPP\dagger , AND ROBERT J. WEBBER\ddagger 

Abstract. Randomly pivoted Cholesky (RPCholesky) is an algorithm for constructing a low-
rank approximation of a positive-semidefinite matrix using a small number of columns. This paper
develops an accelerated version of RPCholesky that employs block matrix computations and re-
jection sampling to efficiently simulate the execution of the original algorithm. For the task of
approximating a kernel matrix, the accelerated algorithm can run over 40\times faster. The paper con-
tains implementation details, theoretical guarantees, experiments on benchmark data sets, and an
application to computational chemistry.
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1. Introduction. This paper treats a core task in computational linear algebra:

Low-rank psd approximation: Given a positive-semidefinite (psd) matrix
\bfitA \in \BbbC N\times N and a rank parameter 1 \leq k < N , compute a matrix \bfitF \in \BbbC N\times k

such that \bfitA \approx \bfitF \bfitF \ast .

Randomly pivoted Cholesky (RPCholesky) is a randomized variant of the pivoted
partial Cholesky method that stands among the best algorithms for constructing a
rank-k psd approximation from a set of k columns [4]. The present work introduces
accelerated RPCholesky, a new algorithm that runs up to 40\times faster than RP-
Cholesky, while producing approximations with the same quality. The accelerated
method simulates the behavior of the simpler method by means of block-matrix com-
putations and rejection sampling. Its benefits are most pronounced when the matrix
dimension N and the approximation rank k are both moderately large (say, N \geq 105

and k\geq 103), a regime where existing algorithms struggle.

1.1. Access models for matrices. When designing an algorithm for low-rank
approximation of a psd matrix \bfitA , one must consider how the algorithm interacts
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2528 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

with the matrix. For example, in the matvec access model, the primitive operation
is the matrix--vector product \bfitv \mapsto \rightarrow \bfitA \bfitv , and the algorithm designer aims to construct
the low-rank approximation with the minimum number of matrix--vector products
[26, 32, 36]. The matvec access model can arise from the discretization of differential
and integral operators, among other applications.

In the entry access model, the primitive operation is the evaluation of the matrix
entry \bfitA (i, j) for any pair (i, j) of row and column indices. The papers [4, 14, 16, 27,
30, 35] contain efficient algorithms for low-rank psd approximation in the entry access
model. These methods are appealing because they only access and manipulate a small
fraction of the entries in the target matrix.

The entry access model does not always provide a satisfactory abstraction for
scientific computing and machine learning because it fails to account for computational
efficiencies observed in practice by accessing the matrix in a block-wise fashion. To
remedy this deficiency, this paper works in a paradigm that will be called the submatrix
access model. The primitive operation is extracting a submatrix:

\bfitA (\sansS 1,\sansS 2) = [\bfitA (i, j)]i\in \sansS 1,j\in \sansS 2 for \sansS 1,\sansS 2 \subseteq \{ 1, . . . ,N\} .(1.1)

This access model describes the setting where the cost of generating a moderately
large submatrix is comparable with the cost of evaluating a single matrix entry. As
the next subsection explains, the submatrix access model reflects the computational
challenge that arises from kernel methods in machine learning.

1.2. Kernel matrices and the submatrix access model. Recall that a
positive-definite kernel function \kappa : \BbbR d \times \BbbR d \rightarrow \BbbR can be used to define a similar-
ity metric between pairs of data points [31]. Popular kernel functions include the
Gaussian and \ell 1 Laplace kernels:

\kappa (\bfitx ,\bfitx \prime ) = exp

\biggl( 
 - 1

2\sigma 2
\| \bfitx  - \bfitx \prime \| 2

\biggr) 
, [Gaussian](1.2)

\kappa (\bfitx ,\bfitx \prime ) = exp

\Biggl( 
 - 1

\sigma 

d\sum 
i=1

| \bfitx (i) - \bfitx \prime (i)| 

\Biggr) 
. [\ell 1 Laplace](1.3)

Here, \| \cdot \| is the \ell 2 norm and \sigma > 0 is the bandwidth, which sets the scale of inter-
actions. Given data points \bfitx 1, . . . ,\bfitx N \in \BbbR d, the kernel matrix \bfitA = [\kappa (\bfitx i,\bfitx j)]1\leq i,j\leq N

is a psd matrix that tabulates the similarity between each pair of points. Kernel
methods perform dense linear algebra with the kernel matrix to accomplish machine
learning tasks, such as regression and clustering.

On modern computers, the runtime of numerical algorithms is often dominated by
time moving data between cache and memory rather than time performing arithmetic
operations [13, pp. 13, 581--582]. Each time columns of a kernel matrix are generated,
whether a single column or a large block of b\gg 1 columns, all N data points \{ \bfitx i\} Ni=1

must be moved from memory to cache. When data movement dominates the runtime,
generating columns in blocks of size b can be up to b\times as fast as generating columns
one-by-one. See section A for discussion of other reasons why blocking can increase
the speed of matrix algorithms.

Figure 1 provides empirical evidence that the submatrix access model is the ap-
propriate abstraction for kernel matrix computations. The figure charts the number
of columns formed per second when evaluating blocks of b columns in a 105\times 105 ker-
nel matrix with varying block sizes 1 \leq b \leq 103. The per-column efficiency increases
with b, and it saturates once the block size b is large enough to maximally reap the

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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ACCELERATED RANDOMLY PIVOTED CHOLESKY 2529

Gaussian \ell 1 Laplace

Fig. 1. Columns generated per second for Gaussian (left) and \ell 1 Laplace (right) kernel matrices
with bandwidth \sigma = 1. The data consists of N = 105 standard Gaussian points with dimension
d\in \{ 1,10,100,1000\} .

benefits of block-wise access. This critical block size and the maximum speedup is
sensitive both to the dimension d of the data and the choice of kernel. In the most
extreme case (Gaussian kernel with d = 1000), generating columns in blocks of size
b= 1000 is 100\times as efficient as generating columns one at a time.

For moderately large data sets (say, N \geq 105), it is prohibitively expensive to
generate and store the full kernel matrix. Fortunately, the kernel matrix often has
rapidly decaying eigenvalues, so it can be approximated by a low-rank matrix con-
structed from a subset of the columns. When properly implemented with block-wise
access, this approximation makes it possible to scale kernel methods to billions of data
points [25]. The resulting machine learning methods can achieve cutting-edge speed
and interpretability for tasks in scientific machine learning [2].

1.3. Efficient low-rank approximation in the submatrix access model.
Given the large speedups observed in Figure 1, it is natural to ask a question:

What algorithm for low-rank psd approximation is most efficient in the sub-
matrix access model?

This paper answers the question by proposing the accelerated RPCholesky algo-
rithm. To contextualize this new method, the rest of this subsection reviews simple
RPCholesky (subsection 1.3.1) and block RPCholesky (subsection 1.3.2). Last,
subsection 1.3.3 takes a first look at accelerated RPCholesky.

1.3.1. Simple RPCholesky. Randomly pivoted Cholesky (RPCholesky) is
an algorithm for low-rank psd approximation that is designed for the entry access
model [4]. After extracting the diagonal of the matrix, the algorithm forms a rank-k
approximation by adaptively evaluating and manipulating k columns of the matrix.

Starting with the trivial approximation \widehat \bfitA (0)
:= 0 and the initial residual \bfitA (0) :=

\bfitA , RPCholesky builds up a rank-k approximation \widehat \bfitA (k)
by taking the following

steps. For i= 0, . . . , k - 1,
1. Choose a random pivot. Select a random pivot si+1 \in \{ 1, . . . ,N\} according

to the probability distribution

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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2530 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

\BbbP \{ si+1 = j\} = \bfitA (i)(j, j)

tr\bfitA (i)
.(1.4)

2. Update. Evaluate the column \bfitA (i)(:, si+1) of the residual indexed by the
selected pivot si+1. Update the approximation and the residual:

\widehat \bfitA (i+1)
:= \widehat \bfitA (i)

+
\bfitA (i)(:, si+1)\bfitA 

(i)(si+1, :)

\bfitA (i)(si+1, si+1)
;

\bfitA (i+1) :=\bfitA (i)  - \bfitA (i)(:, si+1)\bfitA 
(i)(si+1, :)

\bfitA (i)(si+1, si+1)
.

In this algorithm and those that follow, ``pivot"" refers to the index of the selected
column. Pivots are chosen by means of an adaptive, randomized selection rule. Ad-
ditionally, \bfitA (\cdot \cdot \cdot ) indicates access of \bfitA by MATLAB-style indexing notation; see
subsection 1.6 for a discussion of notation.

With an optimized implementation (Algorithm D.1), RPCholesky produces the

approximation \widehat \bfitA = \widehat \bfitA (k)
in factored form after \scrO (k2N) arithmetic operations. The

history of RPCholesky and related algorithms [4, 9, 10, 28] is surveyed in [4, sec. 3].

1.3.2. Block RPCholesky. RPCholesky is less efficient than it could be
because the algorithm evaluates columns one by one, failing to take advantage of the
submatrix access model. For this reason, large-scale machine learning applications
[2, 11] often employ the block RPCholesky algorithm [4], which is faster. This
method draws b > 1 random pivots with replacement according to the distribution
(1.4). Then it updates the approximation and residual using the b pivots. For target
rank k, the block size b= k/10 is often used in applications. The pseudocode for block
RPCholesky is available in Algorithm D.2 in the appendix.

This paper resolves several open empirical and theoretical questions about the
performance of block RPCholesky. First, new experiments confirm that simple
RPCholesky and block RPCholesky provide similar approximation accuracy on
typical problems (Figure 3), but there are challenging examples where the simple
method is over 100\times more accurate than the block method (Figures 2 and 3). Second,
new error bounds guarantee the eventual success of block RPCholesky for any block
size b (Theorem 4.2). However, the bounds show that the efficiency of the block
method can degrade when the target matrix has rapid eigenvalue decay.

1.3.3. Accelerated RPCholesky. The main contribution of this paper is a
new accelerated RPCholesky algorithm, which combines the best features of the
simple and block methods. Accelerated RPCholesky produces the same distribution
of random pivots as simple RPCholesky and enjoys the same accuracy guarantees,
while taking advantage of the submatrix access model to improve the runtime.

At each step, accelerated RPCholesky proposes a block of b random pivots.
Then the algorithm thins the list of proposals using rejection sampling, and it up-
dates the matrix approximation using the accepted pivots. As compared with block
RPCholesky, the new feature of accelerated RPCholesky is the rejection sampling
step, which simulates the pivot distribution of simple RPCholesky.

Here is a summary of the accelerated RPCholesky method; a comprehensive ex-
planation appears in section 2. The user fixes a block size parameter b\geq 1. Starting

with the approximation \widehat \bfitA (0)
:= 0 and the residual \bfitA (0) := \bfitA , accelerated RPC-

holesky builds up a low-rank approximation \widehat \bfitA (t)
with rank at most bt by means of

the following procedure. For i= 0, . . . , t - 1,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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ACCELERATED RANDOMLY PIVOTED CHOLESKY 2531

1. Propose a block of random pivots. Propose a block of independent and
identically distributed random pivots \{ s\prime bi+1, . . . , s

\prime 
b(i+1)\} with

\BbbP \{ s\prime \ell = j\} = \bfitA (i)(j, j)

tr\bfitA (i)
.

2. Rejection sampling. Initialize the incremental pivot set \sansS i\leftarrow \emptyset . For each
\ell = bi+ 1, . . . , b(i+ 1), accept the pivot s\prime \ell with probability

p(s\prime \ell ) =
\bfitA (i)(s\prime \ell , s

\prime 
\ell ) - \bfitA (i)(s\prime \ell ,\sansS i)\bfitA 

(i)(\sansS i,\sansS i)
\dagger \bfitA (i)(\sansS i, s

\prime 
\ell )

\bfitA (i)(s\prime \ell , s
\prime 
\ell )

,

and update \sansS i\leftarrow \sansS i \cup \{ s\prime \ell \} . Otherwise, reject the pivot and do nothing.
3. Update. Update the approximation:

\widehat \bfitA (i+1)
:= \widehat \bfitA (i)

+\bfitA (i)(:,\sansS i)\bfitA 
(i)(\sansS i,\sansS i)

\dagger \bfitA (i)(\sansS i, :);

\bfitA (i+1) :=\bfitA (i)  - \bfitA (i)(:,\sansS i)\bfitA 
(i)(\sansS i,\sansS i)

\dagger \bfitA (i)(\sansS i, :).

For numerical stability and efficiency, the pseudoinverse \bfitA (i)(\sansS i,\sansS i)
\dagger should

be computed and applied via a Cholesky decomposition of \bfitA (i)(\sansS i,\sansS i).
Because of the possibility of rejections, this algorithm uses slightly more entry

look-ups than simple RPCholesky to generate a rank-k approximation. However,
it is much faster in practice due to blockwise computations. Algorithm 2.2 provides
an optimized implementation.

1.4. Illustrative comparison. Figure 2 presents a stylized example where sim-
ple RPCholesky, block RPCholesky, and accelerated RPCholesky are applied
to a Gaussian kernel matrix, which is generated from N = 105 data points form-
ing a smile in \BbbR 2 of radius 10. The bandwidth is set to \sigma = 0.2. This example is
only intended to illustrate the differences between the RPCholesky-type algorithms;
subsection 3.1 provides more extensive comparisons on a testbed of synthetic data,
random point clouds, and real-world data.

As shown in the left panel of Figure 2, both block RPCholesky and accelerated
RPCholesky are 4\times to 5\times faster than simple RPCholesky on this example. The
right panel of Figure 2 shows the relative trace error

Fig. 2. Runtime (left) and relative trace norm error (1.5) (right) of RPCholesky, block RP-
Cholesky, and accelerated RPCholesky applied to a Gaussian kernel matrix \bfitA associated with
105 points in \BbbR 2 forming a smile (inset, right). The blocked methods use block size b= 120.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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2532 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

tr(\bfitA  - \widehat \bfitA )

tr(\bfitA )
(1.5)

of the methods. Accelerated RPCholesky and simple RPCholesky give the same
accuracy, so the error curves coincide with each other. Block RPCholesky fares
much worse, attaining 800\times higher error than the other methods at rank k = 1000.
This example supports the basic takeaway message: accelerated RPCholesky pro-
duces the same distribution of random outputs as simple RPCholesky
while being much faster.

1.5. Outline. This paper explores the theoretical and empirical properties of ac-
celerated RPCholesky and compares it to simple and block RPCholesky. Section
2 introduces accelerated RPCholesky and discusses efficient implementations. Sec-
tion 3 presents numerical experiments. Section 4 analyzes accelerated RPCholesky
and block RPCholesky. Section 5 extends these methods and proposes an acceler-
ated randomly pivoted \sansQ \sansR method.

1.6. Notation. Entries and submatrices of \bfitA are expressed using MATLAB
notation. For example, \bfitA (:, i) represents the ith column of \bfitA and \bfitA (\sansS , :) denotes the
submatrix of \bfitA with rows indexed by the set \sansS . The conjugate transpose of a matrix
\bfitF is denoted as \bfitF \ast , and the Moore--Penrose pseudoinverse is \bfitF \dagger . The inverse of the
conjugate transpose of a nonsingular matrix is denoted \bfitF  - \ast := (\bfitF  - 1)\ast = (\bfitF \ast ) - 1.
The matrix \Pi \bfitF is the orthogonal projector onto the column span of \bfitF . The function
\lambda i(\bfitA ) outputs the ith largest eigenvalue of a psd matrix \bfitA . The symbol \preceq denotes
the psd order on Hermitian matrices: \bfitH \preceq \bfitA if and only if \bfitA  - \bfitH is psd. A matrix
\bfitA is described as ``rank-r"" when rank\bfitA \leq r. Last, \| \cdot \| denotes the vector \ell 2 norm.

2. Faster RPCholesky by rejection sampling. This section explains how
RPCholesky can be implemented efficiently with rejection sampling (subsections 2.1
and 2.2). Afterward, subsection 2.3 introduces and provides the pseudocode for ac-
celerated RPCholesky. Subsection 2.4 explains how to implement accelerated RP-
Cholesky with more operations but lower memory requirements.

2.1. Implementing RPCholesky with rejection sampling. Rejection sam-
pling is a standard approach for sampling from a challenging probability distribution
[24, Sec. 2.2]. This section shows how to use rejection sampling to sample the piv-
ots s1, . . . , sk according to the RPCholesky distribution. Rejection sampling was
originally applied to RPCholesky in [15], building on related ideas from [29].

Consider the following setting. Suppose that one has already sampled pivots \sansS i =

\{ s1, . . . , si\} , which define the rank-i approximation \widehat \bfitA (i)
= \bfitA (:,\sansS i)\bfitA (\sansS i,\sansS i)

\dagger \bfitA (\sansS i, :)

and the residual \bfitA (i) = \bfitA  - \widehat \bfitA (i)
. In addition, suppose that one has access to an

upper bound \bfitu on the diagonal of the residual \bfitA (i):

\bfitu (j)\geq \bfitA (i)(j, j) for each j = 1, . . . ,N.

The diagonal of the residual decreases at each step of the RPCholesky procedure:
\bfitA (i)(j, j) \leq \bfitA (i - 1)(j, j) \leq \cdot \cdot \cdot \leq \bfitA (j, j) for each index j. Thus, \bfitu = diag(\bfitA ) is one
possible choice for the upper bound.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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ACCELERATED RANDOMLY PIVOTED CHOLESKY 2533

To select the next pivot si+1, rejection sampling executes the following loop:

Rejection sampling loop:
1. Propose. Draw a random pivot s according to the proposal distribu-

tion \bfitu , given by \BbbP \{ s= j\} =\bfitu (j)/
\sum n

k=1\bfitu (k).

2. Accept/reject. With probability \bfitA (i)(s, s)/\bfitu (s), accept the pivot
and set si+1\leftarrow s. Otherwise, reject the pivot and return to step 1.

Notice that steps 1 and 2 are repeated until a pivot si+1 is accepted. Thus, the
procedure generates a set \sansS i+1 \leftarrow \sansS i \cup \{ si+1\} of i+ 1 pivots, defining a rank-(i+ 1)

approximation \widehat \bfitA (i+1)
. Continuing in this way, one can sample pivots si+2, si+3, . . .

and construct a low-rank approximation of the desired rank k.
The advantage of rejection sampling over the standard RPCholesky implemen-

tation (Algorithm D.1) is that rejection sampling only evaluates the diagonal entries
diag\bfitA (i)(s, s) at the proposed pivot indices s, whereas Algorithm D.1 evaluates all
the entries of diag\bfitA (i) at every step. Nonetheless, the efficiency of rejection sampling
depends on the typical size of the acceptance probability \bfitA (i)(s, s)/\bfitu (s). A small
acceptance probability leads to many executions of the loop 1--2 and thus a slow al-
gorithm. Accelerated RPCholesky avoids this issue by periodically updating \bfitu to
keep the acceptance rate from becoming too low.

2.2. Efficient rejection sampling in the submatrix access model. This
section describes how to implement RPCholesky with rejection sampling in the
submatrix access model. The resulting procedure, called RejectionSampleSubma-
trix, serves as a subroutine in the full accelerated RPCholesky algorithm, which
is developed in subsection 2.3.

RejectionSampleSubmatrix works as follows. Assume the proposal distribu-
tion \bfitu := diag\bfitA , and assume the initial pivot set is empty: \sansS 0 = \emptyset . To take advantage
of the submatrix access model, begin by sampling a block \sansS \prime = \{ s\prime 1, . . . , s\prime b\} of b \geq 1
proposals independently from the distribution

\BbbP \{ s\prime = j\} = \bfitA (j, j)

tr(\bfitA )
for j = 1, . . . ,N.

For efficiency, generate the entire submatrix \bfitA (\sansS \prime ,\sansS \prime ). Finally, perform b pivot accept
or reject steps with probabilities given by the diagonal submatrix elements to obtain
a set \sansS \subseteq \sansS \prime of accepted pivots. Each time a pivot is accepted, the procedure performs
a Cholesky step to eliminate the accepted column from the submatrix and to update
the acceptance probabilities. The pseudocode for RejectionSampleSubmatrix is
given in Algorithm 2.1. As inputs, it takes the proposed pivots \sansS \prime and the submatrix
\bfitH := \bfitA (\sansS \prime ,\sansS \prime ), and it returns the set \sansS \subseteq \sansS \prime of accepted pivots and a Cholesky
factorization \bfitA (\sansS ,\sansS ) =\bfitL \bfitL \ast .

In contrast to the procedure in the previous section, RejectionSampleSubma-
trix only makes b proposals in total, and the set \sansS \subseteq \sansS \prime of accepted pivots has random
cardinality 1 \leq | \sansS | \leq b. The first pivot s\prime 1 is always accepted because the proposal
distribution \bfitu =diag(\bfitA ). Conditional on the number of acceptances | \sansS | , the accepted
pivots s1, . . . , s| \sansS | have the same distribution as | \sansS | pivots selected by the standard
RPCholesky algorithm (Algorithm D.1) applied to the full matrix \bfitA .

2.3. Accelerated RPCholesky. The shortcoming of the block rejection sam-
pling approach in the previous section is that the acceptance rate declines as the
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2534 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

Algorithm 2.1. RejectionSampleSubmatrix subroutine.

Input: Psd matrix \bfitH \in \BbbC b\times b and proposed pivots \sansS \prime = \{ s\prime 1, . . . , s\prime b\} 
Output: Accepted pivots \sansS \subseteq \sansS \prime ; Cholesky factor \bfitL 

\bfitL \leftarrow 0b\times b, \sansT \leftarrow \emptyset 
\bfitu \leftarrow diag(\bfitH )
for i= 1, . . . , b do

if ui\cdot Rand <hii then  \triangleleft Accept or reject
\sansT \leftarrow \sansT \cup \{ i\}  \triangleleft If accept, induct pivot

\bfitL (i : b, i)\leftarrow \bfitH (i : b, i)/
\sqrt{} 
\bfitH (i, i)  \triangleleft Compute Cholesky factor

\bfitH (i+ 1 : b, i+ 1 : b)\leftarrow \bfitH (i+ 1 : b, i+ 1 : b) - \bfitL (i+ 1 : b, i)\bfitL (i+ 1 : b, i)\ast 

end if
end for
\bfitL \leftarrow \bfitL (\sansT ,\sansT )  \triangleleft Delete rejected rows and columns
\sansS \leftarrow \{ s\prime i : i\in \sansT \}  \triangleleft Get accepted pivots

Algorithm 2.2. Accelerated RPCholesky: Standard implementation.

Input: Psd matrix \bfitA \in \BbbC N\times N ; block size b; number of rounds t

Output: Matrix \bfitF \in \BbbC N\times k defining low-rank approximation \widehat \bfitA =\bfitF \bfitF \ast ; pivot set \sansS 
Initialize \bfitF \leftarrow 0N\times 0, \sansS \leftarrow \emptyset , and \bfitu \leftarrow diag\bfitA 
for i= 0 to t - 1 do

Step 1: Propose a block of pivots

Sample s\prime ib+1, . . . , s
\prime 
(i+1)b

iid\sim \bfitu and set \sansS \prime i\leftarrow \{ s\prime ib+1, . . . , s
\prime 
(i+1)b\} 

Step 2: Rejection sampling

\bfitH \leftarrow \bfitA (\sansS \prime i,\sansS 
\prime 
i) - \bfitF (\sansS \prime i, :)\bfitF (\sansS \prime i, :)

\ast 

\sansS i,\bfitL \leftarrow RejectionSampleSubmatrix\sansS \prime i,\bfitH 
\sansS \leftarrow \sansS \cup \sansS i  \triangleleft Update pivots
Step 3: Update low-rank approximation and proposal distribution

\bfitG \leftarrow (\bfitA (:,\sansS i) - \bfitF \bfitF (\sansS i, :)
\ast )\bfitL  - \ast 

\bfitF \leftarrow 
\bigl[ 
\bfitF \bfitG 

\bigr] 
\bfitu \leftarrow \bfitu  - SquaredRowNorms\bfitG  \triangleleft Update diagonal
\bfitu \leftarrow max\{ \bfitu ,0\}  \triangleleft Helpful in floating point arithmetic

end for

diagonal of the residual matrix decreases. Accelerated RPCholesky remedies this
weakness by employing a multiround sampling procedure. At the beginning of each
round, the sampling distribution \bfitu \leftarrow diag(\bfitA  - \widehat \bfitA ) is updated using the current
low-rank approximation \widehat \bfitA .

In detail, accelerated RPCholesky works as follows. Fix a number of rounds
t\geq 1 and block size b\geq 1, and initialize \widehat \bfitA \leftarrow 0 and \bfitu \leftarrow diag(\bfitA ). For i= 0,1, . . . , t - 1,
perform the following three steps:

1. Propose a block of pivots. Sample b pivots independently with replace-
ment according to the distribution \BbbP \{ s= j\} =\bfitu (j)/

\sum n
k=1\bfitu (k).

2. Rejection sampling. Use RejectionSampleSubmatrix (Algorithm 2.1)
to downsample the proposed pivots.

3. Update. Update the low-rank approximation \widehat \bfitA and the diagonal vector
\bfitu \leftarrow diag(\bfitA  - \widehat \bfitA ) to reflect the newly accepted pivots.
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ACCELERATED RANDOMLY PIVOTED CHOLESKY 2535

The optimized pseudocode for accelerated RPCholesky is given in Algorithm
2.2. As output, Algorithm 2.2 returns an approximation \widehat \bfitA \approx \bfitA of rank t \leq k \leq bt,
where k is the total number of accepted pivots. The rank k is at least t since the first
pivot of each round is always accepted. For convenience and computational efficiency,\widehat \bfitA is reported in factored form \widehat \bfitA =\bfitF \bfitF \ast .

The computational timing of Algorithm 2.2 can be summarized as follows. Step 1
makes a negligible contribution to the overall timing, requiring \scrO (N + b) operations.
Step 2 is also relatively fast since it requires just \scrO ((b+k)b2) operations, independent
of the dimension N of the matrix. Step 3 is typically the slowest, as it generates and
processes a large block of | \sansS i| \leq b columns in \scrO (k| \sansS i| N) operations. However, the
user should take care that the acceptance rate does not fall below the level \scrO (b/N)
because then step 2 also becomes a computational bottleneck.

2.4. Low-memory implementation. As a limitation, Algorithm 2.2 requires
storing an N \times k factor matrix, which is prohibitively expensive when the approxima-
tion rank and the matrix dimensions are very large, say, k \geq 104 and N \geq 106. For
a problem of this particular size, storing the factor matrix requires \geq 80GB of mem-
ory in double-precision floating-point format, which exceeds the available memory on
many machines.

Algorithm 2.3 addresses the memory bottleneck with an alternative implementa-
tion of accelerated RPCholesky that only requires \scrO (N+k2) storage and repeatedly
regenerates entries of \bfitA on an as-needed basis. The method produces the same distri-
bution of pivots and acceptance probabilities as Algorithm 2.2, and the computational
cost is still \scrO (Nk2) operations. However, the number of kernel matrix evaluations

Algorithm 2.3. Accelerated RPCholesky: Low-memory implementation.

Input: Psd matrix \bfitA \in \BbbC N\times N ; block size b; number of rounds t

Output: Pivot set \sansS defining low-rank approximation \widehat \bfitA =\bfitA (:,\sansS )\bfitA (\sansS ,\sansS )\dagger \bfitA (\sansS , :);
Cholesky factor \bfitL with \bfitA (\sansS ,\sansS ) =\bfitL \bfitL \ast 

Initialize k\leftarrow t \cdot b, \bfitL \leftarrow 00\times 0, \sansS \leftarrow \emptyset , and \bfitu \leftarrow diag\bfitA 
for i= 0 to t - 1 do

Step 1: Propose a block of pivots

Sample s\prime ib+1, . . . , s
\prime 
(i+1)b

iid\sim \bfitu and set \sansS \prime i\leftarrow \{ s\prime ib+1, . . . , s
\prime 
(i+1)b\} 

Step 2: Rejection sampling

\bfitH \leftarrow \bfitA (\sansS \prime i,\sansS 
\prime 
i) - \bfitA (\sansS \prime i,\sansS )\bfitL 

 - \ast \bfitL  - 1\bfitA (\sansS \prime i,\sansS )
\sansS i,\bfitL i\leftarrow RejectionSampleSubmatrix\bfitH ,\sansS \prime i
\sansS \leftarrow \sansS \cup \sansS i  \triangleleft Update pivots
Step 3: Update low-rank approximation and proposal distribution

for j = 0 to t - 1 do  \triangleleft Update diagonal, k entries at a time
\sansR \leftarrow \{ jb+ 1, . . . , (j + 1)b\}  \triangleleft Chunk of b rows
Evaluate the submatrix \bfitA (\sansR ,\sansS )
\bfitG \leftarrow (\bfitA (\sansR ,\sansS i) - \bfitA (\sansR ,\sansS \setminus \sansS i)\bfitL  - \ast \bfitL  - 1\bfitA (\sansS \setminus \sansS i,\sansS i))\bfitL  - \ast 

i

\bfitu (\sansR )\leftarrow \bfitu (\sansR ) - SquaredRowNorms\bfitG 
end for

\bfitL \leftarrow 
\biggl[ 

\bfitL 0
\bfitA (\sansS i,\sansS \setminus \sansS i)\bfitL  - \ast \bfitL i

\biggr] 
 \triangleleft Update Cholesky factor

\bfitu \leftarrow max\{ \bfitu ,0\}  \triangleleft Ensure \bfitu remains nonnegative
end for
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2536 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

increases from \scrO (Nk) to \scrO (Nk2) because the kernel matrix entries are regenerated
when they are needed.

The low-memory implementation in Algorithm 2.3 does not explicitly store an
N \times k factor matrix. Rather, it maintains a Cholesky factorization \bfitA (\sansS ,\sansS ) =\bfitL \bfitL \ast \in 
\BbbC k\times k that implicitly defines the low-rank approximation:

\widehat \bfitA =\bfitA (:,\sansS )\bfitA (\sansS ,\sansS ) - 1\bfitA (\sansS , :) =\bfitA (:,\sansS )\bfitL  - \ast \bfitL  - 1\bfitA (\sansS , :).(2.1)

The submatrix \bfitA (:,\sansS ) is not stored, and it is regenerated as needed. The implicit
low-rank approximation \widehat \bfitA can be accessed via matrix--vector products, and it can be
employed, for example, to speed up kernel machine learning algorithms [11].

2.5. Related work: Robust blockwise random pivoting. In recent work
[12], Dong, Chen, Martinsson, and Pearce introduced robust blockwise random piv-
oting, a variant of block randomly pivoted \sansQ \sansR for rectangular matrix low-rank ap-
proximation; this method can also be extended to provide a partial pivoted Cholesky
decomposition for psd low-rank approximation. Similar to accelerated RPCholesky,
RBRP works by first sampling a block of random pivots and downsampling them to
a smaller set of representatives. A comparison of our method with their approach
appears in section C.

3. Numerical results. This section presents numerical experiments highlight-
ing the speed and accuracy of accelerated RPCholesky, both for a testbed of 125
kernel matrices (subsection 3.1) and for 8 potential energy calculations from molec-
ular chemistry (subsection 3.2). The code to replicate the experiments can be found
in the block experiments folder of https://github.com/eepperly/Randomly-Pivoted-
Cholesky. In all these experiments, a target rank k is set, and block RPCholesky
and accelerated RPCholesky are run for as many rounds t as needed to select k
pivots. The full-memory implementation of accelerated RPCholesky (Algorithm
2.2) is used in all experiments.

3.1. Testbed of 125 kernel matrices. The first round of experiments eval-
uates the accuracy and speed of accelerated RPCholesky using over 100 kernel
matrices, although some matrices were constructed from the same data with different
kernel functions \kappa . The target matrices were generated from the following synthetic,
random, and real-world data sets:

\bullet Challenging synthetic examples. Three synthetic data were constructed
to provide challenging examples of outliers and imbalanced classes of data
points. The first two data sets depict a smile and a spiral in \BbbR 2, scaled to
three different length scales. The third data set represents a Gaussian point
cloud in \BbbR 20, with 50 or 500 or 5000 points perturbed to become outliers.
These synthetic data sets include N = 105 points, and the kernel function is
Gaussian with bandwidth \sigma = 1.

\bullet Random point clouds. Four random data sets were simulated, containing
N = 105 standard Gaussian data points in dimension d \in \{ 2,10,100,1000\} .
The kernel function is Mat\'ern-3/2 or \ell 1-Laplace with bandwidth
\sigma \in \{ 

\surd 
d/2,
\surd 
d,2
\surd 
d\} or Gaussian with bandwidth \sigma \in \{ 

\surd 
d/20,

\surd 
d/10,

\surd 
d/5\} .

\bullet Real-world data. 28 real-world data sets were downloaded from LIBSVM,
OpenML, and UCI. They include the 20 examples from [11, Tab. 1], supple-
mented with a9a, cadata, Click prediction small, phishing, MiniBoonNE,
santander, skin nonskin, and SUSY. These data sets range in size from
N = 4.3\times 104 to N = 1.3\times 106 points, but the larger data sets were randomly
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Fig. 3. Speed-up factor (top) and trace error ratio (eq. (3.1), bottom) of block and accelerated
RPCholesky compared to simple RPCholesky on the testbed of 125 kernel matrices. Examples
are sorted by the block RPCholesky speed-up factor (top) or the block RPCholesky error ratio
(bottom).

subsampled to a maximum size of N = 105 points. The kernel function is
either Gaussian, Mat\'ern-3/2, or \ell 1-Laplace. The bandwidth is the median
pairwise distance (\ell 2 or \ell 1, as appropriate) from a random subsample of 103

points.
For each kernel matrix, the approximation rank is k = 1000 and the block size is
b= 150. A small number of examples were discarded which possess a rank-k approx-
imation of relative trace error < 10 - 13; after this filtering process, there were 125
examples.

Results are shown in Figure 3. The top panel shows the speed-up factor of block
and accelerated RPCholesky over simple RPCholesky. The speed-up factor is at
least 5\times for all kernel matrices, and it reaches a level of 40\times to 50\times for 5\% of the
matrices. Consistent with Figure 1, the largest speedups are for high-dimensional data
sets (real or synthetic) with the Gaussian or Mat\'ern kernels. On most examples, the
acceptance rate for accelerated RPCholesky remains at or above 50\%. However, for
a few problems, like COMET MC SAMPLE with a Gaussian kernel, the acceptance rate for
accelerated RPCholesky drops as low as 3\%. As might be expected, the examples
where accelerated RPCholesky has a high rejection rate coincide with the problems
where block RPCholesky is much less accurate than accelerated RPCholesky,
demonstrating the importance of filtering the pivot set for these examples.

The bottom panel shows the ratio of trace norm errors

tr(\bfitA  - \widehat \bfitA )

tr(\bfitA  - \widehat \bfitA RPC)
,(3.1)
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2538 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

where \widehat \bfitA is computed by block or accelerated RPCholesky and \widehat \bfitA RPC is produced by
simple RPCholesky. As expected, accelerated RPCholesky and RPCholesky
have the same approximation quality. For 100 out of 125 kernel matrices, block
RPCholesky leads to 1.00\times to 1.16\times the simple RPCholesky error. For the re-
maining matrices, block RPCholesky produces a significantly worse approximation
than simple RPCholesky; the error is 3000\times worse for the most extreme problem.

3.2. Potential energy surfaces in molecular chemistry. Molecular dynam-
ics simulations rely on a fast-to-compute model for the potential energy of an atomic
system. Recent work has explored fitting potential energies with machine learning
methods such as kernel ridge regression (KRR) [5, 6, 7, 33]. However, despite the
ubiquity of KRR in molecular chemistry, there is a surprising lack of consensus over
the best numerical method for KRR optimization.

Responding to this uncertainty, the present paper demonstrates how low-rank
preconditioners can accelerate KRR for potential energy modeling and it shows that
accelerated RPCholesky is the best available low-rank approximation method for
this use case. These conclusions are supported by experiments on a benchmark data
set of eight molecules: aspirin, benzene, ethanol, malonaldehyde, naphthalene, sali-
cylic acid, toluence, and uracil.

The experiments in this section use density functional theory data released by
Chmiela et al. [6], available at sgdml.org. This data was prepared as follows:

\bullet Data size: The measurements for each molecule were randomly subsampled
to N = 105 training points and Ntest = 104 testing points.

\bullet Input data features: The input data consists of positions \bfitr i \in \BbbR 3 for each
atom i = 1, . . . , natoms. Since the potential energy is invariant under rigid
motions, the data is transformed into a vector \bfitx listing the inverse pairwise
distances 1/\| \bfitr i - \bfitr j\| for 1\leq i < j \leq natoms [6]. Following the usual procedure,
these features \bfitx were standardized by subtracting the mean and dividing
by the standard deviation. The dimensionality of the input data is thus
d=

\bigl( 
n\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{m}\mathrm{s}

2

\bigr) 
\in [36,210], depending on the molecule.

\bullet Output data features: The output data is potential energy measurements in
units of kcal mol - 1. The potential energies were centered by subtracting the
mean, but they were not divided by the standard deviation. The standard
deviations are thus 2.3--6.0 kcal mol - 1, depending on the molecule.

This paper employs a standard KRR model [23], in which the potential energy
for each molecule is approximated by a linear combination of kernel functions,

f(\bfitx ) =

N\sum 
i=1

\beta i \kappa (\bfitx i,\bfitx ),(3.2)

that are centered on the training data points (\bfitx i)1\leq i\leq N . The coefficients \beta i \in \BbbR are
chosen as the solution to the linear system:

(\bfitA + \mu I)\bfitbeta = \bfity .(3.3)

Here, \bfity \in \BbbR n is the vector of potential energy output values, \bfitA = (\kappa (\bfitx i,\bfitx j))1\leq i,j\leq N

is the kernel matrix, and \mu > 0 is the regularization parameter. Following [6], the
present study chooses \kappa to be a Mat\'ern-5/2 kernel

\kappa (\bfitx ,\bfitx \prime ) =

\biggl( 
1 +
\surd 
5 \cdot \| \bfitx  - \bfitx \prime \| 

\sigma 
+

5

3
\cdot \| \bfitx  - \bfitx \prime \| 2

\sigma 2

\biggr) 
exp

\biggl( 
 - 
\surd 
5 \cdot \| \bfitx  - \bfitx \prime \| 

\sigma 

\biggr) 
with bandwidth \sigma =

\surd 
d. The regularization parameter is set to \mu = 10 - 9N .
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0 1 2 3 4
Hours

Greedy

Simple
RPCholesky

Uniform

Ridge leverage
scores

Accelerated
RPCholesky

Prep
time
PCG
time
Total
time

Fig. 4. Runtime needed to generate the preconditioner (prep time) and run the necessary num-

ber of CG iterations until \| \bfitA \bfitbeta (t) - \bfity \| /\| \bfity \| < 10 - 3 (PCG time). Each calculation is performed once
and the results are averaged over the eight molecules.

For large N , the standard approach for solving (3.3) in both the scientific [5, 6,
7, 33] and mathematical [1, 3, 8, 11, 17, 18, 34] literatures is preconditioned conjugate
gradient (PCG) [20, Alg. 11.5.1]. PCG is an iterative algorithm, and each iteration
requires a matrix--vector product with \bfitA +\mu I and a linear solve with a preconditioner
matrix \bfitP . To control the number of iterations and the total runtime, it is essential
to find an easy-to-invert preconditioner satisfying \bfitP \approx \bfitA + \mu I. Recent work has
promoted the use of low-rank preconditioners, which take the form

\bfitP =\bfitF \bfitF \ast + \mu I for \bfitF \in \BbbR N\times k,(3.4)

where \bfitF \bfitF \ast \approx \bfitA is a rank-k approximation. The community has vigorously debated
the best algorithm to compute \bfitF in practice and in theory [1, 3, 8, 11, 17, 18, 27, 30, 34].

Figure 4 charts the average runtime needed to perform potential energy prediction
with a low-rank preconditioner generated by accelerated RPCholesky, simple RP-
Cholesky, ridge leverage score sampling (using the RRLS algorithm [27]), uniform
Nystr\"om approximation [8, 17], and greedy Nystr\"om approximation [18, 34]. The
results show that accelerated RPCholesky achieves the fastest runtimes, improving
on the other low-rank approximation algorithms by 4\% to 17\%. Accelerated RP-
Cholesky has the twin advantages that it quickly generates a preconditioner (fast
prep time), and it leads to the minimal number of PCG iterations (fast PCG time).
Another important feature is the consistent performance across problems: accelerated
RPCholesky always produces near-optimal low-rank approximations, whereas other
methods can struggle on difficult examples; see Table 1.

The potential energy model in this paper is a direct application of standard KRR,
yet it leads to higher accuracies for four of eight molecules than the more complicated
kernel model in [6]. On the most extreme example (uracil), the simple model is 10\times 
more accurate then the existing model. See Table 2 for a table including all eight
molecules. These experiments demonstrate that simple kernel methods combined
with scalable algorithms based on accelerated RPCholesky can be competitive for
problems in scientific machine learning.

4. Theoretical results. This section compares accelerated RPCholesky with
simple RPCholesky using rigorous error analysis. On the surface, the comparison
is straightforward. Since accelerated RPCholesky generates the same distribution

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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2540 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

Table 1
Relative error tr(\bfitA  - \bfitF \bfitF \ast )/ tr(\bfitA ) of the low-rank approximation for each kernel matrix. Accel-

erated and simple RPCholesky have the same error up to \pm 0.001 random variations. Best results
are indicated in bold for each molecule.

Molecule Accelerated RPC Simple RPC Greedy Uniform Ridge leverage scores

Aspirin 0.091 0.090 0.085 0.097 0.099

Benzene 0.064 0.064 0.069 0.067 0.070
Ethanol 0.078 0.078 0.087 0.079 0.080

Malonaldehyde 0.073 0.073 0.084 0.074 0.075

Naphthalene 0.106 0.106 0.108 0.109 0.111
Salicylic acid 0.093 0.093 0.095 0.096 0.098

Toluene 0.104 0.103 0.109 0.106 0.107

Uracil 0.056 0.056 0.051 0.062 0.066

Average 0.083 0.083 0.086 0.086 0.088
(8 molecules)

Table 2
Mean absolute error (kcal / mol) for the existing potential energy model [6] versus the new

model (3.2). Best results are indicated in bold for each molecule.

Molecule Formula Old energy error New energy error

Aspirin C9H8O4 0.127 0.040
Benzene C6H6 0.069 0.048

Ethanol C2H6O 0.052 0.089

Malonaldehyde C3H4O2 0.074 0.133
Naphthalene C10H8 0.113 0.126

Salicylic acid C7H6O3 0.105 0.102

Toluene C6H5CH3 0.092 0.146
Uracil C4H4N2O2 0.103 0.010

of pivots as simple RPCholesky, it satisfies the main RPCholesky error bound
[4, Thm. 5.1].

Theorem 4.1 (sufficient pivots for simple and accelerated RPCholesky [4]).
Consider a psd matrix \bfitA \in \BbbC N\times N , and let \bfitA (k) denote the random residual after
applying simple or accelerated RPCholesky with k random pivots. Then

\BbbE [tr(\bfitA (k))]\leq (1 + \varepsilon ) \cdot 
N\sum 

i=r+1

\lambda i(\bfitA )

as soon as

k\geq r

\varepsilon 
+ r log

\biggl( 
1

\varepsilon \eta 

\biggr) 
, where \eta =

\sum N
i=r+1 \lambda i(\bfitA )\sum r
i=1 \lambda i(\bfitA )

.

Theorem 4.1 bounds the sufficient number of pivots in accelerated RPCholesky,
yet it does not bound the sufficient number of iterations needed to produce the pivots
via rejection sampling. The following new result completes the theoretical under-
standing of accelerated RPCholesky by bounding the number of iterations. It also
provides error bounds for block RPCholesky. This new result will be proved in
subsections 4.3 to 4.6.

Theorem 4.2 (sufficient iterations for accelerated and block RPCholesky).
Consider a psd matrix \bfitA \in \BbbC N\times N , and let \bfitA (t) denote the random residual after
applying t rounds of accelerated RPCholesky or block RPCholesky with a block
size b\geq 1. Then
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ACCELERATED RANDOMLY PIVOTED CHOLESKY 2541

\BbbE [tr(\bfitA (t))]\leq (1 + \varepsilon ) \cdot 
N\sum 

i=r+1

\lambda i(\bfitA )

as soon as the number of proposed pivots bt satisfies

bt\geq r

\varepsilon 
+ (r+ b) log

\biggl( 
1

\varepsilon \eta 

\biggr) 
, where \eta =

\sum N
i=r+1 \lambda i(\bfitA )\sum r
i=1 \lambda i(\bfitA )

.

The comparison between accelerated and block RPCholesky follows from a
coupling argument in which block RPCholesky accepts a greater number of pivots
than accelerated RPCholesky in each round, leading to a higher approximation
quality. However, in this comparison, accelerated RPCholesky has the benefit of
rejecting many of the proposed pivots and therefore producing a similarly accurate
approximation with a smaller approximation rank. When the methods are run with
the same approximation rank, accelerated RPCholesky can be much more accurate,
as reflected in the numerical experiments of section 3. The failure modes of block
RPCholesky can be seen in Figures 2 and 3.

The bounds in Theorems 4.1 and 4.2 hold for all accuracy levels \varepsilon > 0, and they
each contain a term r/\varepsilon , which is the minimal number of pivots needed to guarantee an
error level (1+\varepsilon )\cdot 

\sum N
i=r+1 \lambda i(\bfitA ) in any low-rank approximation produced by a pivoted

partial Cholesky decomposition applied to a worst-case matrix [4, Thm. C.1]. The
bounds also contain a term r log(1/(\varepsilon \eta )) or (r + b) log(1/(\varepsilon \eta )), which represents the
number of pivots that need to be accepted or proposed for the algorithm to improve
the approximation quality from an initial error level tr(\bfitA ) = \eta  - 1 \cdot 

\sum N
i=r+1 \lambda i(\bfitA ) to a

lower error level (1+\varepsilon ) \cdot 
\sum N

i=r+1 \lambda i(\bfitA ). Indeed, the only difference between Theorems
4.1 and 4.2 is the quantity b log(1/(\varepsilon \eta )), present in the latter. This difference becomes
significant when the theorems are evaluated for a small target rank r < b and a tiny
approximation error \eta \ll 1. This extreme setting occurs when the matrix \bfitA is nearly
rank-r. Then, accelerated RPCholesky accepts very few proposals per round, so it
takes many rounds to converge to high accuracy.

Last, Theorem 4.2 can be compared with the bound of Deshpande, Rademacher,
Vempala, and Wang [9]. Their bound was originally derived for block randomly
pivoted QR, but it can be extended to block RPCholesky. Here is a simplified
version of their result, adapted from [4, sec. 3.6].

Theorem 4.3 (sufficient iterations for block RPCholesky with a large block
size [9]). Fix \varepsilon \leq 3/2 and a large block size b\geq 3r/\varepsilon . Consider a psd matrix \bfitA , and
let \bfitA (t) denote the random residual after applying t rounds of block RPCholesky.
Then

\BbbE [tr(\bfitA (t))]\leq (1 + \varepsilon ) \cdot 
N\sum 

i=r+1

\lambda i(\bfitA )

as soon as

t\geq 1 +
log(1/\eta + 1)

log(3/\varepsilon )
, where \eta =

\sum N
i=r+1 \lambda i(\bfitA )\sum r
i=1 \lambda i(\bfitA )

.

When Theorems 4.2 and 4.3 are both applicable, they specify a similar number of
sufficient iterations for block RPCholesky to converge to high accuracy. However,
Theorem 4.3 has a more limited range of applicability since it requires a large block
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2542 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

size b \geq 3r/\varepsilon . This prescription for a large block size is exactly the reverse of block
RPCholesky's behavior in practice, in which the method provides more accurate
approximations given a smaller block size. In particular, Theorem 4.3 has limited
applicability in the typical setting where the user tunes the block size b for a given
computing setup to achieve the fastest runtime. The final weakness of Theorem 4.3
is that it does not extend to accelerated RPCholesky.

4.1. Method of proof. The proof uses many probabilistic and linear algebraic
tools that were introduced in the analysis of simple RPCholesky [4, Thm. 5.1], and
it follows the same core approach:

(a) Evaluate the function that gives the expected value of the residual matrix
after generating and processing a single pivot.

(b) Prove monotonicity and concavity properties for the expected residual func-
tion.

(c) Use monotonicity and concavity to identify a worst-case matrix \bfitA \in \BbbR N\times N .
(d) Analyze the worst-case matrix to produce error bounds.
As the core difficulty, accelerated RPCholesky leads to an expected residual

function that does not satisfy the matrix monotonicity property. Therefore, it is
necessary to develop more subtle concavity and monotonicity properties, and the
proof is twice as long as before.

The expected residual function for accelerated RPCholesky can be derived as

follows. Let \widehat \bfitA (1,i)
be the low-rank approximation generated from the first i\leq b pro-

posals, and let \bfitA (1,i) =\bfitA  - \widehat \bfitA (1,i)
be the corresponding residual matrix. Accelerated

RPCholesky updates the residual matrix in three steps:
1. A pivot s\prime i+1 is sampled according to \BbbP \{ s\prime i+1 = j\} =\bfitA (j, j)/ tr\bfitA .

2. The pivot is accepted with probability \bfitA (1,i)(j, j)/\bfitA (j, j).
3. Conditional on acceptance, the residual matrix is updated:

\bfitA (1,i+1) =\bfitA (1,i)  - \bfitA (1,i)(:, j)\bfitA (1,i)(j, :)/\bfitA (1,i)(j, j).

By combining steps 1--3 above, the expected residual matrix is

\BbbE [\bfitA (1,i+1)| \bfitA (1,i)] =\bfitA (1,i)  - 
N\sum 
j=1

\bfitA (j, j)

tr(\bfitA )
\cdot \bfitA 

(1,i)(j, j)

\bfitA (j, j)
\cdot \bfitA 

(1,i)(:, j)\bfitA (1,i)(j, :)

\bfitA (1,i)(j, j)

=\bfitA (1,i)  - 1

tr(\bfitA )
(\bfitA (1,i))2.

Therefore, the expected residual function can be defined as

\phi \alpha (x) = x - 1

\alpha 
x2, where \alpha = tr(\bfitA ) and x=\bfitA (1,i).

This function depends on a scalar parameter \alpha > 0, and it can be evaluated for inputs
x that are scalars or matrices. By repeated function composition, this function bounds
the expected residual matrix of accelerated RPCholesky after any number of steps.

Bounding the error in this way requires an expected residual function that is
concave and monotone. However, the function \phi \alpha (x) barely has enough monotonocity
for the argument to work. In particular, the mapping x \mapsto \rightarrow \phi \alpha (x) is only monotone
for scalars x\in [0, \alpha /2], and it fails to be monotone for large classes of psd matrices.

The analysis pushes through the technical difficulties and produces an upper
bound for accelerated RPCholesky depending on the expected residual function.
The bound becomes worse when the eigenvalues are averaged together or increased.
Hence, the worst-case matrix takes the form
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ACCELERATED RANDOMLY PIVOTED CHOLESKY 2543

\bfitA =diag

\left\{       
\gamma 

r
, . . . ,

\gamma 

r\underbrace{}  \underbrace{}  
r times

,
\beta 

N  - r
, . . . ,

\beta 

N  - r\underbrace{}  \underbrace{}  
N - r times

,

\right\}       , where

\left\{       
\gamma =

r\sum 
i=1

\lambda i(\bfitA ),

\beta =
N\sum 

i=r+1

\lambda i(\bfitA ).

It is a two-cluster matrix with a small block of leading eigenvalues and a large block of
trailing eigenvalues. The identification of this two-cluster matrix is not new: the same
worst-case matrix was already encountered in the proof of [4, Thm. 5.1]. Applying
the expected residual function to this matrix completes the proof of Theorem 4.2.

4.2. Organization of proof. Here is the overall organization for the proof of
Theorem 4.2, which will be carried out over the next four subsections.

Part I: Properties of the expected residual function. The first part of the analysis
(subsection 4.3) establishes concavity and monotonicity properties for the expected
residual function. The concavity and monotonicity properties are more detailed than
what was proved in [4, Thm. 5.1].

Part II: Accelerated RPCholesky error. The second part of the analysis (sub-
section 4.4) establishes the following error bound.

Lemma 4.4 (central error bound). Fix a block size b\geq 1 and a target psd matrix
\bfitA \in \BbbC N\times N . Let \bfitA (t) denote the residual matrix after applying t rounds of accelerated
or block RPCholesky with blocks of b proposals. Also introduce the matrix-valued
function

\Phi b(\bfitM ) = \phi tr(\bfitM ) \circ \phi tr(\bfitM ) \circ \cdot \cdot \cdot \circ \phi tr(\bfitM )\underbrace{}  \underbrace{}  
b times

(\bfitM ), where \phi \alpha (x) = x - 1

\alpha 
x2,

and let \Phi 
(t)
b = \Phi b \circ \Phi b \circ \cdot \cdot \cdot \circ \Phi b denote the t-fold composition of \Phi b. Then, the

eigenvalues of \BbbE [\bfitA (t)] are bounded by the eigenvalues of \Phi 
(t)
b (\bfitA ) as follows:

\lambda i(\BbbE [\bfitA (t)])\leq \lambda i(\Phi 
(t)
b (\bfitA )) for each i= 1, . . . ,N.

The proof of Lemma 4.4 is the most intricate argument of the paper. This lemma
shows that the expected trace norm error is bounded by a deterministic quantity:

\BbbE tr(\bfitA (t))\leq tr(\Phi 
(t)
b (\bfitA )).

This upper bound depends only on the eigenvalues of \bfitA , independent of the eigen-
vectors.

Part III: Permutation averaging lemma. The next key idea is to average together
the leading eigenvalues of \bfitA and also average together the trailing eigenvalues. Sub-
section 4.5 proves the following helpful lemma, which shows that the averaging can
only make the error worse.

Lemma 4.5 (permutation averaging). For any diagonal, psd matrix \Lambda \in \BbbR N\times N

and any random permutation \bfitP \in \BbbR N\times N ,

tr(\Phi 
(t)
b (\Lambda ))\leq tr(\Phi 

(t)
b (\BbbE [\bfitP \Lambda \bfitP \ast ])).

Part IV: Main error bound. The last part of the analysis in subsection 4.6 exam-
ines the worst-case matrix \bfitA and obtains a simple recursive formula for tr(\Phi 

(t)
b (\bfitA )) in

terms of t. Bounding the recursion leads to the proof of the main result, Theorem 4.2.
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2544 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

4.3. Part I: Properties of the expected residual function. This section
establishes concavity and monotonicity properties for the expected residual function.
The first lemma considers the application of this function to scalars.

Lemma 4.6 (expected residual properties). Let \phi \alpha : [0, \alpha ]\rightarrow [0, \alpha ] be the function
\phi \alpha (x) = x - 1

\alpha x
2, and let

\phi (b)
\alpha = \phi \alpha \circ \phi \alpha \circ \cdot \cdot \cdot \circ \phi \alpha \underbrace{}  \underbrace{}  

b times

denote the b-fold composition of \phi \alpha . Then the following holds for each b\geq 1:
(a) Uniform boundedness: \phi 

(b)
\alpha \leq \alpha /4.

(b) Monotonicity in \bfitx on [0,\bfitalpha /2]: \phi 
(b)
\alpha (x)\leq \phi 

(b)
\alpha (x\prime ) if x\leq x\prime \leq \alpha /2.

(c) Joint positive homogeneity: \phi 
(b)
\beta \cdot \alpha (\beta \cdot x) = \beta \cdot \phi (b)

\alpha (x) for \beta > 0.

(d) Joint concavity: The mapping (x,\alpha ) \mapsto \rightarrow \phi 
(b)
\alpha (x) is concave:

\theta \phi (b)
\alpha 1

(x1) + (1 - \theta )\phi (b)
\alpha 2

(x2)\leq \phi 
(b)
\theta \alpha 1+(1 - \theta )\alpha 2

(\theta x1 + (1 - \theta )x2) for \theta \in (0,1).

(e) Upper bound: \phi 
(b)
\alpha (x)\leq 1/(b\alpha  - 1 + x - 1).

Proof. See section B.

The next lemma shows that the expected residual function continues to exhibit
concavity and monotonicity when it is applied to certain classes of matrices.

Lemma 4.7 (expected residual properties for matrices). Define

\Phi b(\bfitA ) = \phi tr(\bfitA ) \circ \phi tr(\bfitA ) \circ \cdot \cdot \cdot \circ \phi tr(\bfitA )\underbrace{}  \underbrace{}  
b times

(\bfitA ), where \phi \alpha (x) = x - 1

\alpha 
x2.

Let \Phi 
(t)
b =\Phi b \circ \Phi b \circ \cdot \cdot \cdot \circ \Phi b denote the t-fold composition of \Phi b. Then the following

holds for any t\geq 1:
(a) \Phi 

(t)
b is nondecreasing on the space of diagonal, psd matrices:

\Phi 
(t)
b (\Lambda 1)\preceq \Phi 

(t)
b (\Lambda 2) if \Lambda 1 \preceq \Lambda 2.

(b) \Phi 
(t)
b is concave on the space of diagonal, psd matrices:

\theta \Phi 
(t)
b (\Lambda 1) + (1 - \theta )\Phi 

(t)
b (\Lambda 2)\preceq \Phi 

(t)
b (\theta \Lambda 1 + (1 - \theta )\Lambda 2) for \theta \in (0,1).

(c) \Phi 1 is concave on the space of all psd matrices:

\theta \Phi 1(\bfitA 1) + (1 - \theta )\Phi 1(\bfitA 2)\preceq \Phi 1(\theta \bfitA 1 + (1 - \theta )\bfitA 2) for \theta \in (0,1).

Proof. See section B.

4.4. Part II: Accelerated RPCholesky error. This section analyzes the er-
ror of accelerated RPCholesky and proves Lemma 4.4. The technical crux is the
following proposition, which bounds the error of accelerated RPCholesky or block
RPCholesky applied to a random psd matrix.
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ACCELERATED RANDOMLY PIVOTED CHOLESKY 2545

Proposition 4.8 (block and accelerated RPCholesky on a random matrix).
Consider a random psd matrix \bfitA \in \BbbC N\times N , and let \bfitA (1,b) denote the residual matrix
after applying one round of accelerated RPCholesky or block RPCholesky to \bfitA 
with b\geq 1 proposals. Also introduce the matrix-valued function

\Phi b(\bfitM ) = \phi tr(\bfitM ) \circ \phi tr(\bfitM ) \circ \cdot \cdot \cdot \circ \phi tr(\bfitM )\underbrace{}  \underbrace{}  
b times

(\bfitM ), where \phi \alpha (x) = x - 1

\alpha 
x2.

Then the eigenvalues of \BbbE [\bfitA (1,b)] are bounded by the eigenvalues of \Phi 
(1,b)
b (\BbbE [\bfitA ]):

\lambda i(\BbbE [\bfitA (1,b)])\leq \lambda i(\Phi b(\BbbE [\bfitA ])) for each i= 1, . . . ,N.

The proof of this result relies on the min--max principle [37, Thm. 8.9].

Lemma 4.9 (min--max principle). The eigenvalues of a Hermitian matrix \bfitM \in 
\BbbC N\times N satisfy

\lambda i(\bfitM ) = min
dim(\scrS )=N - i+1

max
\bfitv \in \scrS ,\| \bfitv \| =1

\bfitv \ast \bfitM \bfitv ,

where the maximum is taken over all (N  - i+1)-dimensional linear subspaces \scrS . The
optimal \scrS is spanned by the eigenvectors of \bfitM with the N - i+1 smallest eigenvalues.

Proof of Proposition 4.8. The proof has three steps.
Step 1: Comparison of block and accelerated RPCholesky. Acceler-

ated RPCholesky and block RPCholesky yield the same distribution of pivot
proposals, so the proposals \sansS \prime = \{ s\prime 1, . . . , s\prime b\} are assumed to be identical. Block RP-
Cholesky then accepts all the proposals, leading to a residual matrix

\widetilde \bfitA (1,b)
=\bfitA  - \bfitA (:,\sansS \prime )\bfitA (\sansS \prime ,\sansS \prime )\dagger \bfitA (\sansS \prime , :) =\bfitA 1/2(I - \Pi \bfitA 1/2(:,\sansS \prime ))\bfitA 

1/2,

where

\Pi \bfitA 1/2(:,\sansS \prime ) =\bfitA 1/2(:,\sansS \prime )\bfitA (\sansS \prime ,\sansS \prime )\dagger \bfitA 1/2(\sansS \prime , :)

is the orthogonal projection onto the range of \bfitA 1/2(:,\sansS \prime ). In contrast, accelerated
RPCholesky accepts a subset of the proposals \sansS \subseteq \sansS \prime , leading to a residual matrix

\bfitA (1,b) =\bfitA 1/2(I - \Pi \bfitA 1/2(:,\sansS ))\bfitA 
1/2.

The range of \bfitA 1/2(:,\sansS \prime ) is no smaller than the range of \bfitA 1/2(:,\sansS ), so

I - \Pi \bfitA 1/2(:,\sansS \prime ) \preceq I - \Pi \bfitA 1/2(:,\sansS ).(4.1)

Conjugate both sides of (4.1) with \bfitA 1/2 to yield

\widetilde \bfitA (1,b)
=\bfitA 1/2(I - \Pi \bfitA 1/2(:,\sansS \prime ))\bfitA 

1/2 \preceq \bfitA 1/2(I - \Pi \bfitA 1/2(:,\sansS ))\bfitA 
1/2 =\bfitA (1,b).

Taking expectations, it follows that \BbbE [ \widetilde \bfitA (1,b)
]\preceq \BbbE [\bfitA (1,b)] and, by Weyl's inequality,

\lambda i(\BbbE [ \widetilde \bfitA (1,b)
])\leq \lambda i(\BbbE [\bfitA (1,b)]), for each i= 1, . . . ,N.

This completes the comparison of block and accelerated RPCholesky.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

03
/0

4/
26

 to
 5

.1
98

.1
39

.1
06

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



2546 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

Step 2: Bounding \bfitv \ast \BbbE [\bfitA (1,b)]\bfitv . Now it suffices to analyze the accelerated
RPCholesky error. This proof will do so by (a) deriving an upper bound for the
quadratic form \bfitv \ast \BbbE [\bfitA (1,b)]\bfitv , (b) constructing a (N  - i + 1)-dimensional subspace
where the Rayleigh quotients are no larger than \lambda i(\Phi b(\BbbE [\bfitA ])), and (c) invoking the
min--max principle.

The residual for acceleratedRPCholesky after the first proposal has expectation

\BbbE [\bfitA (1,1)] =\BbbE [\BbbE [\bfitA (1,1)| \bfitA ]] =\BbbE 
\biggl[ 
\bfitA  - 1

tr(\bfitA )
\bfitA 2

\biggr] 
=\BbbE [\Phi 1(\bfitA )].

Since \Phi 1 is concave over psd matrices (Lemma 4.7c), Jensen's inequality implies

\BbbE [\bfitA (1,1)] =\BbbE [\Phi 1(\bfitA )]\preceq \Phi 1(\BbbE [\bfitA ]).

Next fix a unit-length vector \bfitv \in \BbbC N and conjugate both sides of this display with \bfitv :

\BbbE [\bfitv \ast \bfitA (1,1)\bfitv ]\leq \bfitv \ast \Phi 1(\BbbE [\bfitA ])\bfitv .

By boundedness of \phi \BbbE [tr(\bfitA )] and monotonicity of \phi 
(b - 1)
\BbbE [tr(\bfitA )] (Lemma 4.6a--b), it follows

\phi 
(b - 1)
\BbbE [tr(\bfitA )](\BbbE [\bfitv 

\ast \bfitA (1,1)\bfitv ])\leq \phi 
(b - 1)
\BbbE [tr(\bfitA )](\bfitv 

\ast \Phi 1(\BbbE [\bfitA ])\bfitv ).(4.2)

The residual matrix after the (\ell + 1)st proposal has conditional expectation

\BbbE [\bfitA (1,\ell +1)| \bfitA (1,\ell ),\bfitA ] =\bfitA (1,\ell )  - 1

tr(\bfitA )
(\bfitA (1,\ell ))2.

Conjugate both sides of this display with \bfitv to obtain:

\BbbE [\bfitv \ast \bfitA (1,\ell +1)\bfitv | \bfitA (1,\ell ),\bfitA ] = \bfitv \ast \bfitA (1,\ell )\bfitv  - 1

tr(\bfitA )
\bfitv \ast (\bfitA (1,\ell ))2\bfitv 

\leq \bfitv \ast \bfitA (1,\ell )\bfitv  - 1

tr(\bfitA )
(\bfitv \ast \bfitA (1,\ell )\bfitv )2 = \phi tr(\bfitA )(\bfitv 

\ast \bfitA (1,\ell )\bfitv ).

The inequality follows because \bfitv \bfitv \ast is a contraction. Take expectations and apply
Jensen's inequality to the concave function x \mapsto \rightarrow \phi tr(\bfitA )(x) (Lemma 4.6d):

\BbbE [\bfitv \ast \bfitA (1,\ell +1)\bfitv | \bfitA ]\leq \BbbE [\phi tr(\bfitA )(\bfitv 
\ast \bfitA (1,\ell )\bfitv )| \bfitA ]\leq \phi tr(\bfitA )(\BbbE [\bfitv \ast \bfitA (1,\ell )\bfitv | \bfitA ]).

Use the boundedness of \phi tr(\bfitA ) and monotonicity of \phi 
(b - \ell  - 1)
tr(\bfitA ) (Lemma 4.6a--b) to show

\phi 
(b - \ell  - 1)
tr(\bfitA ) (\BbbE [\bfitv \ast \bfitA (1,\ell +1)\bfitv | \bfitA ])\leq \phi 

(b - \ell )
tr(\bfitA )(\BbbE [\bfitv 

\ast \bfitA (1,\ell )\bfitv | \bfitA ]).

Chaining the above inequalities for \ell = 1,2, . . . , b - 1 yields

\BbbE [\bfitv \ast \bfitA (1,b)\bfitv | \bfitA ]\leq \phi 
(b - 1)
tr(\bfitA ) (\BbbE [\bfitv 

\ast \bfitA (1,1)\bfitv | \bfitA ]).

Taking expectations yields

\bfitv \ast \BbbE [\bfitA (1,b)]\bfitv \leq \BbbE [\phi (b - 1)
tr(\bfitA ) (\BbbE [\bfitv 

\ast \bfitA (1,1)\bfitv | \bfitA ])]

\leq \phi 
(b - 1)
\BbbE [tr(\bfitA )](\BbbE [\bfitv 

\ast \bfitA (1,1)\bfitv ])\leq \phi 
(b - 1)
\BbbE [tr(\bfitA )](\bfitv 

\ast \Phi 1(\BbbE [\bfitA ])\bfitv ).
(4.3)
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ACCELERATED RANDOMLY PIVOTED CHOLESKY 2547

The second inequality is Jensen's inequality applied to the jointly concave function
(x,\alpha ) \mapsto \rightarrow \phi 

(b - 1)
\alpha (x) (Lemma 4.6d), and the third inequality is (4.2). This establishes a

convenient upper bound for the quadratic form \bfitv \ast \BbbE [\bfitA (1,b)]\bfitv .
Step 3: Apply the min--max principle. Let \bfitv 1, . . . ,\bfitv N be eigenvectors of

\Phi 1(\BbbE [\bfitA ]), associated with its decreasingly ordered eigenvalues. For any unit-length
vector \bfitv \in span\{ \bfitv i, . . . ,\bfitv N\} , the min--max variational principle implies

\bfitv \ast \Phi 1(\BbbE [\bfitA ])\bfitv \leq \lambda i(\Phi 1(\BbbE [\bfitA ])).

By (4.3), boundedness of \phi \BbbE [tr(\bfitA )], and monotonicity of \phi 
(b - 1)
\BbbE [tr(\bfitA )] (Lemma 4.6a--b), it

follows

\bfitv \ast \BbbE [\bfitA (1,b)]\bfitv \leq \phi 
(b - 1)
\BbbE [tr(\bfitA )](\bfitv 

\ast \Phi 1(\BbbE [\bfitA ])\bfitv )\leq \phi 
(b - 1)
\BbbE [tr(\bfitA )](\lambda i(\Phi 1(\BbbE [\bfitA ]))).

By boundedness of \phi \BbbE [tr(\bfitA )] and the monotonicity of \phi 
(b - 1)
\BbbE [tr(\bfitA )] (Lemma 4.6a--b), the

matrices \phi 
(b - 1)
\BbbE [tr(\bfitA )](\Phi 1(\BbbE [\bfitA ])) and \Phi 1(\BbbE [\bfitA ]) have the same eigenvectors with the same

ordering of the eigenvalues. Hence,

\phi 
(b - 1)
\BbbE [tr(\bfitA )](\lambda i(\Phi 1(\BbbE [\bfitA ]))) = \lambda i

\Bigl( 
\phi 
(b - 1)
\BbbE [tr(\bfitA )](\Phi 1(\BbbE [\bfitA ]))

\Bigr) 
= \lambda i(\Phi b(\BbbE [\bfitA ])).

Combining the two previous displays yields

\bfitv \ast \BbbE [\bfitA (1,b)]\bfitv \leq \lambda i

\bigl( 
\Phi b(\BbbE [\bfitA ])

\bigr) 
for any unit-length \bfitv \in span\{ \bfitv i, . . . ,\bfitv N\} .

It follows from the min-max variational principle that \lambda i(\BbbE [\bfitA (1,b)]) \leq \lambda i(\Phi b(\BbbE [\bfitA ])),
completing the proof.

The central result of this section is proved by iteratively applying Proposition 4.8.

Proof of Lemma 4.4. The (s+ 1)st round of accelerated RPCholesky or block
RPCholesky leads to the same residual matrix as a single round of accelerated RP-
Cholesky or block RPCholesky applied to the psd matrix \bfitA (s). Thus, Proposition
4.8 shows that

\lambda i(\BbbE [\bfitA (s+1)])\leq \lambda i(\Phi b(\BbbE [\bfitA (s)])) for each i= 1, . . . ,N.(4.4)

Next take eigendecompositions

\BbbE [\bfitA (s+1)] =\bfitQ 1\Lambda 1\bfitQ 
\ast 
1 and \Phi b(\BbbE [\bfitA (s)]) =\bfitQ 2\Lambda 2\bfitQ 

\ast 
2,

where the eigenvalues are listed in weakly decreasing order. Equation (4.4) implies

\Lambda 1 \preceq \Lambda 2, so the monotonicity of \Phi 
(t - s - 1)
b (Lemma 4.7a) further implies

\Phi 
(t - s - 1)
b (\Lambda 1)\preceq \Phi 

(t - s - 1)
b (\Lambda 2).(4.5)

The function \Phi b is covariant under unitary basis transformations:

\Phi b(\bfitQ \Lambda \bfitQ \ast ) =\bfitQ \Phi b(\Lambda )\bfitQ \ast for unitary \bfitQ \in \BbbC N\times N .

Therefore, the eigenvalue ordering (4.5) implies

\bfitQ \ast 
1\Phi 

(t - s - 1)
b (\BbbE [\bfitA (s+1)])\bfitQ 1 =\Phi 

(t - s - 1)
i (\Lambda 1)

\preceq \Phi 
(t - s - 1)
i (\Lambda 2) =\bfitQ \ast 

2\Phi 
(t - s)
b (\BbbE [\bfitA (s)])\bfitQ 2.
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2548 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

Since the eigenvalues are invariant under unitary basis transformations, Weyl's in-
equality implies

\lambda i(\Phi 
(t - s - 1)
b (\BbbE [\bfitA (s+1)])) = \lambda i(\bfitQ 

\ast 
1\Phi 

(t - s - 1)
b (\BbbE [\bfitA (s+1)])\bfitQ 1)

\leq \lambda i(\bfitQ 
\ast 
2\Phi 

(t - s)
i (\BbbE [\bfitA (s)])\bfitQ 2) = \lambda i(\Phi 

(t - s)
b (\BbbE [\bfitA (s)])).

(4.6)

Apply (4.6) for s= 0,1, . . . , t - 1 to complete the proof.

4.5. Part III: Permutation averaging lemma. The permutation averaging
lemma has the following short and simple proof.

Proof of Lemma 4.5. Since the trace is invariant under permutations and the
function \Phi b is covariant under permutations,

tr(\Phi 
(t)
b (\Lambda )) = tr(\bfitP \Phi 

(t)
b (\Lambda )\bfitP \ast ) = tr(\Phi 

(t)
b (\bfitP \Lambda \bfitP \ast )).

Now apply Jensen's inequality to the concave function \Phi 
(t)
b (Lemma 4.7b):

\BbbE [\Phi (t)
b (\bfitP \Lambda \bfitP \ast )]\preceq \Phi 

(t)
b (\BbbE [\bfitP \Lambda \bfitP \ast ]).

Since the trace respects the psd ordering, it follows

tr(\Phi 
(t)
b (\Lambda )) = tr(\BbbE [\Phi (t)

b (\bfitP \Lambda \bfitP \ast )])\leq tr(\Phi 
(t)
b (\BbbE [\bfitP \Lambda \bfitP \ast ])).

This completes the proof.

4.6. Part IV: Main error bound. At this point, the main error bound for
accelerated RPCholesky is nearly in hand. The last step is an analysis argument
that explicitly bounds the error for a worst-case instance of acceleratedRPCholesky.

Proof of Theorem 4.2. Take an eigendecomposition \bfitA =\bfitQ \Lambda \bfitQ \ast . By Lemma 4.4,

\BbbE [tr(\bfitA (t))]\leq tr(\Phi 
(t)
b (\bfitA )) = tr(\Phi 

(t)
b (\bfitQ \Lambda \bfitQ \ast )).

Since the trace is invariant under unitary basis transformations and the function \Phi b

is covariant under unitary basis transformations,

tr(\Phi 
(t)
b (\bfitQ \Lambda \bfitQ \ast )) = tr(\bfitQ \Phi 

(t)
b (\Lambda )\bfitQ \ast ) = tr(\Phi 

(t)
b (\Lambda )).

Therefore, the upper bound only depends on the eigenvalue matrix \Lambda \in \BbbR N\times N .
Next, take a random permutation \bfitP that permutes the first r coordinates uni-

formly at random and permutes the trailing N  - r coordinates uniformly at random.
By Lemma 4.5,

tr(\Phi 
(t)
b (\Lambda ))\leq tr(\Phi 

(t)
b (\widehat \Lambda )), where \widehat \Lambda =\BbbE [\bfitP \Lambda \bfitP \ast ].

The matrix \widehat \Lambda has the explicit form

\widehat \Lambda =diag

\left\{       
\alpha 

r
, . . . ,

\alpha 

r\underbrace{}  \underbrace{}  
r times

,
\beta 

N  - r
, . . . ,

\beta 

N  - r\underbrace{}  \underbrace{}  
N - r times

,

\right\}       , where

\left\{       
\alpha =

r\sum 
i=1

\lambda i(\bfitA ),

\beta =
N\sum 

i=r+1

\lambda i(\bfitA ).

It is a two-cluster matrix that leads to the worst possible value of tr(\Phi 
(t)
b (\Lambda ))
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ACCELERATED RANDOMLY PIVOTED CHOLESKY 2549

For the next step, argue by induction that

\Phi 
(t)
b (\widehat \Lambda )\preceq \widehat \Lambda (t)

, where \widehat \Lambda (t)
=diag

\left\{       
\alpha (t)

r
, . . . ,

\alpha (t)

r\underbrace{}  \underbrace{}  
r times

,
\beta 

N  - r
, . . . ,

\beta 

N  - r\underbrace{}  \underbrace{}  
N - r times

,

\right\}       ,(4.7)

and the entries \alpha (t) are given by the recursion

\alpha (t+1) = \alpha (t)  - b(\alpha (t))2

(b+ r)\alpha (t) + r\beta 
, \alpha (0) = \alpha .(4.8)

The comparison (4.7) is valid with equality at time t= 0. Assume the comparison is
valid at a time t\geq 0. Using the monotonicity of \Phi b (Lemma 4.7a), it follows that

\Phi 
(t+1)
b (\widehat \Lambda )\preceq \Phi b(\widehat \Lambda (t)

) = \phi 
(b)

\alpha (t)+\beta 
(\widehat \Lambda (t)

).

By Lemma 4.6e, the trailing N  - r diagonal entries of \phi 
(b)

\alpha (t)+\beta 
(\widehat \Lambda (t)

) are bounded by
\beta 

N - r and the leading r diagonal entries are bounded by

1
b

\alpha (t)+\beta 
+ r

\alpha (t)

=
1

r

\biggl[ 
\alpha (t)  - b(\alpha (t))2

(b+ r)\alpha (t) + r\beta 

\biggr] 
.

Therefore, (4.7) holds for all t\geq 0 by induction.
At each instant t = 0,1, . . ., the discrete-time dynamical system \alpha (t) (4.8) is

bounded from above by a continuous-time dynamical system \alpha (t) that satisfies

\.\alpha (t) = - b(\alpha (t))2

(b+ r)\alpha (t) + r\beta 
, \alpha (0) = \alpha .(4.9)

The comparison holds because x \mapsto \rightarrow bx2/((b+r)x+r\beta ) is a non-negative, nondecreasing
function.

Last, assume that \alpha \leq \varepsilon \beta . (Otherwise, the theorem holds trivially at all times
t\geq 0.) By separation of variables, the continuous-time dynamical system (4.9) satisfies
\alpha (t)\leq \varepsilon \beta as soon as

t=

\biggl[ 
 - b+ r

b
log(\alpha (t)) +

r\beta 

b
\alpha (t) - 1

\biggr] \alpha (t)=\varepsilon \beta 

\alpha (0)=\alpha 

=
b+ r

b
log

\biggl( 
1

\varepsilon \eta 

\biggr) 
+

r

b\varepsilon 
 - r

b
\eta .

This establishes a slightly stronger version of the theorem, completing the proof.

5. Extension: Accelerated randomly pivoted QR. The pivoted partial
Cholesky decomposition of a psd matrix \bfitA is closely related to the pivoted par-
tial \sansQ \sansR decomposition of a general, possibly rectangular, matrix \bfitB \in \BbbC M\times N . This
section reviews the connection betweeen algorithms and introduces a new accelerated
randomly pivoted QR algorithm for general low-rank matrix approximation.

A low-rank approximation for a general matrix can be computed by column-

pivoted \sansQ \sansR as follows: Begin by initializing the approximation \widehat \bfitB (0)
:= 0 and the

residual \bfitB (0) :=\bfitB . For each i= 0, . . . , k - 1, perform the following steps:
1. Select a pivot column. Choose si+1 \in \{ 1, . . . ,N\} .
2. Update. Evaluate the column \bfitB (i)(:, si+1) indexed by the pivot index si+1.

Update the approximation and the residual:
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2550 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

\widehat \bfitB (i+1)
:= \widehat \bfitB (i)

+
\bfitB (i)(:, si+1)\bfitB 

(i)(:, si+1)
\ast \bfitB (i)\bigm\| \bigm\| \bigm\| \bfitB (i)(:, si+1)

\bigm\| \bigm\| \bigm\| 2 ,

\bfitB (i+1) :=\bfitB (i)  - \bfitB (i)(:, si+1)\bfitB 
(i)(:, si+1)

\ast \bfitB (i)\bigm\| \bigm\| \bigm\| \bfitB (i)(:, si+1)
\bigm\| \bigm\| \bigm\| 2 .

Each update has the effect of orthogonalizing the residual \bfitB (i) against the column

indexed by the selected pivot and adjusting the approximation \widehat \bfitB (i)
accordingly. This

version of column-pivoted \sansQ \sansR has issues with numerically stability and is provided
for conceptual understanding only. Numerically stable implementation of \sansQ \sansR decom-
position methods is discussed in numerical linear algebra textbooks, e.g., [20, ch. 5].

Pivoted \sansQ \sansR and Cholesky approximations are closely related (see, e.g., [21]):

Proposition 5.1 (\sansQ \sansR and Cholesky). Suppose that column-pivoted QR is ex-
ecuted on a matrix \bfitB with pivots s1, . . . , sk producing an approximation \widehat \bfitB \approx \bfitB .
Similarly, suppose that partial Cholesky is performed on the Gram matrix \bfitA :=\bfitB \ast \bfitB 

with the same pivots s1, . . . , sk, producing an approximation \widehat \bfitA \approx \bfitA . Then \widehat \bfitB \ast \widehat \bfitB = \widehat \bfitA .

This result establishes the connection between the low-rank approximation of a
psd matrix based on the pivoted Cholesky decomposition and the low-rank approx-
imation of a general, rectangular matrix by the column-pivoted \sansQ \sansR decomposition.
In particular, any pivot selection strategy for Cholesky decomposition (i.e., random
pivoting) has an analogue for \sansQ \sansR decomposition and visa versa.

The analogue of RPCholesky is the randomly pivoted \sansQ \sansR algorithm, which was
introduced by Deshpande, Vempala, Rademacher, and Wang [9, 10] under the name
adaptive sampling. See Algorithm 5.1 for randomly pivoted \sansQ \sansR pseudocode. As with
RPCholesky, randomly pivoted \sansQ \sansR can be extended using block and accelerated
variants; see [4] for block randomly pivoted \sansQ \sansR pseudocode and see Algorithm 5.2
for accelerated randomly pivoted \sansQ \sansR pseudocode. Note that Algorithm 5.2 uses a
block Gram--Schmidt procedure to perform orthogonalization, which employs two
orthogonalization steps for improved stability [19]. A different, even more numerically
stable approach uses Householder reflectors instead [20, Ch. 5].

Due to the connection between \sansQ \sansR and Cholesky (Proposition 5.1), theoretical
results for block and accelerated RPCholesky immediately extend to their \sansQ \sansR ana-
logues.

Algorithm 5.1. Randomly pivoted \sansQ \sansR .

Input: Matrix \bfitB \in \BbbC M\times N ; approximation rank k

Output: Matrices \bfitQ \in \BbbC M\times k,\bfitF \in \BbbC N\times k defining \widehat \bfitB =\bfitQ \bfitF \ast ; pivot set \sansS 
Initialize \bfitQ \leftarrow 0M\times k, \bfitF \leftarrow 0N\times k, \sansS \leftarrow \emptyset , and \bfitd \leftarrow SquaredColumnNorms\bfitB 
for i= 1 to k do

Sample pivot s\sim \bfitd /
\sum 

j dj
Induct new pivot \sansS \leftarrow \sansS \cup \{ s\} 
\bfitg \leftarrow \bfitB (:, s) - \bfitQ (:,1 : 1 - i)\bfitF (s,1 : i - 1)\ast 

\bfitQ (:, i)\leftarrow \bfitg /\| \bfitg \| 
\bfitF (:, i)\leftarrow \bfitB \ast \bfitQ (:, i)
\bfitd \leftarrow \bfitd  - | \bfitF (:, i)| 2

end for
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ACCELERATED RANDOMLY PIVOTED CHOLESKY 2551

Algorithm 5.2. Accelerated randomly pivoted \sansQ \sansR .

Input: Matrix \bfitA \in \BbbC M\times N ; block size b; number of rounds t

Output: Matrices \bfitQ \in \BbbC M\times k,\bfitF \in \BbbC N\times k defining \widehat \bfitB =\bfitQ \bfitF \ast ; pivot set \sansS 
Initialize \bfitQ \leftarrow 0M\times 0, \bfitF \leftarrow 0N\times 0, \sansS \leftarrow \emptyset , and \bfitu \leftarrow SquaredColumnNorms\bfitB 
for i= 0 to t - 1 do

Step 1: Propose a block of pivots

Sample s\prime ib+1, . . . , s
\prime 
(i+1)b

iid\sim \bfitu and set \sansS \prime i\leftarrow \{ s\prime ib+1, . . . , s
\prime 
(i+1)b\} 

Step 2: Rejection sampling

\bfitC \leftarrow \bfitB (:,\sansS \prime i) - \bfitQ \bfitF (\sansS \prime i, :)
\ast 

\sansS i\leftarrow RejectionSampleSubmatrix\sansS \prime i,\bfitC 
\ast \bfitC  \triangleleft Discard second output

\sansS \leftarrow \sansS \cup \sansS i  \triangleleft Update pivots
Step 3: Update low-rank approximation and proposal distribution

\bfitQ \bot \leftarrow \bfitB (:,\sansS i) - \bfitQ \bfitF (\sansS i, :)
\ast 

\bfitQ \bot \leftarrow \bfitQ \bot  - \bfitQ (\bfitQ \ast \bfitQ \bot )  \triangleleft Extra step of Gram--Schmidt, for stability
\bfitQ \bot \leftarrow Orth\bfitQ \bot  \triangleleft Orthonormalize columns
\bfitQ \leftarrow 

\bigl[ 
\bfitQ \bfitQ \bot 

\bigr] 
\bfitG \leftarrow \bfitB \ast \bfitQ \bot 
\bfitF \leftarrow 

\bigl[ 
\bfitF \bfitG 

\bigr] 
\bfitu \leftarrow \bfitu  - SquaredRowNorms\bfitG  \triangleleft Update diagonal
\bfitu \leftarrow max\{ \bfitu ,0\}  \triangleleft Helpful in floating point arithmetic

end for

Corollary 5.2 (sufficient iterations for accelerated and block randomly pivoted
\sansQ \sansR ). Consider a rectangular matrix \bfitB \in \BbbC M\times N , and let \bfitB (t) denote the random
residual after applying t rounds of accelerated randomly pivoted QR or block randomly
pivoted QR with a block size b\geq 1. Then,

\BbbE \| \bfitB (t)\| 2F \leq (1 + \varepsilon ) \cdot 
N\sum 

i=r+1

\sigma i(\bfitB )2

as soon as

tb\geq r

\varepsilon 
+ (r+ b) log

\biggl( 
1

\varepsilon \eta 

\biggr) 
, where \eta =

\sum N
i=r+1 \sigma i(\bfitB )2\sum r
i=1 \sigma i(\bfitB )2

.

Accelerated randomly pivoted \sansQ \sansR is a new algorithm, while block randomly pivoted
\sansQ \sansR was introduced and analyzed in [9, Thm. 1.2]. This earlier analysis has the large
block size limitation that is discussed in section 4.

Appendix A. Why blocking? Figures 1 to 3 demonstrate the empirical speed-
ups of algorithms that simultaneously process large blocks of columns from kernel
matrices. Subsection 1.2 has discussed one reason for this speed-up, due to data
movement. This appendix describes two additional reasons why blocked (kernel)
matrix algorithms can be faster: the fast Euclidean distances trick (subsection A.1)
and matrix--matrix operations (subsection A.2).

A.1. The fast Euclidean distances trick. The fast Euclidean distances trick
is a method for evaluating kernel matrix entries that take the special form

\kappa (\bfitx i,\bfitx j) = \phi (\| \bfitx i  - \bfitx j\| ) for i\in \sansS 1, j \in \sansS 2,
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2552 E. N. EPPERLY, J. A. TROPP, AND R. J. WEBBER

where \phi :\BbbR \rightarrow \BbbR is a univariate function. The trick relies on decomposing the square
Euclidean distance into three summands:

\| \bfitx i  - \bfitx j\| 2 = \| \bfitx i\| 2  - 2Re\{ \bfitx \ast 
i\bfitx j\} + \| \bfitx j\| 2 .(A.1)

It takes just \scrO (d| \sansS 1| +d| \sansS 2| ) operations to compute the square norms \| \bfitx i\| 2 and \| \bfitx j\| 2
for each i\in \sansS 1 and j \in \sansS 2. Meanwhile, the inner products \bfitx \ast 

i\bfitx j can be obtained from
the entries of the inner product matrix

\bfitX (:,\sansS 1)
\ast \bfitX (:,\sansS 2) where \bfitX =

\bigl[ 
\bfitx 1 \cdot \cdot \cdot \bfitx N

\bigr] 
.(A.2)

Computing the inner product matrix requires \scrO (d| \sansS 1| | \sansS 2| ) operations using a single
matrix--matrix multiplication, a highly optimized operation on modern computers [13,
Ch. 20.1]. The fast Euclidean distances trick explains why generating columns can be
10\times faster for a high-dimensional Gaussian kernel (Figure 1, left) than an \ell 1 Laplace
kernel (Figure 1, right).

As a potential concern, the fast Euclidean distances trick can lead to catastrophic
cancellations [22, sec. 1.7] in floating point arithmetic when two points \bfitx i and \bfitx j

are close. Catastrophic cancellations sometimes produce inaccurate results for block
RPCholesky, even after adding a multiple of the machine precision to the diago-
nal of the target matrix to promote stability. In contrast, accelerated RPCholesky
avoids catastrophic cancellations by rejecting the small diagonal values as pivots. The
opportunity to use the fast Euclidean distances trick without catastrophic cancella-
tions is a major advantage of accelerated RPCholesky. Nonetheless, to promote a
simple comparison, all the experiments involving block RPCholesky avoid the fast
Euclidean distances trick; the code computes distances by subtracting \bfitx i  - \bfitx j and
directly calculating the norm.

A.2. Matrix--matrix operations. The cost of RPCholesky-type methods
can be decomposed into the cost of generating columns of the kernel matrix and the
cost of processing the columns to execute the algorithm. Blocking leads to speed-ups
in both steps of the algorithm. For the second step, blocking organizes the operations
into efficient matrix--matrix operations. Accelerated RPCholesky takes advantage
of these optimized operations for an improved runtime. Simple RPCholesky, by
contrast, uses only vector--vector and matrix--vector operations, which are slower.

Appendix B. Deferred proofs from Appendix 4. This section contains
deferred proofs from Appendix 4.

Proof of Lemma 4.6. The proof is based on a series of direct calculations.
Parts (a)--(b). Observe that

\phi \alpha (x) =
\alpha 

4
 - 1

\alpha 

\Bigl( 
x - \alpha 

2

\Bigr) 2
(B.1)

is a concave quadratic which is uniformly bounded by \alpha 
4 . This immediately establishes

part (a) and part (b) in the case b= 1. Next assume part (b) is valid for some b\geq 1

and assume x\leq x\prime \leq \alpha /2. By the boundedness property (a), \phi 
(b)
\alpha (x)\leq \phi 

(b)
\alpha (x\prime )\leq \alpha /4.

Since x \mapsto \rightarrow \phi \alpha (x) is nondecreasing over the range [0, \alpha 2 ], it follows:

\phi (b+1)
\alpha (x) = \phi \alpha (\phi 

(b)
\alpha (x))\leq \phi \alpha (\phi 

(b)
\alpha (x\prime )) = \phi (b+1)

\alpha (x\prime ),

which establishes part (b) by induction.
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Part (c). Calculate

\phi \beta \cdot \alpha (\beta \cdot x) = \beta x - \beta 

\alpha 
x2 = \beta 

\biggl[ 
x - x2

\alpha 

\biggr] 
= \beta \cdot \phi \alpha (x),

which confirms part (c) when b= 1. Homogeneity for b\geq 1 follows by induction.
Part (d). The quadratic representation (B.1) shows that \phi 1 is concave. Assume

that \phi 
(b)
1 is concave for some b\geq 1. Then, calculate for \theta \in (0,1):

\theta \phi 
(b+1)
1 (x) + (1 - \theta )\phi 

(b+1)
1 (y) = \theta \phi 1(\phi 

(b)
1 (x)) + (1 - \theta )\phi 1(\phi 

(b)
1 (y))

\leq \phi 1(\theta \phi 
(b)
1 (x) + (1 - \theta )\phi 

(b)
1 (y))

\leq \phi 1(\phi 
(b)
1 (\theta x+ (1 - \theta )y)) = \phi 

(b+1)
1 (\theta x+ (1 - \theta )y).

The first inequality is concavity of \phi 1, and the second inequality is concavity of \phi 
(b)
1

and parts (a)--(b). Conclude by induction that \phi 
(b)
1 is concave for each b\geq 1.

The next step is to establish joint concavity of (x,\alpha ) \mapsto \rightarrow \phi 
(b)
\alpha (x). For any \theta \in (0,1):

\theta \phi (b)
\alpha 1

(x1) + (1 - \theta )\phi (b)
\alpha 2

(x2) = \theta \alpha 1\phi 
(b)
1

\biggl( 
x1

\alpha 1

\biggr) 
+ (1 - \theta )\alpha 2\phi 

(b)
1

\biggl( 
x2

\alpha 2

\biggr) 
\leq 
\bigl[ 
\theta \alpha 1 + (1 - \theta )\alpha 2

\bigr] 
\phi 
(b)
1

\biggl( 
\theta x1 + (1 - \theta )x2

\theta \alpha 1 + (1 - \theta )\alpha 2

\biggr) 
= \phi 

(b)
\theta \alpha 1+(1 - \theta )\alpha 2

(\theta x1 + (1 - \theta )x2).

The first equality is part (c), and the inequality is the concavity of \phi 
(b)
1 . Part (d) is

proven.
Part (e). Calculate

\phi \alpha (x) = x - x2

\alpha 
\leq x - x2

x+ \alpha 
=

\alpha x

x+ \alpha 
=

1

\alpha  - 1 + x - 1
,

which confirms part (e) in the case b= 1. Next assume part (e) holds for some value
b\geq 1. Then using the monotonicity property (b),

\phi (b+1)
\alpha (x) = \phi \alpha (\phi 

(b)
\alpha (x))

\leq \phi \alpha 

\Bigl( 1

b\alpha  - 1 + x - 1

\Bigr) 
=

1

b\alpha  - 1 + x - 1
 - 1

(b\alpha  - 1 + x - 1)(b+ \alpha x - 1)

\leq 1

b\alpha  - 1 + x - 1
 - 1

(b\alpha  - 1 + x - 1)(b+ 1+ \alpha x - 1)
=

1

(b+ 1)\alpha  - 1 + x - 1
.

Therefore, part (e) holds by induction.

Proof of Lemma 4.7. The proof is based on a series of direct calculations.
Part (a). Assume \Lambda 1 \preceq \Lambda 2. Use the positive homogeneity and concavity of

(x,\alpha ) \mapsto \rightarrow \phi 
(b)
\alpha (x) (Lemma 4.6c--d) to calculate

1

2
\phi 
(b)
tr(\Lambda 1)

(\Lambda 1)\preceq 
1

2
\phi 
(b)
tr(\Lambda 1)

(\Lambda 1) +
1

2
\phi 
(b)
tr(\Lambda 2 - \Lambda 1)

(\Lambda 2  - \Lambda 1)

\preceq \phi 
(b)
1
2 tr(\Lambda 2)

\biggl( 
1

2
\Lambda 2

\biggr) 
=

1

2
\phi 
(b)
tr(\Lambda 2)

(\Lambda 2).

Equivalently, \Phi b(\Lambda 1)\preceq \Phi b(\Lambda 2). Iterating this property establishes part (a).
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Part (b). Use the concavity of (x,\alpha ) \mapsto \rightarrow \phi 
(b)
\alpha (x) (Lemma 4.6d) to conclude:

\theta \Phi b(\Lambda 1) + (1 - \theta )\Phi b(\Lambda 2)\preceq \Phi b(\theta \Lambda 1 + (1 - \theta )\Lambda 2) for \theta \in (0,1).

This confirms part (b) in the case t= 1. Next assume part (b) holds for t\geq 1. Then

\theta \Phi 
(t+1)
b (\Lambda 1) + (1 - \theta )\Phi 

(t+1)
b (\Lambda 2) = \theta \Phi b(\Phi 

(t)
b (\Lambda 1)) + (1 - \theta )\Phi b(\Phi 

(t)
b (\Lambda 2))

\preceq \Phi b(\theta \Phi 
(t)
b (\Lambda 1) + (1 - \theta )\Phi 

(t)
b (\Lambda 2))

\preceq \Phi b(\Phi 
(t)
b (\theta \Lambda 1 + (1 - \theta )\Lambda 2))

=\Phi 
(t+1)
b (\theta \Lambda 1 + (1 - \theta )\Lambda 2).

The first inequality is the concavity of \Phi b, and the second inequality is the concavity
of \Phi 

(t)
b and the monotonicity property (a). Therefore, by induction, part (b) holds

for t\geq 1.
Part (c). Calculate

\Phi 1(\theta \bfitA 1 + (1 - \theta )\bfitA 2) - \theta \Phi 1(\bfitA 1) - (1 - \theta )\Phi 1(\bfitA 2)

=
\theta \bfitA 2

1

tr(\bfitA 1)
+

(1 - \theta )\bfitA 2
2

tr(\bfitA 2)
 - [\theta \bfitA 1 + (1 - \theta )\bfitA 2]

2

\theta tr(\bfitA 1) + (1 - \theta ) tr(\bfitA 2)

=
\theta (1 - \theta ) tr(\bfitA 1) tr(\bfitA 2)

\theta tr(\bfitA 1) + (1 - \theta ) tr(\bfitA 2)

\biggl[ 
\bfitA 1

tr(\bfitA 1)
 - \bfitA 2

tr(\bfitA 2)

\biggr] 2
\succeq 0.

This establishes the concavity of \Phi 1 over all psd matrices.

Appendix C. Robust blockwise random pivoting. The robust blockwise
random pivoting (RBRP) method was introduced by Dong, Chen, Martinsson, and
Pearce to improve the performance of block randomly pivoted \sansQ \sansR [12]. Similar to
accelerated randomly pivoted \sansQ \sansR , each round of RBRP begins by generating a block
of proposed pivots \sansS \prime i = \{ s\prime ib+1, . . . , s

\prime 
(i+1)b\} . Then RBRP chooses a subset of the pivots

by a deterministic, greedy method. In detail, let\bfitG denote the residual submatrix with
columns indexed by \sansS \prime i:

\bfitG =\bfitB (:,\sansS \prime i) - \widehat \bfitB (:,\sansS \prime i).

RBRP applies a partial \sansQ \sansR decomposition to \bfitG using greedy column pivoting, stop-
ping when the squared Frobenius norm of \bfitG has been reduced by a factor b. RBRP
then accepts the pivots chosen before the tolerance is met and rejects all others.

RBRP can be extended to psd low-rank approximation, resulting in a robust
block randomly pivoted Cholesky method. A comparison of RBRP Cholesky, block
RPCholesky, and accelerated RPCholesky appears in Table 3. Both accelerated

Table 3
Runtime and relative error for rank-1,000 approximation of the smile example from Figure 2

with block size b = 120. Here the mean and standard deviation are computed empirically over 100
independent trials.

Relative trace error Runtime (sec)

Block RPCholesky 3.89e-04 \pm 1.40e-04 7.00 \pm 0.63
Accelerated RPCholesky 4.85e-07 \pm 3.60e-08 7.43 \pm 1.06

RBRP Cholesky 6.62e-07 \pm 1.35e-07 7.53 \pm 0.80
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Algorithm D.1. RPCholesky.

Input: Psd matrix \bfitA \in \BbbC N\times N ; approximation rank k

Output: Matrix \bfitF \in \BbbC N\times k defining low-rank approximation \widehat \bfitA =\bfitF \bfitF \ast ; pivot set \sansS 
Initialize \bfitF \leftarrow 0N\times k and \bfitd \leftarrow diag\bfitA 
for i= 1 to k do

Sample pivot s\sim \bfitd /
\sum 

j dj
Induct new pivot \sansS \leftarrow \sansS \cup \{ s\} 
\bfitg \leftarrow \bfitA (:, s) - \bfitF (:,1 : i - 1)\bfitF (s,1 : i - 1)\ast 

\bfitF (:, i)\leftarrow \bfitg /
\surd 
gs

\bfitd \leftarrow \bfitd  - | \bfitF (:, i)| 2
end for

Algorithm D.2. Block RPCholesky.

Input: Psd matrix \bfitA \in \BbbC N\times N ; block size b; number of rounds t

Output: Matrix \bfitF \in \BbbC N\times bt defining low-rank approximation \widehat \bfitA =\bfitF \bfitF \ast ; pivot set \sansS 
Initialize \bfitF \leftarrow 0N\times bk, \sansS \leftarrow \emptyset , and \bfitd \leftarrow diag\bfitA 
for i= 0 to t - 1 do

Sample sib+1, . . . , sib+b
iid\sim \bfitd /

\sum 
j dj

\sansS \prime \leftarrow Unique\{ sib+1, . . . , sib+T \} 
\sansS \leftarrow \sansS \cup \sansS \prime 
\bfitG \leftarrow \bfitA (:,\sansS \prime ) - \bfitF (:,1 : iT )\bfitF (\sansS \prime ,1 : iT )\ast 

\bfitR \leftarrow Chol\bfitG (\sansS \prime , :)
\bfitF (:, ib+ 1 : ib+ | \sansS \prime | )\leftarrow \bfitG \bfitR  - 1

\bfitd \leftarrow \bfitd  - SquaredRowNorms\bfitF (:, ib+ 1 : ib+ b)
end for
Remove zero columns from \bfitF 

RPCholesky and RBRP Cholesky achieve dramatically lower trace error than stan-
dard block RPCholesky on this example, demonstrating that both methods are
effective at filtering redundant columns. This example does suggest a few prelim-
inary reasons to (slightly) prefer accelerated RPCholesky over RBRP Cholesky,
though. First, RBRP Cholesky has 1.4\times higher trace error than accelerated RPC-
holesky on this example, and the error of the output is more variable for RBRP
Cholesky. Second, RBRP Cholesky is slightly slower than accelerated RPCholesky
in our implementation. Finally, rigorous error bounds are known for accelerated RP-
Cholesky (and \sansQ \sansR ) but not known for RBRP methods. Notwithstanding these
difference, RBRP methods and accelerated RPCholesky/\sansQ \sansR both appear to be fast
and accurate in practice, and both methods significantly outperform standard block
RPCholesky/\sansQ \sansR .

Appendix D. Existing algorithms. This section provides the pseudocode for
RPCholesky (Algorithm D.1) and block RPCholesky (Algorithm D.2).

Reproducibility of computational results. This paper has been awarded the
``SIAM Reproducibility Badge: Code and data available"" as a recognition that the
authors have followed reproducibility principles valued by SIMAX and the scientific
computing community. Code and data that allow readers to reproduce the results in
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this paper are available at https://github.com/eepperly/Randomly-Pivoted-Cholesky
and in the supplementary materials (github-repo.zip [local/web 82.9KB]).

Acknowledgments. We thank Vivek Bharadwaj, Chao Chen, and Yijun Dong
for helpful discussions.
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