
Successive randomized compression: A randomized
algorithm for the compressed MPO-MPS product
Chris Camaño, Ethan N. Epperly, and Joel A. Tropp

Department of Computing and Mathematical Sciences, California Institute of Technology, Pasadena, CA, 91125,
USA

Tensor networks like matrix product states (MPSs) and matrix product op-
erators (MPOs) are powerful tools for representing exponentially large states
and operators, with applications in quantum many-body physics, machine
learning, numerical analysis, and other areas. In these applications, comput-
ing a compressed representation of the MPO–MPS product is a fundamental
computational primitive. For this operation, this paper introduces a new single-
pass, randomized algorithm, called successive randomized compression (SRC),
that improves on existing approaches in speed or in accuracy. The perfor-
mance of the new algorithm is evaluated on synthetic problems and unitary
time evolution problems for quantum spin systems.

1 Introduction
In the past three decades, tensor network methods [1–6] have established themselves as
some of the most effective techniques for classical simulation of strongly interacting quan-
tum many-body systems [7–9]. Tensor networks have also shown promise for problems
in computational mathematics and machine learning, for instance in numerical analy-
sis [10–12], generative modeling [13,14], and compression of neural networks [15–19]. Given
this diverse array of applications, the development of robust, accurate, and scalable tensor
network algorithms is of wide interest.

This paper is concerned with matrix product states and matrix product operators, two
of the most widely used tensor network formats:

• Matrix product states (MPSs). Throughout this article, we will assume basic famil-
iarity with tensor diagram notation; see [6,8,20] for a refresher if needed. Using this
notation, an MPS is defined to be a tensor network of the form

MPSs are used to represent states of one-dimensional quantum systems such as chains
of interacting spin-S particles. In other applications, they are used to represent
vectors or functions. MPSs are also called tensor trains (TTs), particularly in the
applied mathematics literature.

• Matrix product operators (MPOs). An MPO is a tensor network of the form
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MPOs are used to represent operators acting on one-dimensional quantum systems,
such as local Hamiltonians [2, 21, 22], time evolution [2, 23, 24], or computational
primitives like the quantum Fourier transform [25,26]. In other applications, MPOs
are used to represent matrices or operators on functions.

In an MPS or MPO, the horizontal and vertical edges are referred to as bond indices and
physical indices, respectively. We denote the number of sites n, the physical dimension d,
the MPS bond dimension χ, and the MPO bond dimension D.

This paper is concerned with the following basic and widely applicable problem:

Compressed MPO–MPS multiplication problem. Given an MPS jψi and an MPO
H, compute an MPS representation jηi � H jψi of the MPO–MPS product:

� . (1.1)

The MPO–MPS product is a basic primitive which comes up in many computational
problems. In quantum physics, MPO–MPS products are used in algorithms for simulating
real and imaginary time evolution of 1D quantum states [23, 27], the “boundary MPS”
method for contracting tensor networks on higher-dimensional PEPS tensor networks [28,
29], among other use cases [30].

Given the importance of the compressed MPO–MPS multiplication problem, many
algorithms have been designed for the task; see section 4 for a description of existing
methods. A comparison of these methods appears in Figure 1, which shows the relative
error kH jψi � jηik F/kH jψik F versus the runtime of several methods for computing the
product of a random MPO and a random MPS. The Frobenius norm k�kF is defined as the
square root of the sum of squared entries in any tensor. We set both bond dimensions to
D = χ = 50, use n = 100 sites, and consider a physical dimension d = 2. Each tensor is
populated with uniformly random entries in the range [α, 1] for α = �0.5. The data for this
problem is real, but we store it using complex data types (which is the required data format
for most quantum tensor network problems). The parameter α 2 [�1, 1] sets the difficulty
of the problem, with higher α making the problem easier [31–33]; we choose α = �0.5
for an intermediate level of difficulty. This is a non-physical example purely intended to
demonstrate the performance and accuracy characteristics of the existing methods.

Figure 1 demonstrates limitations of the existing MPO–MPS algorithms. The contract-
then-compress (C-T-C) algorithm (also called the “naïve” algorithm), and the randomized
contract-than-compress algorithm, and the density matrix algorithm are all accurate but
slow (at least on this problem with D,χ � 1). The zip-up method, by contrast, is fast but
less accurate. On this example, the fitting (i.e., variational) method is accurate but slower
than the zip-up method. As we will see in section 4.2.1, the fitting method can require
many sweeps to converge (making it significantly slower), or it may fail to converge at all.
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Figure 1: (MPO–MPS contraction algorithm comparison). Comparison of relative error versus
computation time of several algorithms for the MPO–MPS product of n = 100 tensor networks with
bond dimension D = χ = 50. The maximum bond dimension χ was varied between 5 and 100, with
the compressibility difficulty parameter α set to �0.5. The fitting (variational) method was run for
a single left-to-right sweep; more sweeps led to higher computational cost at no appreciable gain in
accuracy. C-T-C is an abbreviation for “contract-then-compress”. Randomized C-T-C refers to the
contract-then-compress method with randomized MPS rounding (see section 4.1.2). Each data point
represents the mean of five independent runs.

For faster and more reliable MPO–MPS multiplication, this paper proposes a new
randomized algorithm for the compressed MPO–MPS product called successive randomized
compression (SRC). The SRC method has the following desirable properties:

• Fast. In terms of both empirical runtime and asymptotic operation count, our al-
gorithm is competitive with the fastest available algorithms for MPO–MPS multi-
plication. In particular, the SRC method is asymptotically faster than the naïve
(contract-then-compress) and density matrix methods.

• Accurate. For a given bond dimension, the output jηi � H jψi of the SRC algorithm
achieves accuracy comparable to the contract-then-compress method, which is known
to achieve near-optimal truncation error [34, Cor. 2.4]. In particular, the accuracy
of SRC is often significantly better than the zip-up algorithm.

• One-shot. SRC proceeds in a single shot with no need to iterate until convergence.
This compares favorably to the fitting method and to nonlinear optimization meth-
ods, which can require many iterations to achieve convergence or can fail to converge.

We believe this suite of benefits make the SRC method a compelling candidate for deploy-
ment in applications. Indeed, in Figure 1, SRC achieves higher accuracy in less time than
other randomized MPO–MPS methods.

1.1 Outline for paper
After introducing background material on randomized matrix approximation and Khatri–
Rao products in section 2, we present our algorithm in section 3. Description of and
comparison with existing MPO–MPS product methods appears in section 4, and an appli-
cation to unitary time evolution using the TDVP1-GSE algorithm appears in section 5.
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1.2 Notation
The Frobenius norm of a matrix or tensor is k�kF . We denote the Hermitian adjoint of
a matrix by y. The symbol 
 refers to the Kronecker product of vectors or matrices,
while � denotes the Khatri–Rao product of matrices (see section 2.2). We express tensors
jψi 2 C d�����d using bra–ket notation. The constituent tensors of an MPS jψi are denoted
ψ(1) , . . . , ψ(n) (similarly, H (i) for an MPO H).

1.3 Source code
Code for our algorithm, other MPO–MPS multiplication algorithms, and to reproduce the
experiments in this paper can be found at the following URL:

https://github.com/chriscamano/RandomMPOMPS

2 Background
This section reviews background material for our randomized method for the compressed
MPO–MPS multiplication algorithm, including randomized low-rank approximation (sec-
tion 2.1) and the Khatri–Rao product (section 2.2).

2.1 Randomized QB approximation
Randomized low-rank approximation algorithms [35–38] are a class of fast, robust methods
for approximating a large matrix A 2 CM �N as a product A � QB of thin matrix Q 2
CM �p times a wide matrix B 2 Cp�N . In this section, we review the simplest of such
methods, randomized QB approximation. In the next section (section 3), we will show
how the randomized QB approximation can be used to give a fast algorithm for the MPO–
MPS product.

In its most basic form, the randomized QB approximation consists of four steps:

Randomized QB approximation. On input A 2 C M �N ,

(i) Generate randomness. Generate a random matrix 
 2 C N �p .

(ii) Collect information. Compute the matrix product Y := A
.

(iii) Orthonormalize. Orthonormalize the columns of Y , yielding Q := orth(Y ).

(iv) Project. Set B := Q yA, defining an approximation bA = QB.

The randomized QB approximation bA = QB is the same as the approximation produced by
the randomized SVD algorithm [35], but presented in the form bA = QB rather than as an
SVD. The matrix Q has orthonormal columns, and the matrix B has no special structure.
When the randomized QB approximation is exact (A = bA), we call the expression A = QB
a (randomized) QB decomposition.

The accuracy of randomized QB approximation can be understood using the following
result [35, Thm 10.5] (see also [39, Fact A.2]):

Theorem 1 (Randomized QB approximation: Gaussian). Let bA be the rank-p
randomized QB approximation for A, formed using a random matrix 
 2 C N �p whose
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entries are independent draws from either the real or complex standard normal distribution.
Then

� Exactly low-rank, exact recovery. Suppose that rankA � p. With probability
one, randomized QB approximation recovers A exactly (that is,bA = A).

� Approximately low-rank, near-optimal approximation. Fix a parameter r �
p � 1 � α and let A r denote the best rank-r approximation to A with respect to the
Frobenius norm. Then

E
h
kA � bAk2

F

i
�

�
1 +

r

p � r � α

�
kA �A r k2

F . (2.1)

The number α = 0,1 for the complex or real normal distributions, respectively.

The conclusion of this result is that randomized QB approximation exactly recovers
genuinely low-rank matrices and, with modest oversampling such as p = r + 5 or p = 2r,
produces an approximation that is comparable with the best rank-r approximation. See
[35, §10], [37, §8], and the references therein for many more analyses of randomized QB
approximation. While most of the analysis of randomized QB approximation focuses on
the Gaussian case, the method usually works quite well in practice for a much richer class
of random matrices 
 (see [40, §11.5.2] and [41, Fig. 1]).

The accuracy of randomized QB approximation can be improved by using a random
matrix 
 that is more aligned with the “important directions” (i.e., right singular vectors)
of the matrix A. Such a better 
 can be obtained systematically by applying subspace
or Krylov iteration [35, 37, 42, 43] or by using prior knowledge about the matrix [44]. In
the context of this work, subspace iteration and Krylov iteration are of prohibitively high
cost, and we assume no prior information is available. Therefore, a random 
, generated
independently from the matrix A, is the best-available choice.

Randomized QB approximation or the randomized SVD can be used as a replacement
for a truncated full SVD in any algorithm, and there are several papers [45–48] that have
proposed using the randomized SVD as a fast alternative to full SVDs in tensor network
algorithms. In this paper, we go further by applying the randomized QB approximation
directly to an entire tensor network.

2.2 The Khatri–Rao product
In this work, we will apply randomized QB approximations to matrix unfoldings of tensor
networks. For instance, the following MPS

represents a tensor of size d1 � d 2 � � � � � d 4, i.e., jψi 2 C d1 �d 2 �d 3 �d 4 . The tensor jψi can
be viewed as a matrix in several different ways. For instance, if we choose the third and
fourth indices to be rows and the first and second to be columns, we can treat jψi as a
(d3d4) � (d 1d2) matrix.

To perform QB approximation efficiently for matrix unfoldings of tensor networks, we
can use a tensor-structured random matrix 
. There are many different types of tensor-
structured random matrices that have been proposed for linear algebraic computations;
see [38, Ch. 7] for a survey. In this paper, we will use the simplest example, a Khatri–Rao
product of random matrices.

Accepted in Quantum 2025-12-13, click title to verify. Published under CC-BY 4.0. 5



The Khatri–Rao product [49, §2.6] is defined as follows. Let 
 (1) , . . . , 
 (n) 2 Cd�p be
matrices, where each matrix 
 (j) has columns


 (j) =
h
ω

(j)
1 � � � ω

(j)
p

i
.

The Khatri–Rao product of 
 (1) , . . . , 
 (n) is defined as the columnwise Kronecker product


 (1) � � � � � 
 (n) =
h
(ω (1)

1 
 ω (2)
1 
 � � � 
 ω (n)

1 ) � � � (ω (1)
p 
 ω (2)

p 
 � � � 
 ω (n)
p )

i
2 Cdn �p .

To apply randomized QB approximation to MPO–MPS products in this paper, we will
define 
 := 
 (1) � � � � � 
 (n) to be a Khatri–Rao product of random matrices 
 (1) , . . . , 
 (n)

with standard (real or complex) normal entries, all mutually independent. The resulting
Khatri–Rao random matrix 
 consists of a collection of random product states ω (1)

j 
ω (2)
j 


� � � 
 ω (n)
j , stacked columnwise. We can compute the action A
 of a matrix A on 
 by

applying A to each product state, one at a time.
In tensor diagram notation, the Khatri–Rao product can be denoted as

We emphasize in this diagram that the white circle at the top of this diagram indicates
multiplication of the corresponding indices entrywise. See [50, §1.2 & §3.7] for more details
on denoting Khatri–Rao products using tensor diagrams.

At present, our theoretical understanding for randomized QB approximation with a
Khatri–Rao test matrix 
 = 
 (1) � � � � � 
 (n) remains limited. It is known that this
method supports exact recovery of a low-rank matrix A:

Theorem 2 (Randomized QB approximation: Khatri–Rao). Let bA be the rank-p
randomized QB approximation of A where 
 = 
 (1) � � � � � 
 (n) 2 CN �p formed as a
Khatri–Rao product of matrices 
 (i) with independent standard normal entries. Then

� Exactly low-rank, exact recovery. Suppose that rankA � p. With probability
one, randomized QB approximation recovers A exactly (that is,bA = A).

Section A contains a proof of Theorem 2. We expect that this result appears in the
literature, but we were unable to locate a citation. After the initial release of this paper, the
authors developed a quantitative error bound for randomized QB approximation, similar
to (2.1), in collaboration with Raphael Meyer [41, §5].

The random test matrices with Khatri–Rao product structure used in this work may
be contrasted with the framework of “tensor train sketching” (e.g., see [14, 51–54]). In the
latter approach, one chooses 
 to be a random MPS with a single extra exposed index at
the right-most site, which has dimension p:
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The tensor train sketching framework has advantages and drawbacks over the random
Khatri–Rao product matrices used in this work. As advantages, the user has more freedom,
as they can tune the bond dimensions of this MPS as a way of trading off the accuracy
of the algorithm against computational cost. As disadvantages, the computational effort
of tensor train sketching is larger than random Khatri–Rao test matrices, and setting the
bond dimensions of the tensor train sketching matrix generally requires either problem-
dependent tuning or prior knowledge about the problem.

3 Successive randomized compression
In this section, we introduce a new randomized algorithm, successive randomized com-
pression (SRC), for the compressed MPO–MPS product. This algorithm constructs an
MPS representation of jηi � H jψi one site at a time in a single pass from right-to-left.
The outcome is an MPS representation of jηi � H jψi in right canonical form. Here is an
illustration for n = 4 sites:

In this network, triangular tensors denote partial isometries, satisfying

= = I (identity operator).

For clarity of exposition, we will describe the SRC algorithm under the following as-
sumptions:

• The product jηi = H jψi is exactly representable as an MPS with bond dimension
χ < D � χ.

• The output bond dimension χ is provided as an input to the algorithm.

In practice, the goal is typically to compute an approximate compression jηi � H jψi and,
often, to determine χ adaptively to satisfy an error tolerance. The algorithm works without
modification for approximate contraction (though a final rounding step can be helpful, see
section 3.4). We describe the algorithm in detail in sections 3.1 to 3.3, and we analyze its
computational cost in section 3.5. Adaptive determination of bond dimension is deferred
to section C.

3.1 Step 1: The last site
Begin by viewing H jψi as a d � d n�1 matrix, with the last visible index as the rows and
the first n � 1 indices as the columns:
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We will compute a randomized QB decomposition of this matrix.
Begin by drawing random matrices 
 (1) , . . . , 
 (n�1) 2 Cd� χ with independent real

or complex standard normal entries, instantiating the Khatri–Rao product 
 (1:n�1) :=

 (1) � � � � � 
 (n�1) , and applying it to H jψi. This process results in the tensor network

(H jψi) � 
 (1:n�1) = .

We now contract this (H jψi)�
 network. First, contract the left-most stack of three tensors
to obtain a new tensor C(1) :

(H jψi) � 
 (1:n�1) = .

Next, contract one step to the right, resulting in a new tensor C(2) :

(H jψi) � 
 (1:n�1) = .

We continue contracting left-to-right, producing tensors C(3) , C(4) , . . . , C(n�1) , which we
contract down to a matrix:

(H jψi) � 
 (1:n�1) = = .

We have now collected Y (n) := (H jψi) � 
 (1:n�1) , which is step (ii) of randomized QB
decomposition.
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Next is step (iii), orthonormalization, which we accomplish by a QR decomposition:

Y (n) = (H jψi) � 
 (1:n�1) = = = η (n) �R(n) . (3.1)

Since the right index of Y (n) corresponds to the rows, the orthogonal “Q” factor η(n)

occurs to the right of the triangular “R” factor R(n) in the tensor diagram (3.1), but the
factorization is written Y (n) = η (n) �R(n) in matrix notation. The tensor η(n) will form the
final site of the output jηi = H jψi.

Now, we perform step (iv) of QB decomposition, projection:

H jψi = η (n) (η (n) )y(H jψi) =

= : η(n) �B (n�1) .

Remember that we are assuming, for now, that H jψi is exactly compressible to an MPS of
bond dimension χ. Thus, by Theorem 2, the randomized QB decomposition is exact with
probability one.

In the next step of the algorithm, we will produce site n � 1 of H jψi by applying
randomized QB decomposition to B(n�1) . In preparation for this step, we contract (η (n) )y

into the MPO and MPS sites below, obtaining

B(n�1) = . (3.2)

3.2 Step 2: Second-to-last site
We now compute a randomized QB decomposition of B(n�1) . We treat B(n�1) as a χd �
dn�2 matrix, with the last two exposed indices as rows and the first n � 2 visible indices
as columns:
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The key step which allows our algorithm to be computationally efficient is reuse of
the same random matrices 
 (1) , . . . , 
 (n�2) employed in the first step of the algorithm.
Specifically, we form the Khatri–Rao product 
 (1:n�2) := 
 (1) � � � � � 
 (n�2) and apply it
to B(n�1) , resulting in the following tensor network:

B(n�1) � 
 (1:n�2) = .

Now, since we use the same random tensors 
 (1) , . . . , 
 (n�2) , we can reuse the work from
step 1 by using the tensor C(n�2) we saved to obtain

B(n�1) � 
 (1:n�2) = =: .

We have further contracted down B(n�1) � 
 (1:n�2) to a three-mode tensor Y (n�1) . This
completes step (ii) of QB decomposition for B(n�1) .

Next, we do step (iii) of QB decomposition, orthonormalization, by computing a QR
decomposition of Y (n�1) :

Y (n�1) = B (n�1) � 
 (1:n�2) = = = η (n�1) �R(n�1) .

Now, we apply the step (iv) of QB decomposition, projection:

B(n�1) = η (n�1) (η (n�1) )yB(n�1) = .

Again, because we have assumed H jψi is exactly representable as an MPS with bond
dimension χ, the QB decomposition B(n�1) = η (n�1) �B (n�2) is exact with probability one.
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For the next step of the algorithm, we clean up the B(n�2) by contracting in (η (n�1) )y:

B(n�2) = = .

Observe that B(n�2) now has n � 2 exposed indices of dimension d and 1 exposed index of
dimension χ; the total number of exposed indices, n � 1, has been decreased by one.

To see how the algorithm is making progress in representing H jψi as an MPS jηi,
observe that in step one, we obtained a factorization H jψi = η (n) �B (n�1) :

H jψi = η (n) �B (n�1) = .

Step two yielded a factorization B(n�2) = η (n�1) �B (n�2) . Thus,

H jψi = η (n) � (η (n�1) �B (n�2) ) = .

After two steps of the algorithm, we have produced the right two sites η(n�1) and η(n) of
an MPS jηi = H jψi. When completed, the MPS jψi will be in left canonical form.

3.3 Finishing up
Proceeding as in step two above, we continue right-to-left producing orthogonal tensors
η(n) , η(n�1) , η(n�2) , η(n�3) , . . .. By the time we reach site two of H jψi and compute η (2) ,
we have obtained a tensor network of the form

H jψi = η (n) � η (n�1) � � � � � η (2) �B (1)

= .
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To obtain the first site tensor η(1) , we take the B(1) tensor network and contract it down:

η(1) := = .

We conclude, having computed the MPO–MPS product jηi = H jψi as an MPS in right
canonical form:

= .

3.4 Optional step: Oversampling and final round
In sections 3.1 to 3.3, we introduced the SRC algorithm under the assumption that the
product H jψi is exactly representable as an MPS of known bond dimension χ. However,
the algorithm works without modification for computing a compressed approximationH jψi
as an MPS with specified bond dimension χ.

When using the SRC method for approximate MPO–MPS multiplication, oversampling
can be used to achieve accuracy comparable with the best MPS representation of the
product H jψi. To compute a compressed representation jηi � H jψi of bond dimension
χ, we do the following. First, run SRC with a larger bond dimension χ0> χ, obtaining
an MPS in right canonical form. Then, use a standard MPS compression algorithm to
truncate down to an MPS in left canonical form with desired output bond dimension χ.
As a sensible default, we recommend χ0 = max(d1.5χe,χ + 10).

3.5 Summary: Pseudocode and time complexity
As we have seen, SRC produces an MPS representation jηi of the MPO–MPS product
H jψi using a sequence of QB decompositions or approximations. For ease of presentation,
we first presented the algorithm for the case in which H jψi is exactly representable as an
MPS of specified bond dimension χ. In this case, SRC produces an exact representation
jηi = H jψi:

Theorem 3 (Successive randomized compression: Exact recovery). If the MPO–
MPS product H jψi is exactly representable as an MPS of bond dimensionχ, then SRC
recovers jηi = H jψi with probability one.
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Algorithm 1 successive randomized compression for MPO–MPS multiplication
Input: MPO H, MPS jψi, and output bond dimension χ (or tolerance τ , see section C.2)
Output: MPS jηi � H jψi of bond dimension χ

Multiply with random matrix
1: Generate standard Gaussian matrices 
(1) , . . . , 
 (n�1) 2 Cd� χ

2: Compute tensor C(1) (a, b, c)  
P
d,e 
 (1) (a, d)H (1) (d, b, e)ψ (1) (e, c)

3: for i = 2, . . . , n � 1 do
4: Compute tensor C(i) (a, b, c)  

P
d;e;f;g C (i�1) (a, d, e)
 (i) (a, f )H (i) (d, f, b, g)ψ (i) (e, g, c)

5: end for

Determine the last site η (n)

6: Compute tensor Y(n) (a, b)  
P
c,d,eC

(n�1) (a, c, d)H (n) (b, c, e)ψ (n) (d, e)
7: Compute QR decomposition Y(n) (a, b) =

P
c η

(n) (c, b)R (n) (a, c)
8: [Optional: Compute error estimate and increase χ if needed; see section C.2]
9: Compute tensor S(n) (a, b, c)  

P
d,e η

(n) (c, d)H (n) (b, d, e)ψ (n) (c, e)

Determine sites η (n�1) , . . . , η(2)

10: for j = n � 1, n � 2, . . . , 2 do
11: Compute tensor Y(j)  

P
d;e;f;g;h C (j�1) (a, d, e)H (j) (d, b, f, g)ψ (j) (e, g, h)S (j+1) (h, f, c)

12: Compute QR decomposition Y(j) (a, b, c) =
P
d η

(j) (d, b, c)R (j) (a, d)
13: [Optional: Compute error estimate and increase χ if needed; see section C.2]
14: Compute tensor S(j) (a, b, c)  

P
d,e,f,g,h � (j) (c; d; e)H (j) (b; d; f; g) (j) (a; g; h)S (j+1) (h; f; e)

15: end for

Determine the first site η (1)

16: Compute tensor η1(a, b)  
P
c,d,eH

(1) (a, c, d)ψ (1) (d, e)S (2) (e, d, b)
17: [Optional: Run an MPS truncation algorithm on jηi]

This result follows directly from Theorem 2, though the fact that we use a common set
of random matrices 
 (1) , . . . , 
 (n�1) across all steps of the algorithms makes the result not
entirely trivial. Section B contains a proof of this result.

When H jψi is not exactly equal to an MPS of bond dimension χ, SRC returns a
compressed approximation jηi � H jψi to the product. We present pseudocode for SRC in
Algorithm 1. See section C for a discussion of determining the output bond dimension χ
adaptively to meet a tolerance.

The runtime of SRC depends on the number of sites n, the MPO and MPS bond
dimensions D and χ, the physical dimension d, and the output bond dimension χ. In
terms of all of these parameters, SRC has a time complexity of

O(ndDχχ(χ + χ + dD)) operations. (3.3a)

Making a few assumptions about parameter values, we obtain a simplified runtime estimate

O(nDχ3) operations, assuming D � χ = χ and d = const. (3.3b)

Using either the full runtime (3.3a) or simplified runtime (3.3b), SRC is as fast as or faster
than all existing MPO–MPS multiplication algorithms; see section 4 for a description of
other MPO–MPS multiplication algorithms and a runtime comparison with SRC.
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3.6 Extension: Linear combinations of MPO–MPS products
As an extension, this algorithm can also be used to form a compressed representation of a
linear combination of MPO–MPS products:

jηi �
tX

i=1
αHi jψ i i.

At each phase of the algorithm, we compute a “local” Y (j)
i tensor separately for each

term, and compute the global Y (j) =
P t
i=1 αiY

(j)
i as a linear combination. The global

Y (j) = η (j) � R(j) tensor is then split using a QR factorization, and we use the same η(j)

to define a local tensor B(j�1)
i = (η (j) )yB

(j)
i for each term. We conclude the algorithm by

setting η(1) :=
P t
i=1 αiB

(1)
i . This randomized algorithm for compressing sums of MPO–

MPS products is similar to the algorithm for compressing sums of MPSs in [51].

3.7 Limitation: Physical symmetries
In physical problems, MPOs and MPSs often obey group symmetry relations associated
with physical conservation laws (e.g., symmetry under the group U (1) arises from particle-
number conservation). When symmetry is present, it can be built into the tensor network
representation by requiring that the constituent tensors ψ(1) , . . . , ψ(n) or H (1) , . . . ,H (n)

have a prescribed block-sparsity structure; see [55,56] for details.
Unlike several other compressed contraction algorithms, the SRC algorithm presented in

this paper is not symmetry-preserving: The intermediate tensors C(i) and S(i) computed
by the algorithm do not possess sparsity structure, and the algorithm does not ensure
the compressed output jηi has the appropriate block-sparsity structure. (The algorithm
can, however, exploit sparsity of the constituent tensors by using sparse tensor formats
to perform intermediate contractions in the algorithm.) Investigating whether the SRC
algorithm can be modified to respect symmetries is a natural subject for future research.

4 Existing MPO–MPS product methods
Existing methods for the MPO–MPS product can be divided into three groups: contract-
then-compress methods, optimization methods, and explicit construction algorithms. We
review each of these classes of algorithms in turn.

4.1 Contract-then-compress methods
Contract then compress methods work by first contracting the MPO–MPS product exactly
as an MPS of bond dimension Dχ, followed by a compression step to truncate the bond
dimension:

=

�
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For the second step, any MPS truncation algorithm can be used, leading to different
variants of the contract-then-compress method. We review these variants here.

4.1.1 Basic contract-then-compress

The simplest contract-then-compress method uses the standard SVD-based MPS compres-
sion algorithm (see, e.g., [34, Alg. 2]). This scheme is known to produce a near-optimal
MPS approximation to H jψi [34, Cor. 2.4 and sec. 3], but it is slow, requiring

O(n � [dD 3χ3 + d 2D2χ2]) operations

since it requires converting H jψi to canonical form prior to compression. Basic contract-
then-compress is typically about D2 times slower than the SRC, in view of (3.3b).

4.1.2 Randomized contract-then-compress

The contract-than-compress method can be improved by using a randomized MPS com-
pression method [51]. Randomized contract-then-compress differs from the randomized
method introduced in this paper in that it first represents H jψi exactly as an MPS and
then compresses this MPS; by contrast, our algorithm avoids ever working with the exact
MPS form of H jψi, resulting in a faster algorithm.

The paper [51] presents three different randomized MPS compression algorithms; for the
purpose of this paper, we consider their randomize-then-orthogonalize method [51, Alg. 3.2].
Using this method, randomized contract-then-compress has a runtime of

O(n � [dD 2χ2χ + d 2D2χ2]) operations.

This improves on the basic contract-then-compress method, but is still typically a factor
D times slower than SRC. Similar to SRC, randomized contract-then-compress is typically
a constant factor less accurate than the basic contract-then-compress method. At present,
randomized contract-then-compress is limited to the setting where the output bond dimen-
sion χ is provided as an input to the algorithm (i.e., not determined adaptively).

4.1.3 Variational contract-then-compress

A third possible implementation of contract-then-compress uses variational compression
to compress the MPO–MPS product H jψi. Variational MPS is a cyclic minimization algo-
rithm that attempts to minimize the error kjϕi � jηik F of approximating a provided MPS
jϕi by an MPS jηi of smaller dimension; see [57, §4.5.2] and [23, §2.6.2] for details. As with
DMRG (and fitting, below), there are one-site and two-site versions of the variational com-
pression method, with the two-site version being somewhat more expensive but adaptive
and more robust. With the two-site procedure, variational contract-then-compress costs

O(n � [d2D2χ2χ]) operations per sweep.

Similar to the fitting algorithm (below), variational MPS can have slow convergence (re-
quiring many sweeps) or fail to converge at all on some examples.

4.2 Optimization methods
Optimization methods treat the MPO–MPS multiplication problem as an optimization
problem

minimize
jηi=MPS(η (1) ,...,η (n) )

kjηi �H jψik 2
F . (4.1)
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Figure 2: (Fitting failure mode). Runtime (left) and relative error (right) of the fitting algorithm,
SRC, and contract-then-compress on the MPO–MPS product between the long range XY Hamiltonian
given in section 5.2 and its groundstate.

Here, the minimum is taken over all MPSs jηi, say, of specified bond dimension χ. There
are two optimization methods, the fitting method and the global optimization method.

4.2.1 Fitting

The fitting method, proposed by Verstraete and Cirac [28], attempts to solve the opti-
mization problem (4.1) by cyclic minimization, iteratively minimizing over each η(i) while
holding the other sites. This site-by-site minimization is performed in alternating sweeps
left-to-right then right-to-left, à la DMRG. See [23, §2.8.2] for details. The fitting method
is distinguished from the variational contract-then-compress method because contract-
then-compress represents H jψi directly as an MPS of bond dimension Dχ, which it then
compresses; the fitting method avoids ever forming the uncompressed MPO–MPS product
H jψi, leading to a fast algorithm.

The basic Verstraete–Cirac fitting method can suffer from slow convergence and does
not admit a natural way to determine the bond dimension of jηi adaptively to meet a
tolerance. To mitigate these issues, Stoudenmire and White [58] proposed a two-site version
of the fitting method which minimizes a pair of sites η(i) , η(i+1) and then splits by SVD,
allowing for adaptive determination of the bond dimension. The relation of one-site and
two-site fitting is analogous to one-site and two-site DMRG. All experiments in this paper
use the two-site fitting algorithm.

On a per-sweep basis, the fitting method is a fast, requiring O
�
n � [dDχχ2 + d 2D2χ2]

�

operations. However, as Stoudenmire and White [58] warn, even the more robust two-site
fitting algorithm can converge slowly or fail to converge at all, particularly for MPOs that
capture long-range interactions. Figure 2 illustrates this behavior for the long range XY
Hamiltonian H used in section 5.2. In this example, we compute the MPO–MPS product
of H with its ground state jψ0i, which, again, was obtained using DMRG2 with tolerance
10�8 . The fitting algorithm is supplied with the ground state jψ0i as the initial guess,
which agrees with the output H jψ0i up to scaling by the energy E 0 6= 0 and numerical
errors. Despite performing 10 sweeps, the fitting algorithm fails to converge, or make any
progress towards solving the problem. We observe the same behavior when we initialize
the fitting algorithm with a random MPS with Gaussian random entries.
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Similar to the fitting algorithm, the DMRG algorithm can also suffer from convergence
to local minima. Researchers have suggested adding random noise [59, 60] or using ran-
domized low-rank approximation algorithms [48] as strategies to avoid this behavior, and
these strategies can also be applied to the fitting algorithm. We have not evaluated these
more sophisticated versions of the fitting algorithm in this paper.

4.2.2 Global optimization

To overcome the shortcomings of cyclic minimization algorithms like fitting, Hauru, Van
Damme, and Haegeman investigates global Riemmanian optimization algorithms for tensor
network problems [61]. In principle, these methods can have a runtime competitive with
other fast MPO–MPS algorithms, but they are relatively complicated to implement. We
are unaware of a publicly available implementation of this method for the MPO–MPS
product.

4.3 Explicit construction methods
The last family of algorithms, explicit construction methods, directly construct an approx-
imate MPO–MPS product without either the initial representation of H jψi as an MPS
of bond dimension Dχ in contract-then-compress or the need to iterate until convergence
required by optimization methods.

4.3.1 Zip-up

The zip-up method was proposed by Stoudenmire and White [58] as an alternative to
the potentially slow convergence of the fitting algorithm. Zip-up begins by left-canonizing
the input MPO and MPS at a cost of O(n � [dD 3 + dχ 3]). Then, it proceeds left-to-right
merging sites of the MPO and MPS, truncating as it proceeds. See [23, §2.8.3], [62, §3.2.2]
for details.

As advantages, the zip-up algorithm has a fast O(n � [dDχχ2 + d 2D2χχ]) runtime
and is a single-shot procedure, immune from the slow or non-convergence than can affect
fitting-type methods. However, zip-up is less accurate than other MPO–MPS algorithm
because the ith truncation step uses information from the first i sites, rather than the full
environment. Describing their experience with the algorithm, Paeckel et al. [23, §2.8.3]
write that the zip-up algorithm is “typically sufficiently accurate and fast” (emphasis ours)
and suggest combining it with a few sweeps of the fitting algorithm to improve accuracy
when necessary. By contrast, SRC is both fast and always achieves near-optimal truncation
using the full environment.

4.3.2 Density matrix

The density matrix algorithm [63, 64] is conceptually similar to the randomized method
developed in this work. In SRC, we construct an MPS approximation jηi to H jψi by
a sequence of randomized QB approximations B(n) = H jψi � η (n) � B (n�1) , B(n�1) �
η(n�1) � B (n�2) , etc.; each B(j) is a matrix unfolding of an appropriate tensor network.
Instead of randomized QB approximation, the density matrix algorithm constructs each
η(j) as the leading eigenvectors of the density matrix ρ(j) := B (j) (B (j) )y.

The density matrix has advantages and disadvantages. Neglecting rounding errors, it
produces an identical output to the contract-then-compress method, thus achieving near-
optimality accuracy. Also, the density method is faster than contract-then-compress and
more reliable than the fitting and zip-up methods.
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Table 1: Simplified operation counts for methods to apply an MPO (bond dimension D) to an MPS
(bond dimension χ). For this table, we assume d = O(1) and D � χ � χ � Dχ; see Table 2 for a
complete operation count that does not make these assumptions.

Method Op. Count (simplified)

Contract-then-compress
� Basic O(nD 3χ3)
� Randomized O(nD 2χ2χ)

Density Matrix O(nD 2χ2χ)
Fitting O(nDχ χ2) per iteration
Zip-up O(nDχχ2)
SRC O(nDχχ2)

The main disadvantage of the density matrix algorithm is speed, being the second
slowest method in Figure 1. SRC is nearly as accurate as the density matrix algorithm and
often much faster. Another issue with the density matrix algorithm is numerical precision.
Forming density matrix B(j) (B (j) )y effectively squares the matrix B(j) , potentially halving
the effective numerical precision. On certain examples, the relative error of the density
matrix can stagnate near 10�8 in double precision (10�4 in single), where other methods
achieve full accuracy (� 10 �16 in double, 10�8 in single). The density matrix algorithm
faces these precision issues only on some examples, achieving full precision on others; we
do not have an explanation for this inconsistency.

4.4 Comparison
In this section, we compare the SRC method to these alternatives and provide guidance
about which algorithm to use. In all experiments, we use real standard Gaussian entries
in random Khatri–Rao products for the SRC algorithm.

4.4.1 Complexity

We first compare the methods based on their operation counts, which are shown in Table 1.
This table displays simplified operation counts where the physical dimension d is treated
as a constant and the bond dimensions are ordered as D � χ � χ; see Table 2 for more
detailed operation counts in terms of all five parameters n, d, χ, D, and χ.

In terms of pure operation count, we see that the randomized and zip-up methods are
fastest followed by density matrix and randomized contract-then-compress, all of which
are faster than basic contract-then-compress. These operation counts are consistent with
the runtime experiments provided in paper. The per-iteration cost of the fitting method
is also comparable to the randomized and zip-up methods, but—as Figure 2 shows—the
fitting method can take many iterations to converge or fail to converge outright for difficult
examples. Finally, we notice that the operation counts of all methods are comparable
when χ � Dχ; therefore, speedups are only possible for MPO–MPS multiplication when a
significant amount of compression is used χ � Dχ.

4.4.2 Comparison experiment 1: Fixed output bond dimension

First, we compare the methods when the output bond dimension χ is fixed by the user.
We use the same problem setup as section 1, where we generate random a random MPS
and MPO with bond dimensions D = χ = 50 across n = 100 sites and uniformly random
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Figure 3: (Fixed bond dimension). Runtime (left) and relative error (right) of several MPO–MPS
multiplication algorithms for a synthetic problem as a function of the output bond dimension χ, as
described in section 4.4.2.

Figure 4: (Accuracy threshold experiment). Runtime (left), relative error (center), and final bond
dimension (right) of several MPO–MPS multiplication algorithms for a synthetic problem as a specified
approximation threshold.

entries [α, 1] with α = �0.5. As in the introduction, we use complex data types and
apply the contract-then-compress method with a machine-precision tolerance to compute
a baseline.

A comparison of existing MPO–MPS methods and SRC is presented in Figure 3 for
a range of requested bond dimensions χ. We implement SRC both as-is and with the
oversampling strategy presented in section 3.4. For this problem, we see that SRC is the
fastest method for all requested output bond dimensions χ and, when run with oversam-
pling, achieves comparable accuracy to contract-then-compress at a faster runtime than
other accurate methods.

4.4.3 Comparison experiment 2: Adaptive determination of bond dimension

Next, we compare the the methods when the bond dimension is determined adaptively to
meet a tolerance; see section C for how to implement SRC in this setting. The runtime be-
havior of the algorithms in this setting is somewhat changed, as the adaptive determination
of bond dimension places a different level of overhead on each algorithm.
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Figure 4 shows the results. For both the density matrix and contract-then-compress
methods, the runtime behavior remains largely unaffected by the requested tolerance. SRC
continues to be the fastest method in this setting, except at large values of the tolerance
parameter where the zip-up method becomes fastest. This speed of zip-up comes with a
cost, with the zip-up method resulting in meaningfully larger bond dimensions than other
algorithms. Therefore, even for high values of the tolerance, SRC (with a final round) may
be preferable to obtain an output of the smallest possible bond dimension, with the zip-up
method being preferable for fast, approximate computations.

4.4.4 Summary of comparison

Both with a fixed bond dimension and with a tolerance, SRC achieves the greatest speed
among the existing methods. When run with oversampling, it achieves comparable accu-
racy to the best method. We believe these experiments support the deployment of the
randomized MPO–MPS multiplication as a method-of-choice in applications.

We conclude with two important caveats and limitations. First, as we already saw,
SRC can be slower than the zip-up method when used with a loose tolerance, though the
zip-up method results in higher bond dimensions. The zip-up method may still be the
method of choice for coarse approximate MPO–MPS multiplication. Second, the speedups
of SRC require having a problem with large MPS and MPO bond dimensions D,χ � 1 and
significant compression of the output bond dimension below its maximum value χ � Dχ.
This makes SRC a powerful tool for physical problems with complicated or long-range
interactions, but it may not be the best tool for simple Hamiltonians of bond dimension
D � 5.

5 Application: Unitary time evolution
To demonstrate the effectiveness of the randomized contraction algorithm, we compare the
performance of several compressed MPO–MPS multiplication algorithms for computing the
unitary time evolution jψ(t)i = e �itH jψ(0)i of an initial state jψ(0)i under the influence
of a Hamiltonian H. Section 5.1 describes the TDVP-GSE algorithm, a leading algorithm
for time evolution that requires compressed MPO–MPS products, and section 5.2 provides
a comparison of different MPO–MPS algorithms for use with this algorithm.

5.1 The time-dependent variational principle with global subspace expansion
The time-dependent variational principle (TDVP) algorithm [65] and its variants are cur-
rently among the best-performing methods for simulating time-evolution. In its basic form
(“TDVP1”), TDVP simulates time evolution by updating individual site of the MPS in
sequential left-to-right, right-to-left sweeps. This basic one-site procedure can have issues
(similar to one-site DMRG), and even two-site versions of TDVP (“TDVP2”, [66, App. 5])
can struggle on difficult examples. To address this issues, Yang and White [27] proposed
an enhancement to TDVP by enriching the state at each time step with a set of global
Krylov vectors. Given a current state jψ(t)i and timestep δ, a single step of Yang and
White’s method proceeds as follows:

1. Generate the Krylov vectors

K = fjψ(t)i, (I � δH)jψ(t)i, . . . , (I � δH) k�1 jψ(t)ig.

Here, k sets the number of the Krylov vectors, which Yang and White recommend
setting to a small value, e.g., k = 3.
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2. Perform basis expansion on the MPS jψ(t)i, increasing its bond rank by incorporating
information from the Krylov space K.

3. Perform a single step of TDVP1 with step size δ.

We refer to [27] for a justification and a description of the basis expansion step. Yang
and White refer to their procedure as global subspace expansion TDVP (GSE-TDVP1). In
our implementation of their method, we use an SVD-based version of the basis expansion
procedure, which differs from but is equivalent to the eigendecomposition-based procedure
presented in [27].

The GSE-TDVP1 method requires (compressed) MPO–MPS products to form the
Krylov space K, and these MPO–MPS products can take up a large fraction of the method’s
runtime depending on the algorithm used. To respond to this, Yang and White recom-
mend using the density matrix algorithm or the fitting algorithm, depending on the bond
dimension of H. In the example documented in next section, we found the density ma-
trix algorithm was too slow and the fitting algorithm was not accurate enough, leading to
an explosion of the bond dimension of jψ(t)i as time evolution progressed. Responding
to these issues, we propose the SRC method as an alternative for computing MPO–MPS
products in GSE-TDVP1.

5.2 Comparison of MPO–MPS methods for GSE-TDVP1
To compare the performance of GSE-TDVP1 with different MPO–MPS methods, we em-
ulate an experiment performed in [66]. This experiment considers an XY model with
power-law interactions

H =
1
2

X

1�i<j�n

J

ji � jj α (X iXj + Y iYj ) with α = 1.5, n = 101.

Here, Xi and Yi denote Pauli matrices acting on the ith site. We construct the initial state
jψ(0)i = e i(π/4)Y dN/2e jψmin i by applying a local operation to the middle site of the ground
state jψmin i. As demonstrated in previous studies, the difference in magnetization

hψ(t) jXi jψ(t)i � hψ min jX i jψmin i (5.1)

between the ground state jψmin i and the time-evolved perturbed state jψ(0)i shows a light
cone emanating from the middle cite i = dN/2e with power law leakage outside the cone.

To simulate this system, we represent H as an MPO using the linear-combination-of-
exponentials method of [67, App] with tolerance 10�8 , and we compute the ground state
jψmin i using DMRG2 with tolerance 10�8 . The bond dimensions of H and jψ(0)i are
D = 26 and χ = 32. Time evolution is performed with GSE-TDVP1 with a time step of
δ = 0.2/J to a final time tJ = 5, and all MPO–MPS products (I � δH)jϕi are truncated
to have the same bond dimension as jϕi. Our purpose in presenting this experiment is
to compare several MPO–MPS methods for use in GSE-TDVP1, not to claim that the
GSE-TDVP1 method is necessary to resolve this particular physical system. (Indeed, the
qualitative features of this model can be resolved even using TDVP1.)

Figure 5 shows the results. The left panel shows that the magnetization difference (5.1)
exhibits a light cone with power law leakage, in concurrence with the results of previous
studies. The middle and right panels show the runtime with various MPO–MPS methods.
(The fitting method yielded very poor accuracy and resulted in a rapid explosion in the
bond dimension during the basis expansion step, so we omit it.) The SRC method is
definitely the fastest, achieving speedups of up to 181� over contract-then-compress, 45�
over density matrix, and 3.2� over zip-up for the Krylov vector construction.

Accepted in Quantum 2025-12-13, click title to verify. Published under CC-BY 4.0. 21



Figure 5: (TDVP unitary time evolution). Left: Magnetization difference (5.1) at each position 1 �
i � 101 and time 0 � tJ � 5 computed by GSE-TDVP1 with randomized MPO–MPS multiplication,
showing a light cone with power law leakage. Middle and right: Total runtime (middle) and runtime
spent during Krylov vector construction (right) for different MPO–MPS methods per timestep.
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A Proof of Theorem 2
We may assume without loss of generality that p = rankA. The column space of the
matrix Y is a subset of the column space of A, and randomized QB approximation is exact
precisely when the column space of these two matrices is the same. Thus, randomized QB
approximation is exact if and only if rank Y = p, which occurs if and only if det(Y yY ) 6= 0,
so that Y yY is nonsingular.

Since Y = A
 and 
 = 
 (1) � � � � � 
 (n) , p(
 (1) , . . . , 
 (n) ) = det(Y yY ) is a polynomial
in the entries of 
 (1) , . . . , 
 (n) . The set of zeros of a nonzero multivariate polynomial is a
null set. (See [68] for a sophisticated generalization of this fact; an elementary argument
is provided in [69].) Therefore, provided p(�) is not identitically zero as a polynomial,
p(
 (1) , . . . , 
 (n) ) = det(Y yY ) 6= 0 with probability one.

To complete the proof, we must furnish matrices 
 (1) , . . . , 
 (n) for which

p(
 (1) , . . . , 
 (n) ) 6= 0.

Since A is rank-p, A contains p linearly independent columns A(:, i1), . . . , A(:, ip). The
matrix 
 =

h
e(i 1 ) � � � e (i p )

i
can be realized as a Khatri–Rao product 
 = 
 (1) �

� � � � 
 (n) , where e(i) denotes the standard basis vector with entries e(i)
j = δ ij . Thus,

p(
 (1) , . . . , 
 (n) ) = det(A(:, fi 1, . . . , ipg)yA(:, fi 1, . . . , ipg)) > 0, completing the proof. �

B Proof of Theorem 3
At first glance, it might seem that Theorem 3 is a trivial consequence of Theorem 2,
which guarantees rank-r QB decomposition is exact with probability one when applied to
a matrix of rank at most r. The weakness in this argument is that SRC uses a common set
of matrices 
 (1) , . . . , 
 (n�1) throughout the algorithm, and the matrix which we applied QB
decomposition at each step depends on previous steps of the algorithm. The dependencies
between the steps of the algorithm could be a potential source of trouble.

Fortunately, this potential concern is not a worry. At each step of the SRC algorithm,
we apply QB decomposition to a matrix representation B(`) of the first ℓ sites of the
MPO–MPS product

B(`) = 2 Cχd�d `�1
.

The right canonical form of an MPS is unique up to unitary transformations along the
bond indices. As such, the B(`) matrix that we apply QB decomposition at each step of
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the algorithm is fixed independent of the randomness in 
 (1) , . . . , 
 (n�1) , up to a potential
unitary transformation on the left. The randomized QB algorithm is unitarily covariant
(i.e., if we apply the algorithm to both A and a unitary transformation U � A with the
same random test matrix, the outputs will be bA and U � bA). Therefore, the randomized
QB decompositions are exact at each step of the algorithm with probability one, so SRC
outputs an exact MPS representation of jηi = H jψi. �

C Implementing SRC with a tolerance
In section 3, we presented a version of SRC where the output bond dimension χ is pro-
vided as an input to the algorithm. This section will describe an adaptive implementation
of SRC that chooses the bond dimension adaptively to meet a tolerance. Section C.1 dis-
cusses error estimation, section C.2 uses the error estimate to implement SRC adaptively,
and section C.3 optimizes the adaptive implementation using QR factorization updating
algorithms.

C.1 Error estimation
Each step of the randomized MPO–MPS multiplication algorithm involves a randomized
QB approximation of the form

B(j) � η (j) (η (j) )yB(j) .

Even the first step of the algorithm has this form, with B(n) := H jψi. When H jψi is
exactly representable as an MPS of the specified bond dimension χ, this randomized QB
approximation is exact with probability one, but this is typically not the case in practice.
Thus, in order to choose the appropriate bond dimension χ, it is important to understand
the error of the approximation




 B(j) � η (j) (η (j) )yB(j)





F
.

For this purpose, we will employ the leave-one-out error estimator [70].

C.1.1 Leave-one-out error estimation: Matrix case

Let us first introduce the leave-one-out error estimator in the matrix context. To compute
a QB approximation of a matrix A 2 CM �N , we draw a Gaussian or Khatri–Rao random
matrix 
 2 C N �p , apply A to 
, and compute a QR factorization

A
 = QR.

The QB approximation of rank p then takes the form

bA = QQ yA. (C.1)

The root mean-square error of the approximation is

Err p :=
�
E

h
kA � bAk2

F

i� 1/2
.

We write a subscript p to indicate the rank of the approximation p = rank bA.
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Surprisingly, the QR factorization (C.1) already contains enough information to com-
pute an estimate of the error Err p. First, compute the inverse-adjoint of the matrix R:

G := R �y =
h
g1 � � � gp

i
.

The leave-one-out estimate for the root-mean-square error is

dErr :=
 

1
p

pX

i=1
kgik�2

! 1/2

.

For an explanation of the name “leave-one-out estimate”, intuition for why dErr � Err p,
and empirical evaluation of this estimator for matrix QB approximation, see [70]. The
leave-one-out mean-square error estimate satisfies the following guarantee:

Theorem 4 (Leave-one-out error estimation). Let 
 2 C N �p be a random matrix
with independent columns ω1, . . . , ωp satisfying the isotropy condition E[ωiω

y
i ] = I, such as

a standard Gaussian matrix or Khatri–Rao product of standard Gaussian matrices. Then,
with the prevailing notation,

E
h
dErr 2

i
= Err 2

p�1 � Err 2
p.

That is, dErr 2 is a statistically unbiased estimate for the mean-square error Err2p�1 of the
rank-(p � 1) randomized QB approximation. Consequently, dErr 2 is an overestimate for
Err 2

p, on average.

The leave-one-out error estimate is useful because it provides a quick estimate of the
error kA � bAkF of randomized QB approximation. Indeed, computing this estimate just
requires inverting the small p � p matrix R y and computing the norms of its columns. The
leave-one-out error estimate only costs a measly O(p3) operations to compute, dwarfed
by the 
(Mp 2) cost of computing and orthogonalizing A
. The estimator is slightly
conservative, typically overestimating MSEp by a small amount on average.

C.1.2 Leave-one-out error estimation: SRC algorithm

The leave-one-out error estimate can directly be used in the randomized MPO–MPS mul-
tiplication algorithm to estimate the error at each step of the algorithm. Simply compute
the inverse-adjoint of R(j) and compute the leave-one-out mean-square error estimate:

G(j) =
�
R(j)

� �y
=

h
g

(j)
1 � � � g

(j)
χ

i
, dErr (j) :=

0

@1
χ

χX

i=1




 g(j)
i





�2

1

A
1/2

. (C.2)

This serves as a drop-in estimate for the error incurred in the current step of the algorithm:

dErr (j) �



 B(j) � η (j) �B (j�1)





F
.

C.1.3 Norm estimation

In order to implement MPO–MPS truncation adaptively, we will also need access to an
estimate of the norm




 B(j)





F
. This can be achieved by the use of another stochastic

estimate
\Norm :=

1
p
χ




 Y (j)





F
=

1
p
χ




 R(j)





F
. (C.3)
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This is an instance of the Girard–Hutchinson norm estimator, closely related to the Girard–
Hutchinson trace estimator [40, §4]. In particular, we have the following standard guarantee
[40, §4.8]:

Proposition 5 (Norm estimation). Under the hypotheses of Theorem 4, the squared
norm estimate \Norm2 is a statistically unbiased estimate for




 B(j)





2

F
. That is,

E
�

\Norm
2
�

=



 B(j)





2

F
.

Moreover, the variance of the estimator \Norm
2

decays at a rate O(1/χ).

C.2 Adaptive determination of bond dimension
Using the leave-one-out error estimate (C.2) and norm estimate (C.3), we can adaptively
choose the dimension χ adaptively for each bond in the output MPS using a tolerance.
Let τabs and τrel be absolute and relative tolerances, and let χ0 and � χ be a user-specified
minimum bond dimension and increment. Begin each step j of SRC using the minimum
bond dimension χ0, obtaining a jth site tensor η(j) . Then, do the following steps:

1. Error estimation. Compute the error estimate dErr (j) and the norm estimate \Norm.

2. Check tolerance. Check whether dErr (j) � τ abs + τ rel � \Norm. If yes, then exist this
loop and continue the algorithm; otherwise, proceed to step 3.

3. Increase bond dimension. Increase χ by the increment � χ .

4. Update random matrix and intermediate tensors. If χ is larger than the number of
columns in 
 (1:j�1) , then append columns to 
 (1:j�1) until it has χ in total. Update
the intermediate tensors C(1) , . . . , C(j�1) .

5. Update randomized QB approximation. Compute the additional columns � χ of Y (j)

using the (possibly updated) intermediate tensor C(j�1) . Recompute (or update, see
section C.3) the QR factorization of Y (j) . Go to step 1.

When implemented using QR updating rather recomputation from scratch, as described
in the next section, this adaptive version of the MPO–MPS multiplication algorithm has
the same time complexity as reported in section 3.5. In our experiments in section 4.4.3,
we use parameters χ0 = 2, � χ = 3, and use only a relative tolerance (setting τ abs = 0). To
implement with oversampling, we set the relative tolerance to be 0.1 times the requested
tolerance and run a final truncation with the requested tolerance.

C.3 Final optimization: Updating the QR factorization
In the adaptive MPO–MPS multiplication algorithm (section C.2), we continue to accu-
mulate “columns” in the 2- or 3-tensor Y (j) until a tolerance is satisfied. Recomputing a
QR factorization each time we do this is computationally expensive, and we can make the
algorithm more efficient by instead updating the QR factorization to include new columns.
This material is standard but perhaps not well-known, so we provide a brief discussion.

The simplest—but not most numerically stable—way of updating the QR decomposi-
tion is through the block Gram–Schmidt process. To simplify notation, drop the superscript
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Table 2: Operation counts for methods to apply an MPO (bond dimension D) to an MPS (bond
dimension χ), both of n sites and physical dimension d, and truncate the output to bond dimension χ.

Method Operation Count

Contract-then-compress
� Basic O(n � dD 2χ2[Dχ + d])
� Randomized O(n � dD 2χ2[d + χ])

Density Matrix O(n � [dDχ(Dχ 2 + dD 2χ +Dχχ + d χ2) + d 3χ3])
Fitting O

�
n � [dDχχ2 + d 2D2χ2]

�
per iteration

Zip-up O(n � d 2Dχχ[D + χ])
SRC O(n � dDχχ(χ + χ + dD))

Y = Y (j) and let Y 0 be a set of new columns being appended to Y = QR. To update the
QR factorization, first orthogonalize the new columns Y 0 against Q:

Z := Y �QR 0, R0 = Q yY 0.

Then, compute a QR factorization Z = Q 0R00. This results in a QR factorization of the full
matrix Y with the appended columns

h
Y Y 0

i
=

h
Q Q0

i "
R R0

0 R00

#

.

We have suceeded at updating the QR factorization with the addition of new columns. A
similar procedure based on Householder QR factorization is more numerically stable and
is preferable. We use the Householder-based procedure in our code.

Another matrix that must be updated to implement the adaptive MPO–MPS multi-
plication algorithm efficiently is the matrix G used in error estimation (C.2). Again using
our superscript-less notation, we begin with G = R �y and with to update G to

G0 =
"
R R0

0 R00

#�y

.

To do so, invoke the standard formula for the inverse of a block two-by-two matrix, ob-
taining

G0 =
"

R�y 0
�(R 00) �y (R0)yR�y (R00) �y

#

=
"

G 0
�(R 00) �y (R0)yG (R00) �y

#

.

We recognize the original G matrix in the top left corner of this matrix. To finish
the formula for G0, we just need to compute (R00)y and form the matrix triple product
�((R 00) �y (R0)y)G. Since R00is a small � χ � � χ matrix, this is efficient to do.

D Full operation counts
Full operation counts for the methods in terms of all five parameters n, d, χ, D, and χ are
presented in Table 2. For simplified operation counts, see Table 1.
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