XTRACE: MAKING THE MOST OF EVERY SAMPLE
IN STOCHASTIC TRACE ESTIMATION*
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Abstract. The implicit trace estimation problem asks for an approximation of the trace of a square matrix,
accessed via matrix-vector products (matvecs). This paper designs new randomized algorithms, XTRACE and
XNYSTRACE, for the trace estimation problem by exploiting both variance reduction and the exchangeability
principle. For a fixed budget of matvecs, numerical experiments show that the new methods can achieve errors
that are orders of magnitude smaller than existing algorithms, such as the Girard-Hutchinson estimator or the
HuUTCH++ estimator. A theoretical analysis confirms the benefits by offering a precise description of the per-
formance of these algorithms as a function of the spectrum of the input matrix. The paper also develops an
exchangeable estimator, XDIAG, for approximating the diagonal of a square matrix using matvecs.
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1. Introduction. Over the past three decades, researchers have developed random-
ized algorithms for linear algebra problems such as trace estimation [14, 19, 26], low-rank
approximation [15], and over-determined least squares [3, 30]. Many of these algorithms
collect information by judicious random sampling of the problem data. As a consequence,
we can design better algorithms using techniques from the theory of statistical estimation,
such as variance reduction and the exchangeability principle. This paper explores how the
exchangeability principle leads to faster randomized algorithms for trace estimation.

Suppose that we wish to compute a quantity Q(A) associated with a matrix A. A typical
randomized algorithm might proceed as follows.

1. Collect information about the matrix A by computing matrix—vector products
Awy, ..., Aw with random test vectors wy,...,®y.
2. Form an estimate of Q(A) from the samples Aw1,..., Awy.
The question arises: Given the data Aws,..., Awy, what is an optimal estimator for Q(A)?
One property an optimal estimator must obey is the exchangeability principle:

Exchangeability principle: If the test vectors w;,...,wy are exchangeable, the
minimume-variance unbiased estimator for Q(A) is always a symmetric function
ofwy,...,wg.
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“Exchangeability” means that the family (w;, ..., ) has the same distribution as the per-
muted family (w1, ..., Wq k) for every permutation o in the symmetric group Sg. In par-
ticular, an independent and identically distributed (iid) family is exchangeable.

The implication of the exchangeability principle is that our estimators should be sym-
metric functions of the samples, whenever possible. This idea is attributed to Halmos [16],
and it plays a central role in the theory of U-statistics [21].

This paper will demonstrate that the exchangeability principle can lead to new ran-
domized algorithms for linear algebra problems. As a case study, we will explore the prob-
lem of implicit trace estimation:

Implicit trace estimation problem: Given access to a square matrix A via the
matrix-vector product (matvec) operation w — Aw, estimate the trace of A.

Trace estimation plays a role in a wide range of areas, including computational statistics,
statistical mechanics, and network analysis. See the survey [35] for more applications.

As we will see, it is natural to design randomized algorithms for trace estimation that
use matvecs between the input matrix and random test vectors. At present, the state-of-
the-art trace estimators do not satisfy the exchangeability principle. By pursuing this in-
sight, we will develop better trace estimators. Given a fixed budget of matvecs, the new
algorithms can reduce the variance of the trace estimate by several orders of magnitude.
This case study highlights the importance of enforcing exchangeability in design of ran-
domized algorithms.

1.1. Stochastic trace estimators. In this section, we outline the classic approach to
randomized trace estimation based on Monte Carlo approximation. Then we introduce a
more modern approach that incorporates a variance reduction strategy.

1.1.1. The Girard-Hutchinson estimator. The first randomized algorithm for trace
estimation was proposed by Girard [14] and extended by Hutchinson [19].
Let Ae RV*N be a square input matrix. Consider an isotropic random vector w € RV

(1.1) Elww*] =1
For example, we may take a random sign vector w ~ UNIFORM{+1}"V. By isotropy,
Flw* (Aw)] = tr A.

The symbol * denotes the transpose. This relation suggests a Monte Carlo method.
Accordingly, the Girard—Hutchinson trace estimator takes the form

m

~ 1 " .
(1.2) trgg == — Z w}k (Aw;) where the w; are iid copies of w.

mi=1

This estimator is exchangeable, and it is unbiased: E [trgy| = tr A. We can measure the
quality of the estimator using the variance, Var [trgy |. The variance depends on the matrix
A and the distribution of w, but it converges to zero at the Monte Carlo rate ©(m ') as we
increase the number m of samples. See the survey [25, §4] for more discussion.

1.1.2. The HUTCH++ estimator. To improve on the Girard-Hutchinson estimator,
several papers [12, 23, 26, 31] have advocated variance reduction techniques. The key idea
is to form a low-rank approximation of the input matrix. We can compute the trace of the
approximation exactly (as a control variate), so we only need to estimate the trace of the
residual. This approach can attain lower variance than the Monte Carlo method.

DRAFT



XTRACE FOR STOCHASTIC TRACE ESTIMATION 3

Algorithm 1.1 HUTCH++ [26]
RNXN

Input: Matrix A€ and number m of matvecs, where m is divisible by 3
Output: Trace estimate {r = tr A

1: Draw iid isotropic ,...,w2;,/3 € RN > For example, w; ~ UNIFORM{+1}V
2 Y —Alwmnsza - @ms) > Use matvecs
3. Q — orth(Y)

4 G—[w - ou3]-QQ [wr - wpys]

5. fr — tr(Q*(AQ)) + (m/3)" ! r(G* (AG)) > Use matvecs

The HUTCH++ estimator of Meyer, Musco, Musco, and Woodruff [26] crystallizes the
variance reduction strategy. Let A € RVN*YN be a square input matrix. Given a fixed budget
of m matvecs, with m divisible by 3, HUTCH++ proceeds as follows:

1. Sampleiid isotropic vectors wy,...,w2,/3 € RN asin (1.1).
2. SketchY = A[@mi3+1 @mz+2 -+ @am3]

3. Orthonormalize Q = orth(Y).

4. Output the estimate

R 1 m/3
(13) e =0Q(AQ) + —— ) 0] 1-QQ)(AT-QQ")w))
i=1

See Algorithm 1.1 for efficient HUTCH++ pseudocode.

To illustrate how HUTCH++ takes advantage of low-rank approximation, we first ob-
serve that A = QQ* Ais alow-rank approximation of the matrix A. Indeed, the matrix A co-
incides with the randomized SVD [15] formed from the test matrix [wm/3+1 e me/3] .
HuTCH++ computes the trace of the low-rank approximation, which is

trA=1tr(QQ*A) =tr(Q* AQ).

Afterward, HUTCH++ applies the Girard—Hutchinson estimator to estimate the trace of the
residual

tr(A- 4) = tr((1- QQ") A) = tr((1- QQ") A - QQ")).

Like the Girard—-Hutchinson trace estimator, the HUTCH++ estimator is unbiased. In con-
trast to the ©®(m™!) variance of Girard—-Hutchinson, the variance of HUTCH++ is no greater
than @(m~2). In practice, the reduction in variance is conspicuous. On the other hand,
the HUTCH++ estimator violates the exchangeability principle, so we recognize an oppor-
tunity to design a better algorithm.

1.2. New exchangeable trace estimators. The HUTCH++ estimator is not exchange-
able because it uses some test vectors to perform low-rank approximation, while it uses
other test vectors to estimate the trace of the residual. Although it might seem natural to
symmetrize HUTCH++ over all splits of the test vectors, this approach is both wasteful and
computationally infeasible.

Instead, we will develop a new family of exchangeable trace estimators that make the
most out of every test vector. We will use all of the test vectors for low-rank approximation,
and we will use all of the test vectors for estimating the trace of the residual. The key to this
strategy is a leave-one-out technique that can be implemented at the same computational
cost as HUTCH++. This innovation can reduce the variance by several orders of magnitude.
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Algorithm 1.2 XTRACE: Naive implementation

Input: Matrix A € RV*N and number m of matvecs, where m is even

Output: Trace estimate fr = tr A and error estimate 61t = |{r — tr A|

1: Draw iid isotropic wy, ..., ;2 € RN > See subsection 2.3
2 Y—Alwr - ompe] > Use matvecs
3. fori=1,2,3,...,m/2do

4: Q) —orth(Y_;) > Remove ith column of Y
5. —tr(Qf, (AQ(i))) +of(I- Q(i)Q;)) (A(1- Q,Q;;))w; > Use matvecs
6: end for

7. = (m/2)" Y2

8: € — ((m/2)(m/2- 1)~ L M2 ({r; - tn)?

=1

1.2.1. The XTRACE estimator. Our first method, called XTRACE, is an exchangeable
trace estimator designed for general square matrices. It computes a family of variance-
reduced trace estimators. Each estimator uses all but one test vector to form a low-rank
approximation, and it uses the remaining test vector to estimate the trace of the residual.
XTRACE then averages the basic estimators together to obtain an exchangeable trace esti-
mator.

Let us give a more detailed description. Fix a square input matrix A € RV*N, The
parameter m is the number of matvecs, where m is an even number. Draw an iid family
®1,..., 0y €RY of isotropic test vectors, and define the test matrix

Q:[an wr? W3 ... wm/z].
Construct the orthonormal matrices
(1.4) Q) =orth(AQ_;) foreachi=1,...,m/2,

where Q_; is the test matrix with the ith column removed. Compute the basic trace esti-
mators

1.5 =t(Qf)(AQ ;) +wi (I-Q;, Q) (A1- Q) Q[ )w;) fori=1,...,m/2.
The XTRACE estimator averages these basic estimators:

mi2
1.6 frx=— Y ;.
(1.6) X mlzi;l

The XTRACE method gives an unbiased, exchangeable estimate for the trace. Theorem 1.1
provides a detailed prior bound for the variance. We can also obtain a posterior estimate
for the error using the formula

) 1 m/2 R ~
eIty = —————— ) (tr; —trx)”.

X (mi2)(mi2—1) ,:ZI X

Subsection 3.1 contains further discussion of the error estimate.

This procedure requires exactly m matvecs with the input matrix A. See Algorithm 1.2
for direct XTRACE pseudocode. With careful attention to the linear algebra, we can develop
an implementation whose computational cost is comparable with a single estimator of the
form (1.5); see subsection 2.1 for details.
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Algorithm 1.3 XNYSTRACE: Naive implementation
[RNX N

Input: Psd matrix A€ and number m of matvecs
Output: Trace estimate fr = tr A and error estimate 61t = |{r — tr A|

1: Draw iid isotropic wy,...,®;, € RN > See subsection 2.3
2 Q—[w ... wy

3 Y —AQ > Use matvecs
4: fori=1,2,3,..., mdo

5: A; — Yﬁi(ﬂfl.Yfi)TYfi > Remove ith column of Y and Q
6 1 <—trﬁi+w;‘((A—ﬁ,-)wi) > Use matvecs
7: end for

8 fr— m_lzyilfri

9: €’ — (m(m—-1)"' L2, ({r; — >

1.2.2. The XNYSTRACE estimator. Our second method, called XNYSTRACE, is an ex-
changeable trace estimator designed for positive-semidefinite (psd) matrices. Rather than
using a randomized SVD to reduce the variance, this estimator uses a Nystrém approxi-
mation [25, §14] of the psd matrix A € RN*N Thisg approximation takes the form

(1.7 AX) = AX(X*AX)'(AX)* for a test matrix X € RV*K,

The Nystrom method requires only k matvecs to compute a rank-k approximation, while
the randomized SVD requires 2k matvecs.

Let us summarize the XNYSTRACE method. Draw iid isotropic test vectors wy,...,®,
and form the test matrix Q = [w1 . oW m] The basic estimators take the form

(1.8) tr; = tr A(Q_) + o] (A- AQ_))w;) fori=1,...,m.

As usual, Q_; denotes the test matrix with the ith column removed. To obtain the XNYs-
TRACE estimator and an error estimate, we use the formulas
1

m
fr; and efixyi= —— Y (fr; — frxw) %
‘ i XN mm—1) ,ZZI i XN

Mz

~ 1
(1.9) tryn == —
m;

The XNYSTRACE estimator is unbiased and exchangeable. Theorem 1.1 provides a bound
for the variance. See Algorithm 1.3 for naive XNYSTRACE pseudocode and subsection 2.2
for a more efficient approach.

The recent paper [28] describes an estimator called NYSTROM++ that uses a Nystrom
approximation to perform reduced-variance trace estimation. The NYSTROM++ method
violates the exchangeability principle, while XNYSTRACE repairs this weakness.

1.2.3. Stochastic diagonal estimators. As an extension of XTRACE, we also propose
the XDIAG algorithm for estimating the diagonal of an implicitly defined matrix. We will
discuss this approach in subsection 2.4.

1.3. Numerical experiments. To highlight the advantages of the XTRACE and XNYs-
TRACE estimators, we present some motivating numerical experiments. Section 4 contains
further numerical work.

1.3.1. Exploiting spectral decay. Our first experiment uses a synthetic input matrix
to illustrate how the exchangeable estimators wring more information out of the samples.
We apply several trace estimators to a psd matrix with exponentially decreasing eigen-
values; see subsection 4.1 for the details of the matrix. Figure 1 reports the average error

DRAFT



6 E. N. EPPERLY, J. A. TROPP, AND R. ]J. WEBBER

1 00 T T T T T
H"‘—.*O—O—H—o—o—.—._._._o
—
o
=) 5|
g 10 —e— Hutch
g Hutch++
= —— XTrace
;E —A— XNysTrace
S
g 10710}
3
P
10715t 3

0 50 100 150 200 250 300
Matrix—vector products m

Fig. 1: Exploiting spectral decay. Average error of trace estimators applied to a (synthetic)
psd matrix with exponentially decreasing eigenvalues. See subsection 1.3.1.

over 1000 trials. The Girard—Hutchinson estimator (HUTCH) converges at the Monte Carlo
rate, whereas the newer estimators all converge much faster. This improvement comes
from variance reduction techniques that exploit the spectral decay. Observe that XTRACE
and XNYSTRACE converge exponentially fast at 1.5x and 3x the rate of HUTCH++, until
reaching machine precision. For a fixed budget of m matvecs, XTRACE and XNYSTRACE
can reduce the error by several orders of magnitude compared to HUTCH++. Strikingly,
the reduction in variance from enforcing exchangeability is almost as significant as the
reduction in variance from using a low-rank approximation as a control variate.

1.3.2. Computing partition functions. Our second experiment shows how the ad-
vantages of using exchangeable estimators persist in a scientific application.

We apply several trace estimators to compute the partition function for a quantum
system

Z(P) :=trexp(—BH),

where H is a symmetric Hamiltonian matrix and § > 0 is an inverse temperature. Specifi-
cally, we consider the Hamiltonian matrix H for the tranverse-field Ising model on 18 sites,
which has dimension N = 2'® = 262144. See subsection 4.3 for details on the matrix H and
the partition function Z (). To evaluate matvecs with exp(—H), we can use the code of
Higham [18] that implements an adaptive polynomial approximation [2].

Figure 2 reports the mean estimation error over 100 trials. With just m = 10 matvecs,
all the variance-reduced methods achieve errors that are 5 orders of magnitude smaller
than the Girard-Hutchinson estimator. Furthermore, XTRACE and XNYSTRACE are faster
and more precise than HUTCH++. For example, with m = 40 matvecs, XTRACE is 240x
more accurate, and XNYSTRACE is 2400 x more accurate.

1.4. Theoretical guarantees. To explain the excellent performance of the exchange-
able estimators, we establish detailed theoretical guarantees. For theoretical convenience,
our analysis uses standard normal test vectors. As a consequence, we can deliver explicit
constants that allow us to make meaningful comparisons among the methods.

THEOREM 1.1 (Variance bounds). Let A€ RV*N peq square matrix. Fix the number
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Fig. 2: Computing a partition function. Average error of trace estimators applied to the
partition function of the transverse-field Ising model. See subsection 1.3.2.

of matvecs: m = 8. The HUTCH++, XTRACE, and XNYSTRACE estimators are unbiased esti-
mators of the trace. With standard normal test vectors @ ~ NORMAL(0,I), these estimators
satisfy the variance bounds

A-[A
(E|frpges —tra]) 2 < m}gz(\/i”/“—“f'“:);
rsmi3- vmi3-r-1

1/2 lA-LA] IIA—[[A]]rIIF)
[Etr trA <ym min +2e ;
| x= | r<mi2— 4( vVmi2—r—3 mi2—-r-3

(\/—IIA (Al V3 IA-[Alllr o lA- LAl )
™S -r=>5 (m—r—-5)3/2 (m—r—5)?

[E|trXN - trA| 1/2

These formulas involve the Frobenius norm ||-|g, the spectral norm |||, and the trace norm
lI-Il.«. The matrix [Al, is a simultaneous best rank-r approximation of A in these norms.

In addition, for each of these three methods, it suffices to use m = 0 (n‘l/ 2) matvecs to
achieve the variance bound

(1.10) Var(ft] = E[[tr—trA]*] <nllAI?  forne(0,1).

The proof of Theorem 1.1 appears in section 5.

As the number m of matvecs increases, Theorem 1.1 ensures that the variance of
XTRACE, XNYSTRACE, and HUTCH++ decreases at a rate of @ (1/m?). Therefore, these al-
gorithms are all superior to the Girard—-Hutchinson estimator, whose variance decreases at
the Monte Carlo rate ©(1/m).

Theorem 1.1 also demonstrates the advantage of XTRACE and XNYSTRACE for ma-
trices whose singular values decay rapidly. This benefit is visible from the error bounds
because they allow for larger values r of the approximation rank. As an example, consider
a psd matrix A whose eigenvalues have exponential decay with rate a € (0,1) :

Ai(A)<a’ fori=1,2,3,....
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The errors of HUTCH++, XTRACE, and XNYSTRACE decay like

(E|ftges —ra)? < Ci@a™?;
(E|trx - trA|2)1/2 < VmCy(a) a"'?;
(E|txn -trA]))"? < mCi@a™.
For this class of matrix, XTRACE converges exponentially fast at 1.5x the rate of HUTCH++,
and XNYSTRACE converges exponentially fast at 3x the rate of HuTCH++. This is precisely
the behavior we observe in Figure 1.

1.5. Benefits. In summary, the XTRACE and XNYSTRACE estimators have several de-
sirable features as compared with previous approaches.

1. Higher accuracy: For a fixed budget of m matvecs, XTRACE and XNYSTRACE often
yield errors that are orders of magnitude smaller than HUTCH++.

2. Efficient algorithms: We have designed optimized implementations of XTRACE
and XNYSTRACE that only require m matvecs plus @ (m? N) arithmetic operations,
which is the same computational cost as HUTCH++.

3. Error estimation: We can equip the XTRACE and XNYSTRACE estimators with re-
liable error estimates.

Altogether, these benefits make a compelling case that XTRACE and XNYSTRACE should be
the algorithms of choice for trace estimation.

1.6. A brief history of stochastic trace estimation. Girard wrote the first paper [14]
on stochastic trace estimation, in which he proposed the estimator (1.2) with test vectors
drawn uniformly from a Euclidean sphere. His goal was to develop an efficient way to
perform generalized cross-validation for smoothing splines. Hutchinson [19] suggested
using random sign vectors instead: @ ~ UNIFORM{£1}". See [25, §4] for further details.

In the last five years, researchers have developed far more efficient methods for trace
estimation by incorporating variance reduction techniques. In 2017, Saibaba, Alexande-
rian, and Ipsen [31] proposed a biased estimator that outputs the trace of a low-rank ap-
proximation as a surrogate for tr A. Around the same time, Gambhir, Stathopoulos, and
Orginos [12] proposed a hybrid estimator, similar to HUTCH++, that outputs the trace of a
low-rank approximation, tr A, plus a Girard-Hutchinson estimate for tr(A — A). The paper
[23] of Lin contains related ideas.

In 2021, Meyer et al. [26] distilled the ideas from [12, 23] to develop the HUTCH++
algorithm. They proved that HUTCH++ satisfies a worst-case variance bound of @ (1/m?).
Meyer et al. also proposed a version of HUTCH++ that needs only a single pass over the
input matrix. The follow-up paper [20] sharpens the analysis of the single-pass algorithm.

Persson, Cortinovis, and Kressner [28] have introduced several refinements to the
HuTcH++ estimator. Their first improvement adaptively apportions test vectors between
approximating the matrix and estimating the trace of the residual in order to meet an er-
ror tolerance. Their second contribution is NYSTROM++, a version of HUTCH++ for psd
matrices that uses Nystrém approximation.

XTrACE and XNYSTRACE build on the previous strategies of variance reduction using
low-rank approximation. However, XTRACE and XNYSTRACE take a step forward by also
enforcing the exchangeability principle. These algorithms push the ideas of HUTCH++ and
NYSTROM++ to their limit by using all the test vectors for low-rank approximation and all
the test vectors for residual trace estimation.

To conclude, let us mention two techniques designed for computing the trace of a
standard matrix function (that is, tr f(A)). First, stochastic Lanczos quadrature [34] ap-
proximates the spectral density of A, from which estimates of tr f(A) for any function f(-)
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are immediately accessible. See [8] for a recent overview of stochastic Lanczos quadrature
and related ideas. As a second approach, when the matvecs w — f(A)w are computed us-
ing a Krylov subspace method [17, §13.2], the paper [7] recommends reuse of the matvecs
from the Krylov subspace method for the purpose of trace estimation.

1.7. Reproducible research. Optimized MATLAB R2022b implementations of our al-
gorithms as well as code to reproduce the experiments in this paper can be found online
at https://github.com/eepperly/XTrace.

1.8. Outline. The balance of the paper is organized as follows. Section 2 describes
efficient implementations for XTRACE, XNYSTRACE, and the diagonal estimator XDIAG.
Section 3 discusses error estimation and adaptive stopping, section 4 presents numerical
experiments, and section 5 proves our theoretical results.

1.9. Notation. Matrices and vectors are denoted by capital and lowercase bold letters.
The ith column of B is expressed as b;, and the (i, j)th entry of B is b; . For amatrix B, we
form a matrix B_; by deleting the ith column from B. Similarly, we form B_;; by deleting
the ith and jth columns. We work with the spectral norm |||, the Frobenius norm |-||g, and
the tracenorm |-|| .. The symbol [B], denotes a (simultaneous) best rank-r approximation
of B with respect to any unitarily invariant norm.

2. Efficient implementation of exchangeable trace estimators. This section works
through some issues that arise in the implementation of the XTRACE and XNYSTRACE es-
timators. Subsections 2.1 and 2.2 show how to implement the new estimators efficiently
using insights from numerical linear algebra. Subsection 2.3 discusses a method of renor-
malizing the test vectors that improves the accuracy of XTRACE and XNYSTRACE. Subsec-
tion 2.4 develops the XDIAG estimator.

2.1. Computing XTRACE. In this section, we develop an efficient implementation of
the XTRACE estimator from subsection 1.2.1. Recall that A € RV*V is a general square
matrix, and introduce the test matrix @ = [@; ... @p2] € RV,

First, we form the matrix product AQ and compute the orthogonal decomposition
AQ = QR. Following [10, App. A], we make the critical observation that the basis matrix
Q ;) = orth(A€Q_;) is related to the full basis matrix Q by a rank-one update:

2.1 Q,Q = Q(I-s;s7)Q* where R’;s;=0 and |s;l,, =1.

Thus, the rank-one update requires a unit vector s; € RY in the null space of R* Py
Let us exhibit an efficient algorithm that simultaneously computes all the vectors s;
for 1 <i < m/2. We argue that the matrix § = [81 Sm/z] can be represented as

(2.2) S=(R*)"'D,

where the diagonal matrix D enforces the normalization of the columns of S. Indeed,
since R* S = D is diagonal, the ith column of R* l.S is the zero vector. We reach the desired
conclusion R*;s; =0.

In summary, given the full basis Q, we can use (2.2) to compute all the vectors s;
needed to construct the orthogonal projectors Q(l.)QE‘l.) for 1 =i < m/2 appearing in (2.1).
This calculation requires just @ (m?3) operations, which is dominated by the cost of solving
m/2 triangular linear systems. It follows that the XTRACE estimator can be computed in
just @(m? N) operations, which is the same asymptotic cost as HUTCH++. For full details,
see the efficient MATLAB implementation in the supplementary materials Program SM2.1.
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2.2. Computing XNYSTRACE. We can design a similar method to compute the XNYs-
TRACE estimator (1.9) efficiently. Let A€ RV*N be a psd matrix and define the test matrix
Q=[w; ... o]

As before, we compute the orthogonal decomposition AQ = QR. We can express the
Nystrém approximation (1.7) in the form

A(Q)=QRH 'R*Q*,

where H = Q* AQ. After deleting the ith column from Q, the resulting Nystrém approxi-
mation satisfies

(2.3) A(Q_;)=QR_HR*,Q",

where H(;) is H upon deletion of its ith row and column. To compute A{Q_;) efficiently,
we recognize that (2.3) can be expressed as a rank-one update:

H‘lel.e;‘H‘1

(2.4) AQ_))=QR|H'-
i=Q e'H'e,

R*Q".

Taking advantage of the rank-one update formula (2.4), we can form the XNYSTRACE es-
timator using just m matvecs and @ (m?N) post-processing operations. An efficient MAT-
LAB implementation appears in the supplementary materials Program SM2.2, which in-
corporates several additional tricks taken from [22, 33] to improve its numerical stability.

2.3. Normalization of test vectors. For the best performance of XTRACE and XNYS-
TRACE, we recommend the following normalization of the test vectors. First, we draw
the test vectors from a spherically symmetric distribution, such as @ ~ NORMAL(0,I). We
use these test vectors to form the matrix Q ;) or Nystrém approximation A(Q_;). Second,
when computing the basic trace estimates, we normalize the test vectors. In XTRACE, we

compute
Bi=(1-QyQ)w; and v;:=/N-rank(Qq)-p;/ || ,,-

To obtain the ith trace estimate, we form
tr; = tr(Q[; (AQ;))) + v (Av,).

For XNYSTRACE, we set

Pyi=orthQ_; and p;:=0-PuPj)w; and v;:=\/N-rank(P)-p;/|pl,,-

Then define the basic trace estimates

fr; .= tr A(Q_;) + v} (Av;).

The normalization removes a source of variance related to the random lengths of the vec-
tors u;, improving the accuracy compared to unnormalized Gaussian test vectors or uni-
form random vectors on the sphere. We compare this normalization approach against
alternative distributions for test vectors in subsection 4.2.

2.4. Diagonal estimation. In the spirit of Girard and Hutchinson, the paper [5] of
Bekas, Kokiopoulou, and Saad (BKS) develops an estimator for the diagonal of an implicit
matrix:

?il w; 0 (Aw;)

(2.5) diagp =
BKS i”ilwiewi
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XTRACE FOR STOCHASTIC TRACE ESTIMATION 11

Here, © denotes the entrywise product and the division is performed entrywise. The recent
paper [4] proposes a biased estimator for the diagonal, called DiAG++, that is inspired by
BKS and HUTCH++.

We have observed that the exchangeability principle leads to an unbiased diagonal
estimator with lower variance. Our diagonal estimator, XDIAG, takes the form

mi2 a),'@(I—Q(i)QZ}))(Awi)

diagy = 2 Zl diag(Q(,-)(QZ})A)) + W;Ow; '
i=

where Q; is defined in (1.4). In contrast to XTRACE, the XDIAG estimator requires mat-
vecs with A* in addition to matvecs with A. The same ideas from subsection 2.1 allow us
to implement XDIAG in @ (m? N) operations; an implementation is provided in the supple-
mentary materials (Program SM2.3).

3. Error estimation and adaptive stopping. Our exchangeable estimators depend on
averaging over a family of basic estimators, and we can reuse the basic estimators to com-
pute a reliable posterior approximation for the error (subsection 3.1). The error estimate
allows us to develop adaptive methods for selecting the number m of matvecs to achieve a
specified error tolerance (subsection 3.2). These refinements are very important for prac-
tical implementations.

3.1. Error estimation. The XTRACE and XNYSTRACE estimators are both formed as
averages of individual trace estimates fr1, ..., {r, where

fri = r(Q() AQp) + 07 (1-Qy Q) A(1- @, Q) C:= (XTRACE);

fi; = tr(A(Q_) + @} (A~ AQ_))w,, ¢:=m  (XNYSTRACE).

B

The scaled variance of the individual trace estimates {r; provides a useful estimate for the
squared error in the trace estimate:

~ 1&
3.1 eti? tr tr(A) —tr|~ where ftr=-) tr;.
3.1 a£DZ|,| ~ |tr(A) - & 42,
The next result contains an analysis of this posterior error estimator.

PROPOSITION 3.1 (Error estimate). The error estimate (3.1) satisfies

1 - Cor(fr, tr -
Eeit? = L) ) -
1+ (¢ —1)Cor(try, trp)

We have written Cor(:,-) for the correlation of two random variables.

The proof and some additional discussion of the correlation Cor(fry, tra) appears in
subsection 5.6. In practice, we find that the individual trace estimators have a small pos-
itive correlation, so we typically underestimate the true error by a small amount. Thus,
the posterior error estimate is a valuable tool. For an illustration, see Figure 5a in subsec-
tion 4.3.

3.2. Adaptive stopping. In practice, we often wish to choose the number m of mat-
vecs adaptively to estimate tr A up to a prescribed accuracy level:

[tr(A) —fr|<e-|trA| foree(0,1).

One simple way to achieve this tolerance is through a doubling strategy:
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To initialize, collect my matvecs Awy, ..., Awy,, and set j < 0.
()

Use Awq,..., Aw m; 10 form a trace estimate &'/’ and an error estimate err/’.

iferr) < g, then stop.

Collect m; additional matvecs Awmj+1,...,Aw2mj. Setj—j+land mj—2m;j_;.
Go to step 2.

The doubling strategy requires at most twice the optimal number of matvecs to meet the
tolerance and maintains the @ (m?N) computational cost of XTRACE and XNYSTRACE. We
implement this approach in our experiments to produce Figure 5b.

Ll S

4. Numerical experiments. This section presents a numerical evaluation of XTRACE,
XNYSTRACE, and XDIAG. Subsection 4.1 compares different trace estimators on synthetic
matrices, subsection 4.2 evaluates XNYSTRACE with different distributions for the test vec-
tors, subsection 4.3 applies XTRACE and XNYSTRACE to computations in quantum statis-
tical physics, and subsection 4.4 applies XDIAG to computations in network science. Code
to reproduce the experiments can be found at https://github.com/eepperly/XTrace.

4.1. Comparison of trace estimators. The first experiment is designed to compare
the accuracy of six trace estimators that each use m matvecs:
o HurtcH: The Girard-Hutchinson estimator (1.2).
e LRA: The Saibaba et al. [31] estimator (without additional subspace iteration):
tr Awhere A = QQ* A and Q = orth(AQ).
e The HUTCH++ estimator (1.3).
¢ The NYSTROM++ estimator [28]. We use the implementation provided by the au-
thors of [28], modified to the test vector @ ~ UNIFORM{+1}¥.
o The XTRACE estimator (1.6).
o The XNYSTRACE estimator (1.9).
To create a fair comparison, we apply all six estimators using a test matrix whose entries
are uniformly random signs: © ~ UNIFORM{+1}N*¢| as was used in HUTCH++. The addi-
tional benefit for XTRACE and XNYSTRACE of using normalized, spherically symmetric test
vectors is explored in subsection 4.2. The supplementary materials (section SM1) contain
additional comparisons with the adaptive HUTCH++ algorithm of [28]; this comparison
requires a more complicated experimental setup.
We apply each of these estimators to randomly generated matrices of the form

A(A) = U diag(M)U”*

where U is a Haar random orthogonal matrix. We use four choices for the eigenvalues A:
e flat: A=(B-2(i-1/(N-1):i=1,2,...,N).
e poly: A= (i2:i=1,2,...,N).
e exp: A=(0.7":i=0,1,...,N-1).
e step:A=(1,...,1,1073,...,107%).
—— N ——
50 times N —50 times R
We fix the matrix dimension N = 1000, and we report the relative error |tr(A) — tr|/ tr(A)
averaged over 1000 trials.

Discussion. The variance-reduced trace estimators dramatically outperform HUTCH,
except on the flat instance (Figure 3a). The implication is that HUTCH only makes sense
when estimating the trace of a matrix with a nearly flat spectrum. For the f1lat instance,
the performance of LRA is especially poor because LRA is a biased estimator that substan-
tially underestimates the trace.

Across all the instances, XTRACE produces smaller errors than HUTCH++, sometimes
by orders of magnitude. For the exp instance (Figure 3c), the error of XTRACE decays expo-
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Fig. 3: Synthetic instances. Average relative error of trace estimators for matrices with
particular spectral profiles using random sign test vectors. See subsection 4.1 and Figure 4.

nentially fast at a rate 1.5x faster than HUTCH++. The superiority of XTRACE is also visible
for the step instance (Figure 3d) where XTRACE achieves accuracy 10~* with just m =~ 120
matvecs, as compared to m = 160 for HUTCH++.

XNYSTRACE is frequently the most accurate of the trace estimation methods. For the
exp instance (Figure 3c), XNYSTRACE converges at a rate 2x faster than XTRACE and NYs-
TROM++ and 3x faster than HuTCH++. However, XNYSTRACE (and NYSTROM++) can ex-
hibit poor performance for matrices that possess a long tail of slowly decreasing eigenval-
ues (see the step instance in Figure 3d). To understand this phenomenon, observe that
the error bounds for XNYSTRACE depend on the trace norm, which is sensitive to slow
eigenvalue decay (Theorem 1.1). We can improve the performance by using the normal-
ization approach of subsection 2.3, as we detail in the next section.

4.2. Choice of test vectors. In subsection 2.3, we recommended an implementation
of XTRACE and XNYSTRACE that uses rotationally invariant test vectors for low-rank ap-
proximation and normalizes the distinguished test vector used for trace estimation.

This section shows how this method can improve over estimators that lack the nor-
malization step. We compare against test vectors from the random sign distribution w ~
UNIFORM{+1}", the standard normal distribution @ ~ NORMAL(O, I), and the uniform dis-
tribution on the sphere w ~ UNIFORM{x € RN : xlle, = V/N}. The differences among the
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Fig. 4: Normalization of test vectors. The average relative error of the XTRACE estimator
using normalized test vectors (subsection 2.3) as compared with alternative (unnormal-
ized) test vector distributions. See subsection 4.2.

distributions are only visible for matrices whose spectrum has flat segments, asin the f1at
and step examples. For these examples, the normalization strategy is conspicuously the
best, followed by the uniform sign and uniform sphere distributions, with the standard
normal distribution lagging well behind.

4.3. Application: Quantum statistical mechanics. Our next experiment shows the
benefits of using XTRACE and XNYSTRACE for an application in quantum physics. To com-
pute a phase diagram, we must evaluate a large number of trace estimators. Our exchange-
able estimators reduce the number of matvecs needed to achieve a desired tolerance, and
we can use the posterior error estimator to adaptively determine the minimum number m
of matvecs.

The average energy of a quantum system with a symmetric Hamiltonian matrix H €

RN*N at inverse temperature 8 > 0 is
E(B) = Z(lﬁ) tr[Hexp(—BH)] where Z(f) =trexp(-SH).

The quantity Z(p) is the partition function, introduced in subsection 1.3. We observe that
tr[Hexp(—pBH)] and trexp(—fBH) are ideal candidates for estimation using XTRACE and
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Fig. 5: Quantum statistical mechanics. Left: Mean relative error (solid lines) and mean
posterior error estimates (dashed lines) when computing the partition function Z(8 =
0.6,h = 10). Right: Average energy E(B, h)/n per site for g, h € [1071,10!] as computed
by XNYSTRACE. See subsection 4.3.

XNYSTRACE, since the matrix exponential leads to rapidly decaying eigenvalues.

We apply XTRACE and XNYSTRACE to compute the partition function and energy for
the transverse field Ising model (TFIM) for a periodic 1D chain [29], which is specified by
the Hamiltonian matrix

n n
(4.1) H=-Y Z;Zis1-h) X;eR* "%,
i=1 i=1

Here, X; and Z; denote Pauli operators acting on the ith site; that is,

0 1
1 0

xi=5 e ) Nersu, z-puie

1 0 ®(n—i)
0 _1]®12x2 ’

and Z 41 = Z; by periodicity. The eigenvalues of H are known exactly [24, egs. (16)—(17)],
which allows us to precisely evaluate the error of stochastic estimates of Z(8) = Z(8, h)
and E(B) = E(B, h). Before applying stochastic trace estimation, we shift the Hamiltonian
matrix by a constant b = (1 + h)n so that H + bl is positive semidefinite.

Figure 5a shows the errors of XTRACE and XNYSTRACE when computing the partition
function Z(B, h) of the TFIM with n =18, h = 10, and S = 0.6; this is the same setting as in
Figure 2. The thick lines indicate the average errors over 10 trials, while the dashed lines
indicate the average error estimates introduced in subsection 3.1. We observe that the
error estimates closely track the true errors, differing by a factor of at most 3.2.

Figure 5b shows the average energy E(f, h)/n per site for parameters 8, h € (101,101,
up to a relative error of 1073, We compute the energy by using XNYSTRACE, together with
the doubling strategy from subsection 3.2. To ensure the robustness of the doubling strat-
egy, we use a slightly stricter tolerance £ = 10~* than our desired accuracy of 1073,

4.4. Application: Networks. One of the basic problems in network science is to mea-
sure the centrality of each node in a graph. We focus on two centrality measures, which
can be defined in terms of the adjacency matrix M:

1. The number of triangles [1] incident on node i is given by A; (M) = %(M3) ii-
2. The subgraph centrality [11] of node i is defined as SC; = (exp(M)) ;.
Both centrality measures are the diagonal entries of functions of the adjacency matrix.
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Fig. 6: Networks. Mean error of BKS diagonal estimator and XDIAG for the subgraph cen-
tralities (left) and triangle numbers (right) for the yeast graph. See subsection 4.4.

Using the BKS, DiAG++, and XDIAG diagonal estimators, we estimate these centrality
measures for the protein—protein interaction network for budding yeast [6], available in
the SuiteSparse collection [9]. (Following [4], DIAG++ is omitted for the triangle problem
because M?/2 is not psd.) We evaluate the quality of our estimates using the relative £,
error

—  maxj<ij<nla;; —diag;|
error(diag) :=

maxi<i<nlail
averaged over 1000 trials. Figure 6 shows the results. For the subgraph centrality problem
after m = 200 matvecs, XDIAG is more accurate than BKS by five orders of magnitude and
more accurate than DIAG++ by three orders of magnitude.

5. Theoretical analysis. In this final section, we prove Theorem 1.1, which provides
refined error bounds for three trace estimators, and we prove Proposition 3.1, which de-
scribes the behavior of the posterior error estimator.

5.1. XTRACE variance bound. To begin, let us establish an initial variance bound for
the XTRACE estimator. This result shows that the variance depends on the error in a low-
rank approximation of the input matrix. Later, we will bound these errors using standard
results for the randomized SVD.

PROPOSITION 5.1 (XTRACE error). Fix A€ RN*N and consider the XTRACE estimator
trx defined in (1.6) with a test matrix Q = [w1 ... @m2| consisting of m/2 standard
normal test vectors. The estimator is unbiased: Efrg = tr A. Moreover, the variance satisfies

~ =~ 2 * *
Var[fix] = E|fix — tr 4| < —E[[(1-Qu)Q{y) Al +4E[ (T Qu2 Q) Al

where Q(;) = orth(AQ-_;) and Q; j) = orth(AQ_;;).

Proof. For all indices 1 < i, j < m/2, we abbreviate the orthogonal projectors II; :=
Q(l.)QE‘l.) and II; := Q(l.j)QE*l.j). Note that w; is independent from II;, while (w;, ;) is inde-
pendent from IT;;;.
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For each 1 < i < m/2, we can check that the basic estimator fr; defined in (1.5) is
unbiased. To do so, condition on Q_; and average over w; to arrive at the identity

G0 E[fr;| Q-] = E[c(L;AIL) + @} - ;) A0I-)w; | Q_;]
’ = E[tr(I; AI) + tr (I- ) A0 -11)) | Q_;] = tr A.
The second equality uses the fact that each test vector w; is isotropic and independent
from II;, which is a function of Q_;. The third equality follows when we cycle the traces
and invoke the fact that the projector I-11; is idempotent. We confirm that fr; is unbiased
by applying the tower law to take the total expectation of (5.1). The full estimator Ty is
unbiased because it is an average of the unbiased estimators fr;.
Next, to bound the variance, we use the exchangeability of w,, ..., w2 to compute

1 m/ZA 1 N
m—/2 Z U'l'] = (m_/Z) Var[trl] +
A

i=1

Var|fr| = Var

1 ~ A~
1- —) Cov|ir;, tra] .
m/2 N———
B

Hence, Var|trx| is the weighted average of a variance term A and a covariance term B.
To evaluate the variance term A, condition on Q_; and average over w;. Thus,

A = Var|[fr,| = E[Var [tr; | Q-1]] + Var[E[{r; | Q-1]]
= E[Var[tr(IT] ATL ) + 0} I- 1) A0 - 1)) w; | Q1] ]
= E[Var[w} (- 1)) A0 - )@, | Q] < 2| @ - T,) A0 - TL) | 2.

The first relation is the chain rule for the variance. To pass to the second line, we invoke the
fact (5.1) that the conditional expectation is constant. To pass to the third line, we drop the
trace, which is conditionally constant. The last relation follows from a direct calculation
using the facts that w; is standard normal and independent from IT;.

To bound the covariance term B, it is helpful to isolate the part of the covariance that
only depends on w; and w,. We rely on the following observation. For any (random)
matrix X € RV*V that is independent from w; and w,, we may calculate that

(5.2) E[(fr —trA+ X - w) X, ) (- trA+ r X - w; Xw,)|
(5.3) =E[(fr —trA+ tr X — 0 X, )(fr2 - tr A)
(5.4) =E[(tr; - tr A)(fr2 — tr A)] = Cov][iry, tr2].

To pass to (5.3), we condition on _; and average over w;, exploiting the fact (5.1) that tn
is an unbiased estimator of tr A, conditional on Q_;. To pass to (5.4), condition on Q_,
and average over w;.
To continue, select the particular random matrix X = (I-1I;2) AI—-II;2). Applying the
Cauchy-Schwarz inequality, we find that
B = Cov|[ir, iz ] =E[(frj —trA+ tr X — ] X ) (2 —trA+ tr X — w} Xw>) |
<E|h -trA+uX - w; Xw, |2
=EVar|w] [I-T)AI-;) - X|w | Q4]
<2F[|@-M)Ad-1,) - X |2

Since range(Q;,)) S range(Q(;)), we have therelations Iy, = IT; ITy3 and I-1I; = (I-TI;)(I-
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I1;,). Since X = I—-11;2) A(I—1II;»), it follows that
(- Tm) A -10) - X = || (0~ M) X (1-10) - X = | (0~ ) X1 + 10 X
= (0= T0) XTI, g+ 0, X < XTI + T X
= [ X (M - M) [ + || (1 - M) X7
= [ (0 = ) |+ (11— Thio) X | < 20 X712,
We invoke the Pythagorean theorem to pass to the second line. To reach the third line,
exploit the representations X = X(I-II;2) and X = (I-II;2)X. To pass to the fourth line,

note that IT; — I, is a rank-one orthogonal projector; the Frobenius norm and spectral
norm coincide for rank-one matrices. Combining the last two displays, we deduce that

B= COV[ﬁ'l,ﬁ‘z] <4E || I-TI12) A0 -1I2) ||2
Combining the estimates for A and B, we achieve the stated bound for the variance. O

5.2. HUTCH++ variance bound. By a similar argument, we can obtain an initial vari-
ance bound for the HUTCH++ estimator. This result is more elementary because it does
not require us to account for interactions between the simple estimators.

PROPOSITION 5.2 (HUTCH++ error). Fix A € RV*N  and consider the HUTCH++ es-
timator tty,, defined in (1.3) with 2m/3 standard normal test vectors. The estimator is
unbiased: Ety,+ = tr A. Moreover, the variance satisfies

~ 2 2 * 2
m/3

where Q = orth(AQ) and Q = [@Wm/341 ... W2m3]-

Proof. The idea is to condition on the low-rank approximation QQ™* A and invoke the
chain rule for the variance, as in the proof of Proposition 5.1. See the argument in [27,
Thm. 10], which was supplied by the second author of this paper. 0

5.3. XNYSTRACE variance bound. Last, we establish an initial variance bound for the
XNYSTRACE estimator. This result shows how the variance depends on the error in a ran-
domized Nystrom approximation. Later, we will use recent results for the Nystrom approx-
imation to obtain a complete variance bound.

PROPOSITION 5.3 (XNYSTRACE error). Let A€ RVN*N be psd. Consider the XNYSTRACE
estimator fryx with m standard normal test vectors as defined in (1.9). The estimator is
unbiased: Etrnx = tr A. Moreover, the variance satisfies the bound

R 2 2 2 2
E|ttxn —tr Al = Z[E”A—A(Q,l)”F +2E|A- AQ_12) "
Proof. The proof resembles the proof of Proposition 5.1 but is slightly simpler. The

unbiasedness of XNYSTRACE follows from a short computation similar to (5.1).
To control the variance, we calculate that

~ 1 &
Var|[frxn] = Var| — ) r;
m iz

1 ~ 1 ~ ~
= (—) Var|ir | +(1 - —) Cov|[try, trp].
m)— mj—

The variance term is exactly

A= Var|i | = 2E[| A - A@_p) %
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To bound the covariance term B, we set X = A— A(Q_,) in (5.2). Applying the Cauchy-
Schwarz inequality, we find that
B = Cov|[ir, iz ] =E[(frj —trA+ tr X — ] X ) (2 ~tr A+ r X — w} Xw>) |
<E|fh -trA+uX - w; Xw, |2
= EVar|[w] [A(Q_12) - AQ_1)|w; | Q1]
= 2| Q1) - AQ_1) .

The psd matrix A(Q_;) — A(€2_12) has rank one, and it is bounded above by A — A(Q_;5)
in the psd order. Therefore,

B = Cov][fr), {2 < 2E[|A— A@_1»)|.
Combine the displays to complete the proof. 0

5.4. Error bounds for low-rank approximations. To prove the main result, Theo-
rem 1.1, we need two auxiliary lemmas. First, we present error bounds for randomized
SVD and randomized Nystrém approximation, drawn from the recent paper [32].

LEMMA 5.4 (Randomized SVD and randomized Nystroém error). Fix a matrix A €
RN and draw a standard normal matrix Q € RN**. For any r < k — 2, the randomized
SVD error is bounded by

oo ktr—1 , € )
EldI-QQNHA|" = ——(IIA-[A]II”+ — | A—-[Al/]:]
k-r-1 k-r

. k-1
El(1-QQM)Allf < -—— 1A~ 4/,

where Q = orth(AQ).
Assume that A € RVN*N is a psd matrix. For any r < k—4, the randomized Nystrém error
is bounded by

V3e?
k—-r

k+r—-1
12 _

_ 2
ElA-A@I?)"* < ——

(IIA—[[A]]rII+ IIA—[[A]]rII*),

(EN1A—A@)]3)"* < ﬂ(nA— LA g+ —— A - [[A]]rll*).
k-r-3 Vik-r

Second, we report a standard fact about the decay rate of the singular values, which is
also exploited in [27, Lem. 13] and [13, Lem. 7]. We omit the easy proof.

FACT 5.5. For any matrix Ac RNN and anyr =1,
ja-an <28y A g < 1AL
ri = r+l’ rilF = 2\/7

5.5. The complete variance bound. To establish the main result, Theorem 1.1, we be-
gin with the initial variance bounds and introduce the results from Lemma 5.4 and Fact 5.5.

Proof of Theorem 1.1. We recognize that all the terms in the error formulas in Proposi-
tions 5.1 to 5.3 reflect the squared approximation error in a randomized SVD or a random-
ized Nystrom approximation. Therefore, we can apply the error bounds in Lemma 5.4 to
obtain more explicit error representations. For HUTCH++, when r < m/3 -2,

E|fpss —trA) < 2 Ea-QQMAIR < —> A (Al I
m/3 -r—1

m/3
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For XTRACE, whenr <m/2-4,

- 2 « *
[E|UX_UA\2 = m_/z[E” (1-Qu Q) Allf +4E| (T- Q(IZ)Q(lz))AHZ
2

IA-[A], )+

<— —||A-[A 2.
mi2—r-3 r (m/2—r—3)2|| LAl Iz

Last, for XNYSTRACE, when r < m—6,

- V2
(Elfixx - af) " < Z= (€ 4- a0 [[[)" + V2(E| A~ a0 0])
vm
8 2 5 2
= m\i_r”iS A=A+ o — 3 _{Z,)s/z 1A= LAl by + (o 1A= LAl

Thus, we confirm the detailed error bounds in Theorem 1.1.
All that remains is to show that each trace estimator {r satisfies

(5.5) (Bl —traP)'?

C
= —|All,

m
for an absolute constant C. To that end, apply Fact 5.5 to bound ||A—[A] || and || A—[A] lIr
interms of | A—[A] || «. For HUTCH++, we set r = |m/6]—1. For XTRACE, we setr = \|m/4]—
2. For XNYSTRACE, we set r = [m/2] — 3. Simplifying yields (5.5) for each estimator. |

5.6. Proof of Proposition 3.1. Last, we must argue that the posterior error estimator
err defined in (3.1) reflects the actual error. We instate the notation from Proposition 3.1.

For both XTRACE and XNYSTRACE, each individual trace estimate {r; is unbiased. As a
consequence, the variance takes the form

4
£ - trAl? = Var(@) = 5 3" Cov({, ).
ij=1

A short calculation yields

¢
E &t 52(4 3 Z: [Var(tr;) — Cov(tr;, trj)].

Since the samples w1, ..., w, are exchangeable, the variance is the same for each j and the
covariance is the same for all i # j. Therefore,

E|tr- tr(A)|2 = %Var(frl) +— 1 Cov(iry, trp),

1 ~ 1 ~ ~
Eert? = zVar(trl) -7 Cov(fry, trp).

The result follows when we take the ratio of these two quantities and simplify. |
As a final comment, we observe that the calculations in subsection 5.1 show for sym-
metric matrices that the XTRACE correlations are bounded by
2
- ” I-Qpy) QEZ))A(I — Q) QE&z)) ”
* * 2
E || I- Q(1)Q(1))A(I - Q(I)Q(l)) ”F

Cor(try, trp) <2

where Q(;) and Q(;) are defined in Proposition 5.1. These correlations are small for matri-
ces with slow rates of singular value decay, i.e., when |A— [Al m/2-1llg > |A—[Al m2-21l.

DRAFT



XTRACE FOR STOCHASTIC TRACE ESTIMATION 21

In practice, we observe the correlations to be small even for matrices with singular values
which decay more quickly. As an example, for the matrix with exponentially decaying ei-
genvalues in Figure 1, the XTRACE correlations (measured over 10% independent runs of
the algorithm) are no higher than 0.06 and the average error estimate is correct up to a
factor of 1.2.

Acknowledgments. We thank Eitan Levin for helpful discussions regarding the fast
implementation of XTRACE.
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SUPPLEMENTARY MATERIAL

SM1. Comparison with Adaptive HUTCH++. The adaptive HUTCH++ algorithm of
[28] flexibly apportions test vectors between low-rank approximation and residual trace
estimation, based on the estimated singular values of the input matrix. This algorithm
interpolates between the Girard—-Hutchinson estimator, the HUTCH++ estimator, and a
purely low-rank approximation-based trace estimate. This algorithm also estimates the
total number of matvecs m to meet an (absolute) error tolerance:

|tr—tr(A)| < €aps  except with probability 1 — 26,

where 6 is a parameter chosen by the user.

We compare XTRACE with adaptive HUTCH++ in Figure SM1. To produce these plots,
we first run adaptive HUTCH++ with error tolerances €, = € - tr A and failure probability
parameter 6 := 1/10. For each value of the error tolerance &, we plot the mean error (solid
line) and desired accuracy € against the mean number m of matvecs required by the al-
gorithm. We then run XTRACE with a variable number of matvecs m and report the mean
error over 1000 trials. Overall, we find that XTRACE performs similarly adaptive HUTCH++
or better than HUTCH++ by up to an order of magnitude.

SM2. MATLAB implementations. We present MATLAB R2022b implementations of
XTRACE, XNYSTRACE, and XDIAG in Programs SM2.1 to SM2.3.
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Fig. SM1: Comparison with adaptive HUTCH++. Average relative error using XTRACE and
adaptive HUTCH++ (solid lines) and user-chosen error tolerance for Adaptive HUTCH++
(dashed lines). See section SM1.
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function [t,err] = xtrace(A, m)
N = size(A,1); m floor(m/2) ;

%% Helper functions
cnormc = @(M) M ./ vecnorm(M,2,1);
diag_prod = @(A,B) sum(conj(A).*B,1).’; 7, computes diag(A’*B)

%% Randomized SVD

Om = sqrt(N)*cnormc(randn(N, m));
Y = Ax0Om;

[Q,R] = qr(Y,0);

%% Normalization
W = Q’*0m;
S = cnormc (inv(R) ?);
scale = (N - m + 1) ./ (N - (vecnorm(W)?’)."2
+ abs(diag_prod(S,W) .*x vecnorm(S)’)."~2);

%% Quantities needed for trace estimation

Z = AxQ; H = Q’*Z; HW = H*W; T=Z’*0m;

dSW = diag_prod(S, W); dSHS = diag_prod(S, H*S);

dTW = diag_prod(T, W); dWHW = diag_prod(W, HW);

dSRmHW = diag_prod(S, R-HW); dTmHRS = diag_prod(T-H’*W,S);

%% Trace estimate

ests = trace(H)*ones(m,1) - dSHS + (dWHW - dTW + dTmHRS .* dSW...
+ abs(dSW) .2 .* dSHS + conj(dSW) .* dSRmHW) .* scale;

t = mean(ests);

err = std(ests)/sqrt(m);

end

Program SM2.1: MATLAB 2022b implementation for XTRACE
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function [t,err] = xnystrace(A, m)
N = size(A,1);

%% Helper functions
cnormc = @(M) M ./ vecnorm(M,2,1);
diag_prod = @(A,B) sum(conj(A).*B,1).’; 7, computes diag(A’*B)

%% Nystrom

Om = sqrt(N) * cnormc(randn(N,m));

Y = Ax0Om;

nu = eps*norm(Y,’fro’)/sqrt(N);

Y = Y + nuxOm; 7% Shift for numerical stability
[Q,R] = qr(Y,0);

H = 0m’*Y; C = chol((H+H’) /2);

B = R/C; % Nystrom approx is Q*B*B’xQ’

%% Normalization
[QQ,RR] = qr(0Om,0);
WW = QQ’*0m;
SS = cnormc (inv (RR) ?);
scale = (N - m + 1) ./ (N - vecnorm(WW)."2
+ abs(diag_prod(SS,WW)’ .* vecnorm(SS))."2);

%% Trace estimate
W = Q’%0m; S = (B/C?) .* (diag(inv(H))’).~(-0.5);
dsSW = diag_prod(S, W).’;

ests = norm(B,’fro’)~2 - vecnorm(S).~2 + abs(dSW)."2 .*x scale...
- nux*N;

t = mean(ests);

err = std(ests)/sqrt(m);

end

Program SM2.2: MATLAB 2022b implementation for XNYSTRACE
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function d = xdiag(A, m)
N = size(A,1); m = floor(m/2);

%% Helper functions
cnormc = @(M) M ./ vecnorm(M,2,1);
diag_prod = @(A,B) sum(conj(A).*B,1).’; 7% computes diag(A’*B)

%% Randomized SVD

Om = -3 + 2*randi(2,n,m); 7 Random signs
Y = Ax0Om;

[Q,R] = qr(Y,0);

% Quantities needed for trace estimation

Z = A’*%Q; T=Z’*0m;

S = cnormc (inv(R) ’);

dQZ = diag_prod(Q’,Z’); dQSSZ = diag_prod((QxS)’,(Z*S)’);
d0mQT = diag_prod(Om’,(Q*T).’); dOmY = diag_prod(Om’,Y.’);
dOmQSST = diag_prod(Om’,(Q*S*xdiag(diag_prod(S,T))).’);

% Trace estimate
d = dQZ + (-dQSSZ+d0mY-d0mQT+d0mQSST) /m;
end

Program SM2.3: MATLAB 2022b implementation for XDIAG
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