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ABSTRACT

In recent years, randomized algorithms have established themselves as fundamental
tools in computational linear algebra, with applications in scientific computing,
machine learning, and quantum information science. Many randomized matrix
algorithms proceed by first collecting information about a matrix and then processing
that data to perform some computational task. This thesis addresses the following
question: How can one design algorithms that use this information as efficiently as
possible, reliably achieving the greatest possible speed and accuracy for a limited
data budget? This question is timely, as randomized algorithms are increasingly
being deployed in production software and in applications where accuracy and
reliability is critical.

The first part of this thesis focuses on the problem of low-rank approximation for
positive-semidefinite matrices, motivated by applications to accelerating kernel and
Gaussian process machine learning methods. Here, the goal is to compute an accu-
rate approximation to a matrix after accessing as few entries of the matrix as possible.
This part of the thesis explores the randomly pivoted Cholesky (RPCholesky) al-
gorithm for this task, which achieves a level of speed and reliability greater than
other methods for the same problem.

The second part of this thesis considers the task of estimating attributes of an implicit
matrix accessible only by matrix–vector products, motivated by applications in
quantum physics, network science, and machine learning. This thesis describes the
leave-one-out approach to developing matrix attribute estimation algorithms, and
develops optimized trace, diagonal, and row-norm estimation algorithms for this
computational model.

The third part of this thesis considers randomized algorithms for overdetermined
linear least squares problems, which arise in statistics and machine learning. Ran-
domized algorithms for linear-least squares problems are asymptotically faster than
any known deterministic algorithm, but recent work of [Meier et al., SIMAX ‘24]
raised questions about the accuracy of these methods when implemented in floating
point arithmetic. This thesis shows these issues are resolvable by developing fast
randomized least-squares problem achieving backward stability, the gold-standard
accuracy and stability guarantee for a numerical algorithm.
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C h a p t e r 1

INTRODUCTION

Our experience suggests that many practitioners of scienti�c computing

view randomized algorithms as a desperate and �nal resort. Let us

address this concern immediately. Classical Monte Carlo methods are

highly sensitive to the random number generator and typically produce

output with low and uncertain accuracy. In contrast, the algorithms

discussed herein are relatively insensitive to the quality of randomness

and produce highly accurate results.

Nathan Halko, Per-Gunnar Martinsson, and Joel Tropp,Finding

structure with randomness: Probabilistic algorithms for constructing

matrix decompositions[HMT11]

Randomness has played a fundamental role in digital computation throughout its

history, dating back to von Neumann and Ulam's groundbreaking work in the 1940s

using Monte Carlo to study neutron di�usion problem. (See [Eck87] for discussion

of this history.) Despite this, randomized methods have also been traditionally

viewed with great skepticism by many practitioners of scienti�c computing. The

belief was that randomized methods could only yield low-accuracy solutions to

computational problems; as such, they were only useful as a �desperate and �nal

resort�, typically for problems of such high dimensions that traditional methods

were doomed to failure.

In modern scienti�c computing, this conventional wisdom has been completely up-

ended. Some of the most exciting progress has been for problems in computational

linear algebra, the subject of this thesis. Randomized algorithms have established

them as the most e�ective methods for linear algebra problems such as matrix low-

rank approximation [HMT11; MM15; Nak20; TW23] and highly overdetermined

linear least-squares problems [RT08; AMT10]. Randomized algorithms can pro-

duce solutions of high-accuracy (as accurate as the numerical precision, in some

case) and with negligible probability of failure.

The modern �eld of randomized matrix computations has its origins around the

turn of the millennium [FKV98; PTRV98], and its historical roots stretch into the
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twentieth century [Lan50; Gir87; KW92]. As such, this is not a new subject, and

many surveys exist to document the �eld's successes [HMT11; Woo14; DM16;

KV17; MT20; TW23; MDME+23; KT24]. Despite this multi-decade history,

this thesis and its aims remain timely. We are in the midst of a migration of

the randomized matrix algorithm from its natural habitat in the SIAM journal or

computer science theory conference to the realm of production software. Now,

more than ever, we need randomized algorithms that are ready for deployment in

practice, making maximally e�cient use of computational resources and achieving

the same level of accuracy and reliability as classical deterministic methods, while

maintaining speed. The goal of this thesis is to describe algorithms developed over

the course of my PhD research that meet these criteria.

Many randomized algorithms work by �rstcollecting informationabout a matrix,

then using this information to produce an (approximate) solution to a linear algebra

problem. A unifying theme of this thesis is the design of algorithms thatmake

the most of what you have�that is, algorithms that attempt to collect as little

information as possible about the matrix and use the collected information in a

maximally e�cient way to achieve the greatest possible accuracy subject to a limited

computational budget. This thesis is divided into three parts, each of which uses the

�make the most of what you have� principle in a di�erent way.

1.1 Part I: Random pivoting

Information collected:Entries of a positive-semide�nite matrixG.

Computational goal:Produce alow-rankapproximationbG � G.

Kernel and Gaussian process methods in machine learning [SS02; RW05] re-

main some of the most e�ective tools for scienti�c machine learning [MCRR20;

BDHO24]. However, these methods face a fundamental limitation called the curse

of kernelization:

Curse of kernelization. Direct implementations of kernel and Gaussian

process methods on=data points requires forming and manipulating an=� =

positive-semide�nite kernel matrixG. Doing so requiresO¹=2º storage and

O¹=3º operations.

The curse of kernelization makes direct implementation of kernel and Gaussian
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process methods infeasible for large data sets.

Randomization o�ers a path forward: Using randomized algorithms, we can com-

pute alow-rank approximationbG � G to the kernel matrix. By using the low-rank

approximation in place of the kernel matrix, the computational cost of kernel and

Gaussian process methods can be substantially reduced.

In order to maintain computational e�ciency, kernel matrix low-rank approximation

algorithms must produce an approximation to the matrixG after only accessing a

small number of entries of the matrix; after all, reading the full matrix even a single

time incurs an expensive cost ofO¹=2º operations. Is it possible to produce an

accurate approximation to a matrix after looking at a fraction of its entries? And if

so, what is most economical algorithm?

This thesis advocates for therandomly pivoted Choleskyalgorithm as an answer

to these questions. The randomly pivoted Cholesky algorithm produces anear-

optimal rank-: approximation to any positive-semide�nite matrix using just¹: ¸

1º= entry accesses. Compared to other algorithms for kernel matrix low-rank

approximation, randomly pivoted Cholesky is either faster or more accurate when

applied to challenging instances.

Part I of this thesis introduces the randomly pivoted Cholesky algorithm, describes

its properties, explains how it can be used to accelerate kernel and Gaussian process

machine learning algorithms, and compares it to alternative methods. After a thor-

ough investigation of randomly pivoted Cholesky and positive-semide�nite matrix

low-rank approximation, this part also discuss extensions of the random pivoting

approach to approximating general, rectangular matrices.

1.2 Part II: Leave-one-out randomized matrix algorithms

Information collected:Matrix�vector productsH8 1– • • • –H8 B.

Computational goal:Estimate attributes associated to the matrixH such as its

trace, diagonal, or row norms.

In �elds ranging from quantum physics to network science to machine learning, we

work with matricesH that are accessible only indirectly. In such settings, we cannot

read the entries18 9directly. Rather, we can access the matrix through matrix�vector

products: Given a vector8 , we may accessH8 .

Under this implicit access model, linear algebra problems that would ordinarily be
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trivial become interesting. For instance, given access to an implicit matrixH, how

can we compute its trace? Its diagonal? Its row norms? For all of these questions,

we seek algorithms that are maximally e�cient, in the sense of requiring as few

matrix�vector products to compute thesematrix attributesto a desired accuracy

level.

Part II describes theleave-one-out approachto estimating attributes of an implicit

matrix. We will then use the leave-one-out approach to derive optimized estimators

for the trace, diagonal, and row norms of both general and positive-semide�nite

matrices. As additional applications of the leave-one-out approach, we will de-

velop error estimates for randomized low-rank approximations like the randomized

SVD and variance estimation techniques for assessing the quality of more general

quantities computed by randomized matrix algorithms.

1.3 Part III: Sketching, solvers, and stability

Information collected: A �sketch� of a tall matrix H 2 R< � = with < � =,

de�ned to be the productY� H of H with a wide matrixY� 2 R3� < .

Computational goal: Solve the overdetermined linear least-squares problem

x = argminz2R= kc � Hzk to high numerical accuracy.

One of the major success stories of randomized algorithms in linear algebra is

sketch-and-precondition algorithm [RT08; AMT10] for solving over-determined

linear least-squares problems

x = argmin
z2R=

kc � Hzk whereH 2 R< � =–c 2 R< • (1.1)

Here, k�k denotes the vector� 2 norm, and we consider thehighly overdetermined

settingwhere< � =. The idea of sketch-and-precondition is to preprocess the

matrix H by applying a randomized dimensionality reduction map or �sketching

matrix� Y� 2 R3� < , where theembedding dimension3 is a small multiple of the

number of columns= in H, e.g.,3 = 2=. We then compute aQR decomposition

of the sketched matrixY� H = WXand solve the least-squares problem (1.1) using

a Krylov iterative method withX as preconditioner. With an appropriate choice of

sketching matrix, this procedure reliably reduces the condition number ofH below

an absolute constant, leading to convergence to high accuracy in a small number of

Krylov iterations. As a result, sketch-and-precondition runs in roughlyO¹<= ¸ =3º

operations, a dramatic improvement to theO¹<=2º cost of classical algorithms for
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least squares.

The recent paper [MNTW24] cast doubts on thenumerical stabilityof this algorithm.

This paper's experiments show that, when implemented using ordinary double-

precision �oating point arithmetic, some versions of sketch-and-precondition pro-

duce errors that exceed classical methods by orders of magnitude. Does this mean

the sketch-and-precondition algorithm is too unreliable for practical use?

Part III critically investigates this question. We will see that, by using careful

initialization and just a single step ofiterative re�nement, sketch-and-precondition-

type algorithms can be made just as accurate as classical direct methods, achieving

backward stability, the gold-standard notion of accuracy in numerical analysis.

1.4 About this thesis

I have taken non-traditional approach to writing this thesis. As with many theses,

this thesis is primarily based on research papers written during my PhD. However,

rather then collecting these papers and editing them, this thesis contains a new

treatment of this material. As such, this thesis is composed of original writing and

constitutes a deeper dive and re-examination of my PhD research.

Rather than trying to include all of my PhD research, I have elected to focus on the

three topics described above: random pivoting, leave-one-out randomized matrix

algorithms, and numerically stable randomized least-squares algorithms. I have

endeavored to provide a an approachable introduction to these three areas of my

research that I hope will be accessible to younger researchers. As such, I have

included a signi�cant amount of discussion of background material and related

work; I have also included open problems at the end of each part of the thesis. This

thesis also contains several new results and algorithms that have not previously been

published.

The contents of this thesis are diagrammed in Fig. 1.1, including dependencies

between chapters. For readers interested primarily in seeing my original research, I

have used symbols to distinguish between chapters based on whether they contain

primarily exposition, research, or open problems. I have endeavored to have all

of the chapters, including the expository ones, present a unique perspective on the

material. Chapters containing research that is newly presented in this thesis are

marked using a star.

Given my focus on a subset of topics, much of my PhD research is not discussed

in this thesis, including my work on quantum eigenvalue algorithms [ELN22;
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Figure 1.1: List of chapters in this thesis and dependencies between them. Blue
circles indicate chapters whose content is primarily introductory or expository,
orange squares indicate sections primarily containing research from my PhD, and
green squircles indicate open questions. Starred sections contain new research that
has not previously been published.
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DELZ24], row action methods for large least-squares problems [EGW25], super-

fast non-uniform Fourier transform inversion [WEB25], tensor network methods

[CET25], and uniqueness of tensor decompositions [GEL22]. All of these topics

are near and dear to my heart, and it is will sadness that I do not include them in the

present document.

Taking inspiration from Nick Trefethen's essayTen Digit Algorithms[Tre05, Ÿ4], I

have elected to present algorithms using code segments rather than pseudocode. As

a numerical linear algebraist at heart, the programming language will be MATLAB;

translation to Python or Julia for those so-inclined will hopefully not be di�cult.

1.5 Notation

This thesis will work over the �eldK of either real or complex numbers,K = R or

K = C. The imaginary unit is denotedi, and the complex conjugate isG¸ iH= G� iH.

The nonnegative reals are denotedR¸ .

Matrices and vectors. The symbol� denotes the adjoint, which reduces to the

transpose whenK = R. We identify the set of vectorsK= with the set of= � 1

matricesK=� 1; row vectorsb� 2 K1� = will be denoted as adjoints of column vectors

b 2 K=.

Matrices will be denoted by bold capital letters (e.g.,H–
 ), and vectors will be

denoted by bold lowercase letters (e.g.,b, 8 ). Entries of matrices and vectors are

denoted using the corresponding italic letter, e.g.,18 is the8th entry ofb andl 8 9is

the8 9th entry of
 . Columns of matrices are denoted using the corresponding bold

lowercase vector, e.g.,8 8 is the8th column of
 . A matrix 
 with its 8th column

deleted is denoted
 � 8 (similarly, 
 � 8 9for two deletions).

The identity matrix isI 2 R=� =; its columns are the standard basis vectorse8 2 R=.

The vector of all ones is1 =
Í =

8=1 e8, and the matrix of zeros is0 2 R< � =. We will

use subscriptsI=–1=–0< � = when necessary to indicate the dimensions.

For our purposes, a matrixG 2 K=� = is positive semide�nite(psd) if it is Hermitian

(G = G� ) and satis�es the conditionx� Gx � 0for all vectorsx 2 K=. The concept of

a �real nonsymmetric psd matrix�, valuable in other contexts, will not be considered

in this thesis. The psd order� is de�ned so thatG � N wheneverG� N is psd.

Throughout this thesis,H 2 K< � = will denote a general matrix, which may be square

or rectangular depending on the context. The matrixG 2 K=� = will always denote

a Hermitian matrix, often psd.
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Sets of integer indices, general arbitrary sets, and vector spaces will be denoted

using sans serif font (e.g.,S, V). General inner products, when they arise, will be

conjugate linear in the�rst coordinate.

We permit matricesH 2 KS� T and vectorsx 2 KS to be indexed by arbitrary

�nite sets S andT. Given bivariate and univariate functionsb : X � Y ! K and

5 : X ! K and subsetsS � X andT � Y, b¹S–Tº 2 KS� T and 5¹Sº 2 KS denote

a matrix and vector with elementsb¹B– Cº and 5¹Bº for eachB2 S andC2 T.

We use MATLAB notation to index matrices. SoH¹8– 9º = 18 9is the8 9th entry of

H, H¹:– 8º = b8 is the8th column,H¹:–Sº = ¹b8 : 82 Sº denotes the submatrix of

H indexed by elements of the setS, etc. We adopt the convention that submatrices

H¹S–Tº 2 KS� T are indexed by the setsS andT rather than by the setsf 1– • • • –jSjg

andf 1– • • • –jTjg. So122 is still the ¹2–2º entry of the matrixH¹f 2–3g–f 2–5gº.

For a square matrixH 2 K=� =, the trace istr¹Hº =
Í =

8=1 1882 K and the diagonal is

diag¹Hº = ¹188: 1 � 8� =º 2 K=. The diagonal elements of a matrix productM� L

are denoted

diagprod¹L –Mº := diag¹L � Mº•

Given a vectorb 2 K=, the diagonal matrix with elements18 is denotedDiag¹bº.

The squared row norms and squared column norms of a matrixH 2 K< � = are

srn¹Hº :=
�
kH¹8–:ºk2 : 1 � 8� <

�
= diag¹HH� º 2 K< –

scn¹Hº :=
�
kH¹:– 8ºk2 : 1 � 8� =

�
= diag¹H� Hº 2 K=•

The entrywise product of vectorsa–b 2 K= is a� b = ¹08�18 : 1 � 8� =º. Nonlinear

operations are applied to vectors entrywise. For instance,a = ¹08 : 1 � 8 � =º is

the entrywise complex conjugate, andjaj2 = ¹j08j2 : 1 � 8 � =º is the entrywise

squared modulus.

The� 2 norm of a vector or spectral norm of a matrix will be denotedk�k. We will

also make use of the Frobenius and trace norms, denotedk�kF andk�k� . Schatten

?-norms are denotedk�kS?
.

We will make frequent use of matrix decompositions. Given a tall matrixH 2

K< � =, an economy-sizeQR decomposition is a factorizationH = WXinto a matrix

W 2 K< � = with orthonormal columns and an upper triangular matrixX 2 K=� =.

An economy-size SVD is a factorizationH = [ � \ � into a matrix[ 2 K< � = with

orthonormal columns, a nonnegative diagonal matrix� 2 R=� =
¸ , and a unitary matrix
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\ 2 K=� =. When not otherwise stated, allQR decompositions and SVDs will be

assumed to be economy-size. Given a positive de�nite matrixG, its (full) Cholesky

decomposition refers to one of two matrix decompositions, thelower triangular

Cholesky decompositionG = RR� or theupper triangular Cholesky decomposition

G = X� X. Both conventions will be convenient for use in di�erent places of this

thesis.

We will use Orth ¹Hº to denote a matrix whose columns form an orthonormal

basisrange¹Hº. When necessary to yield an unambiguous interpretation,Orth of

a full column-rank matrixH will be taken to be the output of an economy-sizeQR

decomposition where the triangular factor has positive diagonal entries.

As usual,rank¹Hº denotes the dimension of the range ofH. We say a matrix is

rank-: if rank¹Hº � : . A rank-: matrix H 2 K< � = is described by itscompact SVD

H = [ � \ �

where[ 2 K< � rank¹Hº and \ 2 K=� rank¹Hº have orthonormal columns and� 2

Rrank¹Hº� rank¹Hº
¸ is a diagonal matrix listing thenonzerosingular values. Similarly, a

rank-: Hermitian matrixG 2 K=� = has a compact eigendecomposition

G = [J[ �

where[ 2 K=� rank¹Gº has orthonormal columns andJ 2 Rrank¹Gº� rank¹Gº is a

diagonal matrix listing the nonzero eigenvalues.

Probability theory.Probabilities and expectations are denotedP andE. Nonlinear

operations bind before expectations, so thatEG2 := E¹G2º, not EG2 = ¹EGº2. The

covariance is

Cov¹0– 1º := E»¹0 � E0º¹1 � E1º¼–

and the variance isVar¹0º := Var¹0– 0º. Note that, unlike other sesquilinear forms

in this thesis, the covariance is conjugate-linear in itssecondargument.

We writeG1– G2– • • •� Gand variations thereof to indicate thatG1– G2– • • •are random

variables with the same distribution asG. The phrase �independent and identically

distributed� carries its usual abbreviationiid, and we writeG1– G2– • • •iid� Gwhen

G1– G2– • • •are iid copies ofG.

Given a nonnegativeweight vectorw 2 R=
¸ , 8 � w denotes a random integer

82 f1– • • • – =gselected with probabilityPf8= 9g = F 9•
Í =

: =1 F : . Wedonotassume

thenormalization
Í =

8=1 F8 = 1 when writing8� w.
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The uniform distributions on a setS are denotedUnif S. The unit sphere of a vector

(sub)spaceU is S¹Uº, andUnif S¹Uº denotes the (Haar) uniform distribution on

the sphere. A Gaussian distribution over the �eldK with meanm and covariance

matrix � is denotedNormal K ¹m–� º. If � is nonsingular, its probability density is

?¹zº =
1

¹2cºU•2 det¹� º1•2
exp

�
�

z� � � 1z
2

�
•

A random vector8 � Normal K ¹m–� º has jointly Gaussian entries with mean

E»l 8¼= < 8andCov¹l 8– l 9º = f 8 9.

Rounding error analysis.In Part III of this thesis, we will investigate thenumerical

stability of randomized least-squares solvers, which will require special notation.

This notation will be introduced in Section 22.1.
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C h a p t e r 2

LOW-RANK APPROXIMATION FOUNDATIONS

Despite decades of research on Lanczos methods, the theory for the

randomized algorithms is more complete and provides strong guarantees

of excellent accuracy, whether or not there exist any gaps between the

singular values.

Huamin Li, George C. Linderman, Arthur Szlam, Kelly P. Stanton,

Yuval Kluger, and Mark Tygert,Algorithm 971: An Implementation of a

Randomized Algorithm for Principal Component Analysis[LLSS+17]

This thesis is notonly about randomized algorithms for low-rank approximation,

but low-rank approximation will play an important role throughout our discussion.

This introductory chapter reviews two types of low-rank approximation, projection

approximation and Nyström approximation.

Sources.This chapter is introductory and is not based on any particular research

article. The last section is adapted from the blog post [Epp24c].

Outline. Section 2.1 begins by describing (approximately) low-rank matrices and

how they can be represented. We then go on to discuss two types of low-rank

approximations: projection approximations (Section 2.2) and Nyström approxima-

tions (Section 2.5). Examples of the former type of approximation is given by the

randomized SVD (Section 2.3), which can be improved using subspace iteration

(Section 2.4). Section 2.6 concludes by describing a connection between projection

approximations and Nyström approximations I have termed theGram correspon-

dence. The Gram correspondence will be an important tool throughout the �rst part

of this thesis.

2.1 Low-rank approximation basics

The term �low-rank matrix� is an informal one. Colloquially, we say a matrix

H 2 K< � = is low-rank if rankH is much smaller than its dimensions< and =.

Low-rank matrices are convenient to work with in computations because a rank-:

may be decomposed as an outer product

H = LM � (2.1)
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of thin matricesL 2 K< � : and M 2 K=� : . As such, a low-rank matrixH can

be represented by storing the factor matricesL and M, resulting in a signi�cant

reduction in storage cost¹< ¸ =º: � <=.

The starting point of this part of the thesis is a beautiful and practically useful

observation: Among the numerous matrices appearing in applications, many of

them possess the property of beingwell-approximated by a low-rank matrix. For

such matricesH 2 K< � =, they can be e�ciently represented and computed with

by storing a low-rank approximationbH � H in factored formbH = LM � . Provided

this approximation is accurate (i.e.,jjjH � bHjjj � jjjHjjj in an appropriate norm),

an approximately low-rank matrix can be accurately represented by storing a small

number of parameters. Some explanations for the ubiquity of approximately low-

rank matrices in applications are provided in [BT19; UT19].

Given a factored low-rank approximationbH = LM � to a matrixH, many computa-

tional problems involvingH become easy:

ˆ Matrix�vector products: Matrix�vector productsz 7! bHz can be computed

in O¹¹< ¸ =º: º operations by evaluating the product asbHz = L ¹M� zº.

ˆ Singular values and vectors:The low-rank factorizationbH = LM � can be

upgraded to a compact SVDbH = [ � \ � in O¹¹< ¸ =º: 2º operations. From

this decomposition, one can obtain the singular values and singular vectors

of bH. From the SVD, one can also compute other quantities such as unitarily

invariant norms and projectors onto singular subspaces.

ˆ Linear systems and least-squares:Shifted linear systems of the form

¹ bH ¸ ` I ºx = c for ` 2 C n f0g

and regularized least-squares problems

x = argmin
z2K=

kbHz� ck2 ¸ ` kzk2 for ` ¡ 0

can both be solved inO¹¹< ¸ =º: 2º operations (by the Sherman�Morrison�

Woodbury identity in the former case and a compact SVD in the latter case).

Thus, given both the great prevalence of approximately low-rank matrices in appli-

cations and the great computational bene�ts of exploiting low-rank structure, the
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matric low-rank approximation problem is of fundamental interest in computational

mathematics.

The central theoretical result in low-rank approximation is the Schmidt�Mirsky�

Eckart�Young theorem, which characterizes the optimal low-rank approximation

[SS90, Thm. IV.4.18].

Fact 2.1(Optimal low-rank approximations). Let H = [ � \ � 2 K< � = be a matrix

and its SVD, and let0 � : � min¹<– =º be an integer. Measured with respect to

any unitarily invariant normjjj�jjj, an optimal low-rank approximation

jjjH � bHjjj = min
rank¹I º� :

jjjH � I jjj

is given by truncating the SVD to level: :

ÈHÉ: := [ ¹:–1 : : º� ¹1 : :–1 : : º\ ¹:–1 : : º� •

In particular, the matrixÈHÉ: is an optimal low-rank approximation with respect

to the trace, Frobenius, and spectral norms. With respect to any of these norms, the

best approximation is unique if and only iff : ¹Hº ¡ f : ¸ 1¹Hº.

Throughout this thesis,ÈHÉ: will denoteany optimal low-rank approximation in

the sense of this theorem. As this result highlights, the best approximation may not

be unique.

As Fact 2.1 demonstrates, an optimal rank-: approximation to matrixH can be

computed by forming the SVD and truncating to level: . However, this approach

is computationally expensive, since computing even an economy-size SVD of a

matrix H requiresO¹<= minf <– =gº operations. Therefore, it is natural to seek

faster methods for obtaining anear-optimallow-rank approximation.

Before moving on, we should say a few words about low-rank approximation of a

psd matrixG. When approximating a psd matrix, it is natural to use a low-rank

approximationbG � G that is also psd. The factorsL and M for a psd low-rank

matrix bGcan always be taken to be the same, yielding the symmetric decomposition

bG = LL � • (2.2)

The eigendecomposition of a psd matrix induces an SVD, so an optimal rank-:

approximation to a psd matrix can be obtained by truncating its eigendecomposition.
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2.2 Projection approximation

How might we construct high-quality low-rank approximations without relying

on the SVD? A natural strategy emerges from a re-examining the optimal rank-:

approximationÈHÉ: . In Fact 2.1, we computed the optimal rank-: approximation

by truncating the SVDH = [ � \ � . Alternately, we can compute the optimal rank-:

approximation using theprojection formula:

ÈHÉ: = WW� H for W= [ ¹:–1 : : º (2.3)

Here, we have projectedH onto the span of its: dominant left singular vectors

[ ¹:–1 : : º. We remind the reader thatWW� acts as an orthoprojector onto the range

of a matrixWwith orthonormal columns.

The projection formula (2.3) motivates the use of projections as general strategy for

constructing low-rank approximations.

De�nition 2.2 (Projection approximation). Let 
 2 K=� : be a test matrix, and probe

the matrixH by computing the productH
 . Theprojection approximationto H

with test matrix
 is

bH := � H
 H = W¹W� Hº with W= Orth ¹H
 º•

As we will see, the class of projection approximations contains many good rank-

: approximations to a matrixH. Indeed, it is simple to verify that the optimal

approximation is, itself, a projection approximation with test matrix
 = \ ¹:–1 : : º.

The motivation behind projection approximation is that the range ofH
 serves as a

good, but cheap to compute, proxy for the span of the dominant left singular vectors

of H. To see this, �rst expandH via its SVD

H =
min¹<–=ºÕ

8=1

f 8¹Hºu8v
�
8

and consider the product

H
 =
min¹<–=ºÕ

8=1

f 8¹Hºu8¹v
�
8
 º• (2.4)

The in�uence of each left singular vectoru8 is controlled by the size of the singular

value f 8¹Hº and the productv�
8
 . In particular,provided that v�

8
 is not small

for each1 � 8� : , the productH
 will have large components in the directions
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of all of the dominant left singular vectorsf u8 : 1 � 8 � : g. Conversely, the

subdominant left singular vectorsf u8 : 8 ¡ : gare scaled by smaller singular values

f 8¹Hº � f : ¹Hº, so H
 will have smaller components in these directions. Thus,

projecting onto the range ofH
 provides a computationally cheap alternative to

projecting onto the span of the dominant singular vectors.

To assess the cost of projection approximation, we can count the number ofmatrix�

vector products(matvecs) needed to compute one. Forming the productH
 requires

: matvecs withH, one with each column of
 :

H
 =
h
H8 1 � � � H8 :

i
•

Building the second productW� H expends: matvecswith H� :

W� H = ¹H� Wº� =
h
H� q1 � � � H� q:

i �
•

Therefore, computing a projection approximation consists of: matvecs withH, :

matvecs withH� , and O¹<: 2º additional arithmetic operations to evaluateW =

Orth ¹H
 º (via economy-sizeQR decomposition).

Projection approximations satisfy a number of enjoyable properties:

Proposition 2.3 (Properties of projection approximations). Let H 2 K< � = and


 2 K=� : be matrices, and consider the projection approximation� H
 H. Then

(a) Columnwise orthogonality.The approximation� H
 H and its residualH �

� H
 H are columnwise orthogonal,

¹� H
 Hº� ¹H � � H
 Hº = ¹H � � H
 Hº� ¹� H
 Hº = 0•

Consequently,

¹H � � H
 Hº� ¹H � � H
 Hº = H� H � ¹ � H
 Hº� ¹� H
 Hº

= H� ¹I � � H
 HºH•

(b) Invariance. The projection approximation is invariant under right multipli-

cation of the test matrix
 by a nonsingular matrixZ, � H
 Z H = � H
 H. In

particular, � H
 H is invariant under reordering of the columns of
 .

(c) Monotonicity. The singular values of the approximation� H
 H are mono-

tone increasing under extension of the test matrix:

2 ¹� H
 0Hº � 2 ¹� H
 Hº for 
 0 = »
 � ¼•
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Similarly, the singular values of the residualH � � H
 H are monotone de-

creasing:

2 ¹H � � H
 0Hº � 2 ¹H � � H
 Hº for 
 0 = »
 � ¼•

Consequently,jjjH � � H
 0Hjjj � jjjH � � H
 Hjjj for any unitarily invariant

matrix normjjj�jjj, such as the trace, Frobenius, and spectral norms.

(d) Optimality. The projection approximation achieves the lowest Frobenius norm

error among all approximationsI � H satisfyingrange¹I º � range¹H
 º:

kH � � H
 HkF = min
range¹I º� range¹H
 º

kH � I kF•

These properties are all more-or-less standard. We omit the proof.

Remark2.4 (Left versus right). Projection approximations approximate a matrixH

by multiplying by an orthoprojector� H
 on the left. One can also de�neright

projection approximationswhich apply a projector on the right

H� H� 	 for 	 2 K< � : •

Left and right projection approximations are formally equivalent, as a right pro-

jection approximation ofH is the adjoint of a left projection approximation toH� .

We will use right projection approximations in Chapter 17, and we will discuss

two-sided projection approximations in Chapter 10. �

2.3 The randomized SVD

The randomized SVD is a simple and popular method for low-rank approximation,

and its output is a projection approximation. At its simplest level, the randomized

SVD approximation can be computed in four steps:

1. Generate a random matrix
 2 K=� : , constructed without looking at the

matrix H. (E.g.,
 could be a standard Gaussian matrix.)

2. Compute the matrix product_ = H
 .

3. Form an orthogonal basisW= Orth ¹_ º for the column span of_ , say byQR

factorization_ = WX.

4. Evaluate the projectionI = H� W, de�ning the low-rank approximationbH =

WW� H = WI � represented by factorsWandI .
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Program 2.1 rsvd.m . Implementation of the randomized SVD with a (standard)
Gaussian test matrix.
function [U,S,V] = rsvd(B,Bt,n,k)
% Input: Functions B() and Bt() computing matrix products B(X) =
% B*X and Bt(X) = B'*X, number of columns n, and rank k
% Output: Low-rank approximation Bhat to B, presented as an
% economy-size SVD Bhat = U*S*V'

Om = randn(n,k); % Gaussian random test matrix
Y = B(Om); % Matvecs with B
[Q,~] = qr(Y,"econ"); % Orthogonalize
C = Bt(Q); % Matvecs with B'
[UU,S,V] = svd(C',"econ"); % SVD of factor matrix
U = Q*UU; % Get left singular vectors

end

Written as so, the name �randomized SVD� is a misnomer for this algorithm, as

it does not output a low-rank approximation in SVD form. If desired, one can

�upgrade� the approximationbH = WI � to compact SVD form:

5. Compute an economy-size SVDI � = ] b� b\ � and setb[ := W] . The low-rank

approximationbH = b[ b� b\ � is now expressed in compact SVD form, described

by factorsb[ , b� , andb\ .

We recognize the outputbH = WI � = b[ b� b\ � of the randomized SVD as the projection

approximation ofH generated by test matrix
 . The cost of steps 1�5 is: matvecs

with H and : matvecs withH� , plus an additionalO¹: 2¹< ¸ =ºº operations to

compute aQR decomposition of_ and compute an SVD ofI � . Code for the

randomized SVD is provided in Program 2.1. In this thesis, we will use the name

�randomized SVD� to refer to the low-rank approximationbH, regardless of whether

it is represented asbH = WI � or bH = b[ b� b\ � .

The randomized SVD algorithm in its modern form was introduced in the famous

paper of Halko, Martinsson, and Tropp [HMT11]. See [HMT11, Ÿ2] and [TW23,

Ÿ3] for a discussion of the history of this algorithm, including earlier references

featuring algorithms similar to the modern randomized SVD.

The randomized SVD produces an approximation comparable with the best rank-A

approximation, whereAis smaller than the parameter: used in the randomized SVD

algorithm. Here is an example result [TW23, Thm. 8.7] (see also [HMT11, Ÿ10]):
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Fact 2.5(Randomized SVD error analysis). Let 
 2 R=� : be populated with inde-

pendentrealstandard Gaussian entries, and letbH denote the output of the random-

ized SVD algorithm. Then

EkH � bHk2
F � min

A� : � 2

: � 1
: � A� 1




 H � È HÉA




 2

F– (2.5)

EkH � bHk2 � min
A� : � 2

: ¸ A� 1
: � A� 1

� 


 H � È HÉA




 2 ¸

e2

: � A




 H � È HÉA




 2

F

�
• (2.6)

The �rst bound (2.5) shows that the expected Frobenius error of the randomized

SVD is no worse with that of the best rank-Aapproximation for everyA� : � 2, up

to a prefactor5¹:– Aº depending on: andA. The second bound (2.6) demonstrates

that thespectral-normerror of the randomized SVD still depends on theFrobenius

normof the best rank-Aapproximation




 H � È HÉA




 2

F =
min¹<–=ºÕ

8=A̧ 1

f 2
8 ¹Hº• (2.7)

Thus, we see that spectral-norm accuracy of the randomized SVD depends on the

entire tail of singular values. Compare with the optimal approximation, whose error

is just the¹A¸ 1ºst singular value:




 H � È HÉA




 = f A̧ 1¹Hº•

The spectral-norm bound (2.6) demonstrate that the randomized SVD produces a

fairly coarse approximation to a matrixH when its singular values decay at a slow

rate. This coarse approximation is nonetheless useful for many purposes.

2.4 Randomized subspace iteration

The randomized SVD can be improved by using powering to build a better test

matrix 
 . Fix a number@� 0 of powering steps, and assume at �rst that@is even.

To build 
 , generate a random matrix� 2 K=� : and apply powering


 = ¹H� Hº@•2� •

Now, form the projection approximationbH := � H
 H = � H¹H� Hº@•2� H, represented

as eitherbH = WI � or bH = b[ b� b\ � . We emphasize that the matrix
 should be

formed by successive matrix multiplications


 = H� ¹H¹H� ¹H � � � ¹H� º � � � ººº– (2.8)
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Program 2.2 rsi.m . Implementation of the randomized SVD with subspace it-
eration. Warning: This code can be numerically unstable when the matrixH has
rapidly decaying singular values of the number of subspace iteration steps@is large.
function [U,S,V] = rsi(B,Bt,m,n,k,q)
% Input: Functions B() and Bt() computing matrix products B(X) =
% B*X and Bt(X) = B'*X, dimensions m and n, rank k, and
% number of subspace iteration steps q
% Output: Low-rank approximation Bhat to B, presented as an
% economy-size SVD Bhat = U*S*V'

if mod(q,2) == 1 % Odd case
Om = randn(m,k); % Gaussian random test matrix with m rows
Om = Bt(Om); % First subspace iteration step

else % Even case
Om = randn(n,k); % Gaussian random test matrix with n rows

end

for i = 1:floor(q/2)
Om = Bt(B(Om)); % Two subspace iteration steps

end

Y = B(Om); % Matvecs with B
[Q,~] = qr(Y,"econ"); % Orthogonalize
C = Bt(Q); % Matvecs with B'
[UU,S,V] = svd(C',"econ"); % SVD of factor matrix
U = Q*UU; % Get left singular vectors

end

not by explicitly forming and powering the matrixH� H. When@is odd, the test

matrix is instead de�ned as


 = ¹H� Hº¹@� 1º•2H� � for random� 2 K< � : •

This algorithm for computing low-rank approximations by powered test matrices

is called randomized subspace iterationor the randomized SVD with subspace

iteration [RST10; HMT11; Gu15; TW23]. Code is given in Program 2.2. The cost

of randomized subspace iteration is¹@̧ 2º: matvecs, split roughly evenly between

matvecs withH andH� , plusO¹: 2¹< ¸ =ºº additional operations forQRs and SVDs.

Remark2.6 (Counting subspace iteration steps). We have chosen to count the number

of steps of subspace iteration@by the total numbers of matrix products withH or H�

required to form
 . Be warned! Some authors use a di�erent convention, counting

number of multiplications withH� H. �
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To gain intuition for why subspace iteration helps, consider an expansionH


analogous to (2.4):

H
 =
min¹<–=ºÕ

8=1

f 8¹Hº@̧1u8¹v�
8� º for @even•

We see that subspace iteration has the e�ect of powering the singular values, boosting

the gap between the �large� singular valuesf 1¹Hº– • • • – f: ¹Hº and the small singular

valuesf 8¹Hº for 8 ¡ : . The name �subspace iteration� is derived from thepower

iteration method, which computes the dominant eigenvector or singular vector of a

matrix by repeatedly multiplying by a matrixH (and possibly its adjointH� ). The

process (2.8) is referred to assubspace iterationbecause powering is performed on

a matrix rather than a single vector. In subspace iteration, the object of interest is

not really the powered matrix
 itself but the subspacerange¹
 º.

Subspace iteration, even with a random initialization, is a classical approach in ma-

trix computations [Par98, Ch. 14]. The modern randomized algorithms literature

has sharpened our understanding of subspace iteration by providing sharp proba-

bilistic analysis and emphasizing the computational bene�ts of using a large block

size: with a small number@of subspace iteration steps.

The basic implementation of subspace iteration we've described can be numerically

unstable, as the powered matrix
 given by (2.8) can become singular up to numer-

ical precision. This issue can be addressed by using intermediate orthogonalization

during the powering process. That is, instead of using the plain iteration


  H� ¹H
 º repeated@•2 times–

as in Program 2.2, orthonormalize after each step:


  Orth ¹H� ¹H
 ºº repeated@•2 times•

(Being even more aggressive, one could even use the update rule
  

Orth ¹H� Orth ¹H
 ºº.) In exact arithmetic, subspace iteration with and without

intermediate orthogonalization produce the same projection approximation as out-

put, in view of the invariance property Proposition 2.3(b). In �oating-point arith-

metic, intermediate orthogonalization can signi�cantly improve the quality of the

computed projection approximation.

Error bounds for randomized subspace iteration, analogous to Fact 2.5, are well-

established. See [HMT11; Gu15; TW23].
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Remark2.7 (Block Krylov iteration). An even more powerful type of projection

approximation is given by block Krylov iteration, where one uses the entire family

of powered approximations to de�ne the test matrix
 , i.e.,


 =
h
� ¹H� Hº� � � � ¹H� Hº@•2�

i
for @even•

References on randomized block Krylov iteration include [RST10; MM15; TW23].

The weaker approximations produced by the randomized SVD, possibly with a few

steps of subspace iteration, will su�ce for the purpose of this thesis. �

2.5 Nyström approximation

To approximate a psd matrixG 2 K=� =, we have access to a more e�cient class of

low-rank approximations known as Nyström approximations.

De�nition 2.8 (Nyström approximation). Let G 2 K=� = be a psd matrix, and let


 2 K=� : be a test matrix. The Nyström approximation toG is

bG = Gh
 i = G
 ¹
 � G
 ºy¹G
 º� • (2.9)

Here,y is the Moore�Penrose pseudoinverse, which agrees with the ordinary inverse

for nonsingular matrices.

Observe that the only access to the matrixG needed to compute the Nyström

approximationGh
 i is the ability to form the single matrix product

_ := G
 • (2.10)

From_, the approximationbG may be assembled using the formula

bG = _ ¹
 � _ºy_ � •

This �single-pass� property of the Nyström approximation is an advantage over

projection approximations, which require two passes over the matrixH (one to

computeH
 , a second to computeW� H).

To motivate the form of the Nyström approximation (2.9), observe that any approx-

imation bG satisfyingrange¹ bGº = range¹G
 º must take the form

bG = ¹G
 ºS ¹G
 º� •

The choiceS = ¹
 � G
 ºy enforces that the matrixG and the approximationbG

agree when multiplied by
 , bG
 = G
 . Indeed, provided
 � G
 is nonsingular,

S = ¹
 � G
 ºy = ¹
 � G
 º� 1 is theuniquechoice ofS satisfying this condition.

The randomized Nyström approximation enjoys many nice properties:
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Proposition 2.9(Properties of the Nyström approximtion). Let G 2 K=� = be psd,

let 
 2 K=� : be a matrix, and consider the projection approximationGh
 i . Then

(a) Psd.The Nyström approximationGh
 i and its residualG� Gh
 i are psd.

(b) Invariance. The Nyström approximation is invariant under right multiplica-

tion of the test matrix
 by a nonsingular matrixZ, Gh
 Zi = Gh
 i . In

particular, Gh
 i is invariant to reordering of the columns of
 .

(c) Monotonicity. The Nyström approximation is monotone increasing with re-

spect to the psd order under enlargement of the matrix


Gh»
 � ¼i � Gh
 i •

Recall� denotes the psd order on Hermitian matrices. Consequently,

jjjG � Gh»
 � ¼ijjj � jjjG � Gh
 i jjj

for any unitarily invariant normjjj�jjj, such as the trace, Frobenius, or spectral

norms.

(d) Interpolatory. The matrixG and its Nyström approximationGh
 i have the

same action on
 . That is,G � 
 = Gh
 i � 
 .

(e) Optimality. Among all Hermitian approximationsS satisfyingrange¹S º �

range¹G
 º with a psd residualG� S , the residualG� Gh
 i is the smallest

in the psd order:

G� bG � G� S •

Consequently,jjjG � Gh
 i jjj � jjjG � S jjj for all suchS and for any unitarily

invariant normjjj�jjj.

These properties have all been used, implicitly or explicitly, throughout the literature.

The �rst four properties all have relatively straightforward proofs, and the last

property relies on variational properties of Schur complements [And05, Thm. 5.3];

see [Epp22a] for an exposition.

Remark2.10 (Hermitian inde�nite matrices). While it is most naturally justi�ed

for psd matrices, the Nyström approximation can also be used to approximate any

Hermitian matrixG. A potential issue is that, for an inde�nite matrixG (i.e., a

matrix for which neitherGor � Gis psd), the core matrix
 � G
 can be singular (or
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nearly singular) even if the input matrixGand test matrix
 are both full-rank. This

near-singularity issue can cause degradations in the accuracy of the approximation

Gh
 i � G. This issue is addressed by Nakatsukasa and Park [NP23], who suggest

oversamplingby using a larger test matrix of size
 2 K=� 2: , then regularizing the

Nyström approximation by truncating the small eigenvalues of the core matrix

bG := G
 È
 � G
 Éy
: ¹G
 � º•

They suggest possible values2 = 1•5 and2 = 2. This strategy appears to resolve the

numerical issues of applying the ordinary, un-regularized Nyström approximation

to Hermitian inde�nite matrices, though only partial theoretical explanation for the

success of this strategy is available [NP23, Thm. 3.1]. A disadvantage of this strategy

it increases the cost of computing a rank-: Nyström approximation to2: matvecs,

comparable to the cost of a randomized SVD (2: matvecs) or generalized Nyström

approximation (� 2•5: matvecs); both of these approximationsbH � G are not

Hermitian by default, but can be made Hermitian by symmetrizingbG := ¹ bH¸ bH� º•2.

I believe there is more left to be understood about what the �right� algorithm is for

approximation of Hermitian inde�nite matrices. �

Choice of test matrix.Analogous to the randomized SVD, a simple way of invoking

the Nyström approximation is to choose
 to be a random matrix independent

from G such as a standard Gaussian matrix. We will call this version of Nyström

approximation asingle-pass Nyström approximation, since it requires only one pass

over the matrix to compute. Alternatively, one can use subspace iteration [RST10;

HMT11; Gu15]


 = G@�

or block Krylov iteration [RST10; MM15; TW23]


 =
h
� G� � � � G@�

i
–

both of which require additional passes over the matrix. All of the warnings

about numerical stability and reorthogonalization from Section 2.4 remain in force

when randomized subspace iteration (or block Krylov iteration) is combined with

Nyström approximation. Part I of this thesis will explore a special class of Nyström

approximations where the matrix
 is a column submatrix of the identity matrix.

Stable implementation.Computing the Nyström approximation must be done with

care to ensure accurate results in �oating-point arithmetic. Here, we present a
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variant of the stable Nyström implementation developed in [TYUC17a] (based on

ideas introduced in [LLSS+17]). The idea is to compute a Nyström approximation

bG` := ¹G¸ ` I ºh
 i

of a shifted matrixG¸ ` I , where` is a small shift parameter. Begin by computing

the matrix_ in (2.10), and de�ne the shift

` := =� 1•2k_ kFD• (2.11a)

Here,Ddenotes the unit roundo�, of sizeD� 10� 16 in double-precision arithmetic.

The shift (2.11a) di�ers from the one proposed in [TYUC17a] and was introduced

in [ETW24] to obtain a stable shift of the minimum possible size while avoiding

computing the spectral norm of_ . Now, apply the shift to_ , obtaining

_ ` := _ ¸ a
 – (2.11b)

and form the matrix

N := 
 � _ ` • (2.11c)

Next, compute a Cholesky decomposition

N = X� X (2.11d)

and use triangular substitution to form

L := _ X � 1• (2.11e)

The factor matrixL gives rise to the shifted Nyström approximationbG` = LL � .

Code is provided in Program 2.3. In order to reuse this code later in the thesis, we

have written it to use a matrix
 � Unif f� 1g=� : of random� 1 values and to return

the shift` , test matrix
 , and Cholesky factorX as optional outputs.

For many purposes, the shifted Nyström approximationbG` = LL � is a perfectly

good substitute for the unshifted approximationbG, as the shift parameter̀ is

tiny�on the order of the unit roundo�. To achieve the most accurate results,

however, we can attempt to correct for the shift. For some problems, we will have

means to correct the shift �exactly�; see Section 14.6 for an example of such a

scenario. Alternately, we can upgrade the outer product representationbG` = LL �

to an eigendecomposition representationbG` = [J ` [ � via economy-size SVD

L = [ � \ � with J ` := � 2. Then, de�ne the shift-corrected Nyström approximation

bGSC = [J[ � for J = maxf J ` � ` I–0g•
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Program 2.3 nystrom.m. Stable implementation of the single-pass Nyström ap-
proximation. Low-rank approximation is outputted in the formLL � and computed
using shifting. Therandom_signs subroutine is de�ned in Program F.2.
function [F,mu,Om,R] = nystrom(A,n,k)
% Input: Function A() computing matrix products A(X) = A*X, number
% of rows n, rank k
% Output: Shifted Nystrom approximation Ahat = F*F' represented by
% factor F, shift mu, test matrix Om, triangular factor R

Om = random_signs(n,k); % Test matrix of random signs
Y = A(Om); % Matrix product Y = A*Om
mu = eps*norm(Y,"fro")/sqrt(n); % Compute shift
Y = Y + mu * Om; % Apply shift to Y
H = Om'*Y;
R = chol(H);
F = Y/R; % Triangular substitution

end

Program 2.4 nystrom_shiftcor.m . Stable implementation of the single-pass
Nyström approximation[J[ � using shift correction. Thenystrom subroutine is
de�ned in Program 2.3.
function [U,D] = nystrom_shiftcor(A,n,k)
% Input: Function A() computing matrix products A(X) = A*X, number
% of rows n, rank k
% Output: Shift-corrected Nystrom approximation Ahat = U*D*U',
% represented by orthonormal factor U and nonnegative
% diagonal factor D

[F,mu] = nystrom(A,n,k); % Compute (shifted) Nystrom approximation
[U,S,~] = svd(F,"econ"); % Economy-size SVD
D = max(S.^2 - mu, 0); % Apply shift correction

end

The maximum is taken entrywise. The shift-corrected Nyström approximationbGSC

is not exactly equal to the original Nyström approximationbG, but it is typically

more accurate then the uncorrected approximationbG` . Code for the shift-corrected

Nyström approximation (with a standard Gaussian test matrix
 ) is provided in

Program 2.4.

Nyström versus projection approximation.Measured using the Frobenius norm, the

projection approximation� G
 G is more accurate than the Nyström approximation
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Gh
 i ,

kG� � G
 GkF � kG� Gh
 i kF• (2.12)

This conclusion follows from the optimality property Proposition 2.3(d) of the pro-

jection approximations. However, this comparison is not really a fair one since the

Nyström approximationGh
 i can be computed using: matvecs and a single pass

over the matrix, whereas the projection approximation� G
 G requires2: matvecs

and two passes. Therefore, the fair comparison is between the projection approx-

imation � G
 G and Nyström approximation computed with one step of subspace

iteration GhG
 i . In this case, a result of Tropp and Webber [TW23, Lem. 5.2]

ensures the Nyström approximation is always more accurate:

jjjG � GhG
 i jjj � jjjG � � G
 Gjjj (2.13)

for any unitarily invariant norm.

Error analysis. Analogous to Fact 2.5, we have error bounds for the single-pass

Nyström approximation [TW23, Cor. 8.8]:

Fact 2.11(Single-pass Nyström error analysis). Let 
 2 R=� : be populated with

independent (real) standard Gaussian entries, and letbG denote the single-pass

Nyström approximation with test matrix
 . Then

EkG� bGk� � min
A� : � 2

: � 1
: � A� 1




 G � È GÉA






� – (2.14)

�
EkG� bGk2

F

� 1•2
� min

A� : � 4

: � 2
: � A� 1

 



 G � È GÉA






F ¸




 G � È GÉA






�p
: � A

!

– (2.15)

�
EkG� bGk2

� 1•2
� min

A� : � 4

: ¸ A� 1
: � A� 3

 



 G � È GÉA




 ¸

p
3e2

: � A




 G � È GÉA






�

!

• (2.16)

With these error bounds, we can again consider the question: Which is more

accurate, the randomized SVD (a projection approximation) or the single-pass ran-

domized Nyström approximation? Recall that the error of the randomized SVD,

measured in both the Frobenius and spectral norms, depends on theFrobenius

norm of the best rank-Aapproximation (2.7). By contrast, the error of the single-

pass Nyström approximation�measured in either the trace, Frobenius, or spectral

norm�depends on thetrace normof the best rank-Aapproximation




 G � È GÉA






� =
=Õ

8=A̧ 1

_8¹Gº•
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The trace norm is always larger than the Frobenius norm. Therefore, when single-

pass Nyström approximation and the randomized SVD are both used to produce

a rank-: approximation to a psd matrixG, the randomized SVD is usually more

accurate. However, measured in matvecs, randomized Nyström approximation (:

matvecs) is cheaper than the randomized SVD (2: matvecs). Thus, for a �xed budget

of Bmatvecs, one can either compute a rank-Brandomized Nyström approximation

or a rank-¹B•2º randomized SVD; because of the higher approximation rank, the

former is often preferable to the latter. The consequences of this comparison will

be explored in Part II of this thesis.

2.6 The Gram correspondence

TheGram correspondenceis a powerful fact that links projection approximations

and Nyström approximations.

Theorem 2.12(Gram correspondence). Let G 2 K=� = be a psd matrix, and let

H 2 K< � = beanymatrix for whichG = H� H. For a given test matrix
 2 K=� : ,

instantiate the projection approximationbH := � H
 H and Nyström approximation
bG := Gh
 i . These approximations are relatedbG = bH� bH.

Proof. SinceG = H� H, the Nyström approximation is

G
 = H� »¹H
 º¹¹H
 º� ¹H
 ººy¹H
 º� ¼H

Observe that the bracketed matrix is a formula for the projector� H
 , which equals

its square. Therefore,

G
 = H� � 2
H
 H = ¹� H
 Hº� ¹� H
 Hº = bH� bH•

We have obtained the advertised conclusion.

The Gram correspondence has an interesting history, which we will describe later

in this section. Early references in the randomized matrix computations literature

include [BW09a; Git11].

The Gram correspondence can be stated more concisely by using the following

de�nitions.

De�nition 2.13 (Gram matrix and Gram square root). Let G 2 K=� = be a psd

matrix. Anymatrix H 2 K< � = for which H� H = G is called aGram square rootof

G. Similarly, the matrixG = H� H is called theGram matrixof H.



28

The Gram matrix,G = H� H = ¹b�
8b9º1� 8– 9� =, named after Jørgen Pedersen Gram

of Gram�Schmidt fame, tabulates the pairwise inner products of a matrixH. Every

psd matrixG has many Gram square roots, including the outputX of a (pivoted)

Cholesky factorization and the positive-semide�nite matrix square rootG1•2.

Using De�nition 2.13, the Gram correspondence may be rewritten:

Gram correspondence (rephrased).If H is a Gram square root ofG, the

projection approximationbH := � H
 H is a Gram square root of the Nyström

approximationbG := Gh
 i . (Just as well, the Nyström approximationbG is

the Gram matrix of the projection approximationbH.)

Several important observations are special cases of the Gram correspondence, in-

cluding the equivalence of single-pass Nyström approximation and the randomized

SVD and the equivalence of column-pivotedQR and Cholesky decompositions.

The latter equivalence will play an important role in Part I of this thesis.

The Gram correspondence has important implications for algorithm design. At a

high-level, the principle is as follows:

Gram correspondence: Transference of algorithms. Every algorithm

producing a projection approximation to a general matrix should have an

analogous algorithm that produces a Nyström approximation to a psd matrix.

An elementary example of a pair of algorithms are the randomized SVD for approx-

imating a general matrix and the single-pass Nyström approximation for approxi-

mating a psd matrix. More sophisticated examples of this principle will be explored

in Part I of thesis, most particularly in Chapter 9.

The Gram correspondence also has a consequence for error analysis of algorithms:

Corollary 2.14 (Gram correspondence: Transference of error bounds). Let H 2

K< � = be a Gram square root of a psd matrixG 2 K=� =, and �x a test matrix


 2 K=� : . Then the errors for the Nyström approximationbG = Gh
 i and projection

approximationbH = � H
 H are related: For any? � 1, we have

kG� bGkS?
= kH � bHk2

S2?
• (2.17)

Here,k�kS?
denotes the Schatten?-norm, of which the trace, Frobenius, and spectral

norms are the special cases? = 1, ? = 2, and? = 1 . The special cases? = 1 and
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? = 1 in (2.17)yield the useful relations

kG� bGk� = tr¹G� bGº = kH � bHk2
F–

kG� bGk = kH � bHk2•

Proof. By the columnwise orthogonality property Proposition 2.3(a),

¹H � bHº� ¹H � bHº = H� H � bH� bH = G� bG•

Take Schatten?-norms of both sides, and invoke the identitykI � I kS?
= kI k2

S2?

to obtain (2.17).

This for any given (random) test matrix
 , one only has to analyze the error

kH � � H
 kS2?
or kG� Gh
 i kS?

once, with a bound on the other quantity coming

for free. We will use fact several times in this thesis. As an example we have already

seen, the pair of bounds (2.5) and (2.14) can be derived from each other in this way.

Remark2.15 (History). The Gram correspondence is implicit in much of the lit-

erature on low-rank approximation and pivoted matrix decompositions [Hig90;

BW09a; Git11; GS12; GM13; MW17; TW23; PBK25]. The equivalence between

Cholesky andQR decompositions, a consequence of the Gram correspondence, is

classical [Hig90]. Transferring algorithms and analysis between a matrixH and

its Gram matrixG = H� H has been a standard technique for column-based ma-

trix decompositions and approximations over many years [Hig90; BW09a; GS12;

CK24]; see Chapter 9 for examples and discussion. A version of the Gram cor-

respondence for the particular Gram square rootH := G1•2 appears in works of

Gittens [Git11; GM13] starting in 2011, and this analytical approach is used to ob-

tain sharp bounds for single-pass Nyström approximations in [TYUC17a]. Musco

and Woodru� [MW17] provide a clear statement of the transference of algorithms

principle. Some aspects of the Gram correspondence are highlighted by Derezi«ski,

Khanna, and Mahoney in [DKM20, Rem. 2], who draw attention to algorithmic

implications in the work of Belabbas and Wolfe [BW09a]. The connection between

the randomized SVD and randomized Nyström approximation has been used in a

very explicit and direct way in recent papers [TW23; PBK25]. In an e�ort to make

Theorem 2.12 and its consequences known beyond the community of experts famil-

iar with it, I described the principle in a general way and suggested the nameGram

correspondencein the blog post [Epp24c]. �
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C h a p t e r 3

LOW-RANK APPROXIMATION OF PSD MATRICES

Symmetric positive de�niteness is one of the highest accolades to which

a matrix can aspire.

Nicholas J. Higham,Accuracy and Stability of Numerical Algorithms

[Hig02, Ÿ10.1]

The �rst part of this thesis will largely be concerned with the low-rank approximation

of psdmatrices, though we will return to general matrices in Chapters 9 and 10. We

will focus on a very limited model of computation where we only have access to a

small number ofentriesof the input matrixG 2 K=� =. The main algorithm of this

part of the thesis will berandomly pivoted Cholesky, which produces near-optimal

rank-: approximations to a psd matrix after reading only¹: ¸ 1º= entries. Our main

application for psd low-rank approximation will involve e�cient computations with

kernel matrices and covariance matrices of Gaussian processes. These matrices are

the core objects in a wide class of machine learning algorithms; see Chapter 5 for

an introduction to kernel and Gaussian methods in machine learning.

Sources.This chapter largely serves to introduce the psd low-rank approximation

problem and summarize the existing literature. It is a signi�cantly extended version

of the literature survey from the following paper:

Yifan Chen, Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. �Randomly

Pivoted Cholesky: Practical Approximation of a Kernel Matrix with Few Entry

Evaluations�. In:Communications on Pure and Applied Mathematics78.5 (2025),

pp. 995�1041.doi: 10.1002/cpa.22234 .

Outline. Sections 3.1 and 3.2 discuss the entry access model for matrix computa-

tions and the positive-semide�nite low-rank approximation problem. Section 3.3

introduces pivoted partial Cholesky decompositions and shows how they can be

used to compute low-rank approximations to psd matrices; the outputs of pivoted

partial Cholesky decompositions are calledcolumn Nyström approximations, which

are discussed in Section 3.4. Section 3.5 describes subset selection problems in ma-

chine learning and computational mathematics and relates them to the psd low-rank
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approximation task. Section 3.6 describes a connection between Cholesky decom-

position, Nyström approximation, and Gaussian random variables. Section 3.7

concludes with a discussion of sampling methods for psd low-rank approximation,

which are some of the main alternatives to the randomly pivoted Cholesky method.

3.1 The entry access model

In computational linear algebra, we usually work with matrices stored directly in

memory, with all of the matrix entries immediately available to us to perform

whatever operations we so choose. There are also computational settings where we

have much more limited access to the matrix, introducing constraints on algorithm

design that must be accommodated. The �rst part of this thesis will work in one

such limited framework, the entry access model.

Entry access model.We are given a matrixH 2 K< � = that may be accessed

by requesting individual entries18 9. The (dominant) cost of an algorithm is

the total number of entries accessed.

The Part II of this thesis works in a di�erent computational model, the matvec model,

which is a natural model for other types of computational linear algebra problems.

The following de�nition provides a natural example of a matrix for which the entry

access model is appropriate:

De�nition 3.1 (Function matrix). Let D � X andE � Y be �nite subsets of base

setsX andY, and letb : X � Y ! K be a bivariate function. Thefunction matrix

associated with this data isH = b¹D–Eº := ¹b¹G– Hº : G2 D– H2 Eº 2 KD� E.

A function matrixH is described implicitly by the elementsG2 D– H2 E and the

functionb. Accessing each entry ofH requires computing the functionb¹G– Hº. In

particular, reading all entries ofHrequiresjDj�jEj function evaluations, much greater

than the numberjDj ¸ j Ej of input elementsD [ E. Function matrices, and slight

variations thereof, occur in discretizations of integral operators in computational

physics [SS11] and in the design of fast algorithms for classical structured matrices

[CGSX+08; Wil21].

The main motivating example for this part of the thesis will be kernel matrices, a

subclass of function matrices.
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De�nition 3.2 (Kernel function and matrix). Let X be a set. A function̂ : X � X !

K is said to be a(positive de�nite) kernel functionif the kernel matrixG := ^¹D–Dº

is psd for every �nite subsetD � X.

Kernel functions and kernel matrices are �exible tools that can be used to design

algorithms for learning from data, and they also appear in the theory of Gaussian

processes. See Chapter 5 for examples of kernel functions and an introduction to

kernel and Gaussian process methods in machine learning.

Like other function matrices, an=� = kernel matrixGis de�ned by a datasetD, say,

of sizejDj = =, but generating all of the entries ofG requires= � = = =2 function

evaluations. Particularly when the base spaceX = K3 is a Euclidean space of large

dimension3 � 1, each entry evaluation ofG is expensive, which motivates the

search for algorithms for psd low-rank approximation that require a small number

of entry evaluations.

Even for the examples we have seen so far, function matrices and kernel matrices,

the entry access model might not be the most appropriate abstraction for algorithm

design; see Section 8.1 for a discussion of an alternative model for these use cases.

Low-rank approximation in the entry access model

On its face, it may seem impossible to accurately approximate a matrix from a

limited number of entry accesses, at least without prior information. In general, this

intuition is correct:

Proposition 3.3 (Impossibility of general matrix approximation from entry ac-

cesses). Let jjj�jjj denote either the spectral, Frobenius or trace norms (or, indeed,

any unitarily invariant matrix norm). Consider an algorithm that queries an input

matrix H in Cpositions and outputs an approximationbH to H. Any such algorithm

applied to a matrixH with a single nonzero entry in a random position must produce

an approximation of high relative error

jjjH � bHjjj
jjjHjjj

�
1
2

(3.1)

with probability at least1 � C•<= � 1•¹ <= � Cº. In particular, even querying half

of the matrix entries (C= <=•2) still produces a poor approximation(3.1) with

probability at least1•2 � 2•<=.

This result establishes that even an algorithm that reads a large fraction of a general

matrix H's entries (say, half), still is prone to producing an approximation of high
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error for some inputs. The failure mode is intuitive; if a single large entry is

placed inH at a random position, no algorithm can be guaranteed to �nd it without

exhuming a large number of entries. This observation dates back to the earliest days

of randomized matrix approximation [FKV98].

Proof of Proposition 3.3.Let H 2 f0–1g< � = be a random matrix constructed by

placing a single nonzero entry in a uniformly random position,

H = e8¢ e�
9¢ for 8¢ � Unif f 1– • • • – <g– 9¢ � Unif f 1– • • • – =g•

Without loss of generality, we take this nonzero entry to have value1. Consider any

deterministic algorithm which queries this matrixH atCadaptively chosen positions

¹81– 91º– • • • –¹8C– 9Cº. Except with probabilityC•<=, the algorithm only queries entries

with value0. Conditional on the locations,H is equally likely to be any matrix in the

collectionC := f e8e
�
9 : ¹8– 9º 8 Pg. For the outputbH of the algorithm, at most one

point in C is within distance¹1•2ºjjjHjjj of H. Therefore, except with probability

1•¹ <= � Cº, jjjH � bHjjj• jjjHjjj � 1•2.

Remarkably, the psd low-rank approximation problem is much better behaved in the

entry access model than the general low-rank approximation problem, and we will

see several examples in this thesis of algorithms that produce near-optimal low-rank

approximations to a psd matrix while reading a fraction its entries.

The main structural property that makes psd low-rank approximation feasible in the

entry access model is the o�-diagonal inequality [HJ12, 7.1.P1]:

Fact 3.4(O�-diagonal inequality). Let G 2 K=� = be a psd matrix, and let1 � 8– 9�

= be indices. Then the magnitudej08 9j of the o�-diagonal entry is bounded by the

geometric mean of the diagonal entries:

j08 9j � 01•2
88 � 01•2

9 9 � max¹088– 09 9º•

In particular, the largest entry of a psd matrix must occur on its diagonal.

Proof. The proof is standard and beautiful. SinceG is psd, the principal submatrix

G¹f8– 9g–f8– 9gº =

"
088 08 9

08 9 09 9

#

is psd as well•

Therefore, the determinantdetG¹f8– 9g–f8– 9gº = 08809 9� j 08 9j2 � 0 is nonnegative.

Rearrange to obtain the stated conclusion.
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The o�-diagonal inequality shows that large entries cannot �hide� in a psd matrix.

By generating the= entries of the diagonal, one obtains a �heat map� of all possible

places a large entry ofG can lie. In particular, large entries ofG can only exist in

columns ofa8containing a large diagonal entry088� 0. This observation suggests a

strategy for psd low-rank approximation: Extract columns ofG with large diagonal

entries. This strategy forms the basis for the most e�ective methods for psd low-rank

approximation in the entry access model.

Remark3.5 (Algorithms for general low-rank approximation from entry accesses).

The impossibility result Proposition 3.3 has not stopped research into algorithms

for low-rank approximation of non-psd matrices that use a small number of entry

accesses. In order to approximate a general matrix from a small number of entry

accesses, one needs eitheradditional information(such as the location of large

entries, the norms of columns, etc.) oradditional assumptions(such asincoher-

ence, the property that the information in the matrix is �evenly spread across the

rows/columns�). Discussion of such methods is beyond the scope of this thesis; see

[CD13; CY25] for more information. �

3.2 The psd low-rank approximation problem

This thesis will consider the following version of the psd low-rank approximation:

Psd low-rank approximation problem (entry access model):Given a psd

matrix G 2 K=� = and a target rank: � 1, computethe description of a

nearly optimalrank-: psd approximationbG to G.

This problem statement contains embedded in it two phrases that require elaboration:

�the description� and �nearly optimal�. Let us begin with the former. For most of

this thesis, �the description� of a psd rank-: approximation bG = LL � will be

provided by a factor matrixL 2 K=� : . Our approximations will be randomized, so
bG will be a random matrix.

To substantiate the phrase �nearly optimal�, we employ the following de�nition:

De�nition 3.6 (¹A– Y– ?º-approximation). Let H 2 K< � = be a matrix, let1 � A �

min¹<– =º be an integer, and? � 1 and Y � 0 be real numbers. An¹A– Y– ?º-

approximationis a random matrixbH for which

EkH � bHkS?
� ¹ 1 ¸ Yº




 H � È HÉA






S?
• (3.2)
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Here,kI kS?
:= ¹

Í
8f 8¹I º?º1• ? denotes the Schatten?-norm. If ? = 1, we suppress

the dependence on? and refer to simply an¹A– Yº-approximation.

This de�nition motivates the question �for a particular algorithm, for what value

of : can we guarantee it produces an¹A– Yº-approximation?� As we will see, the

algorithms we consider will achieve a nearly optimal dependence of: on AandY

in a precise sense outlined below in Fact 3.11. This will be the sense in which the

algorithms considered by this thesis will be �near-optimal�.

Let us now speak to the choice of? = 1 in the de�nition of an¹A– Yº-approximation.

First let us note that the problem of computing an¹A– Y– ?º becomes more di�cult as

? becomes larger. As a simple example, consider an= � = matrix with eigenvalues

10and1, the latter with multiplicity=� 1. For this matrix, even the zero matrix is a

near-optimal rank-1 approximation for? = 1 in the sense that it is a¹1–O¹1•=º–1º-

approximation; even the most trivial approximation, the zero matrix, obtains an

accuracy parameterYvanishing in the limit= ! 1 . However, for? = 1 , the zero

matrix is merely a¹1–9–1º approximation, and we must work harder to obtain a

small accuracy parameterY.

The example above demonstrates that the psd low-rank approximation problem gets

harder as? gets larger, but why? = 1 speci�cally? Why not? = 2 or ? = 4? These

questions will be explored later in the thesis, most particularly in Section 11.2. For

now, let us just mention one reason why working with? = 1 is convenient. Recall

that many of the most e�ective algorithms for psd low-rank approximation output a

Nyström low-rank approximationbG; see De�nition 2.8. For such an approximation,

Proposition 2.9(a) ensures that0 � bG � G, so the Schatten1-norm and trace of the

residual matrixG� bG coincide:

kG� bGkS1
= kG� bGk� = tr¹G� bGº•

Thus,for a Nyströmapproximation bG, the¹A– Yº-approximation condition (3.2) can

be written as

Etr¹G� bGº � ¹ 1 ¸ Yº tr¹G � È GÉAº•

The trace is a linear functional, which will be very useful during algorithm analysis.

Remark3.7 (High probability bounds). Another standard way of analyzing psd low-

rank approximations is to de�ne an¹A– Y– ?º approximation with failure probability
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Xas a random matrixbH � H for which

kH � bHkS?
� ¹ 1 ¸ Yº




 H � È HÉA






S?
with probability at least1 � X• (3.3)

In a sense, the high probability guarantee (3.3) is stronger than the expectation

guarantee (3.2), though the guarantees are formally incomparable. For the purposes

of this thesis, we will consider an algorithm to be theoretically supported if it admits

either type of guarantee. �

3.3 Pivoted partial Cholesky decompositions

A classical approach in computational linear algebra for computing low-rank approx-

imations of a matrix ispartial matrix decomposition. A partial matrix decomposition

refers to any standard matrix decomposition (QR, Cholesky, SVD) where rows or

columns of the factor matrices have been deleted or simply not computed at all. The

most famous example of low-rank approximation by partial matrix decomposition is

furnished by the Schmidt�Mirsky�Eckart�Young theorem (Fact 2.1), which states

that partial singular value decompositions yield optimal low-rank approximations.

For e�cient psd low-rank matrix approximation, we use a partial version of a dif-

ferent matrix decomposition, theCholesky decomposition. The Cholesky decom-

position of a psd matrixG represents the matrix as a productG = RR� of a lower

triangular matrixRand its adjoint. The Cholesky decomposition is sometimes writ-

ten G = X� X using anupper triangular matrix X. The two conventions are easily

inter-converted,X = R� . By truncating the Cholesky decomposition to just the �rst

: columns, we obtain a rank-: approximationbG¹: º := R¹:–1 : : ºR¹:–1 : : º� � G.

The factored approximationbG¹: º = R¹:–1 : : ºR¹:–1 : : º� is known as apartial

Cholesky decomposition ofG.

We compute the Cholesky decomposition by Gaussian elimination. To describe

the algorithm, letbG¹8º denote the approximation produced at step8, and letG¹8º :=

G � bG¹8º denote the residual. The entries ofG¹8º are G¹8º ¹ 9– :º = 0¹8º
9 :. Under this

convention,G¹0º := G denotes the initial matrix. The procedure goes as follows:

For8= 1– • • • – =,

1. Rescale.Extract the8th columna¹8� 1º
8 of G¹8� 1º and rescale

� 8 := a¹8� 1º
8 •¹ 0¹8� 1º

88 º1•2•

The vectors� 8comprise the columns of the lower triangular matrixR.
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2. Eliminate. Update the residualG¹8º := G¹8� 1º � � 8�
�
8. This step has the e�ect

of zeroing out the matrix in the8th row and column.

The procedure succeeds provided all of the diagonal entries0¹8� 1º
88 encountered

during factorization are nonzero. Since the procedure zeros out the8th row and

column of the matrix at every iteration, and the update rule does not introduce

nonzero entries into previously nonzero rows. The procedure terminates with a

decompositionG = RR� .

Pivoting, in general

As a method of low-rank approximation, the standard partial Cholesky decompo-

sition can be ine�ective, as it always forms an approximation based on the �rst:

columns. The procedure can be modi�ed to eliminate the columns in a general

order. The resulting procedure is called apivoted Cholesky decomposition, and the

positionsB8 2 f1– • • • – =g that are eliminated at each step8are calledpivot indices.

Concretely, beginning fromG¹0º = 0, do the following for8= 1– • • • – =:

1. Select a pivot.Choose apivot indexB8 2 f1– • • • – =gassociated with a nonzero

pivot entry0¹8� 1º
B8B8 < 0.

2. Rescale.Extract and rescale the pivot column

� 8 := a¹8� 1º
B8 •¹ 0¹8� 1º

B8B8 º1•2•

3. Eliminate. Update the residualG¹8º := G¹8� 1º � � 8�
�
8. This step has the e�ect

of zeroing out the matrix in theB8th row and column.

The ordered list of pivotsS = f B1– • • • – B=g gives rise to a reordering of the rows

and columns of the matrixG. The matrixR produced by this procedure is typically

not triangular, but it becomes lower triangular after rearranging its rowsR¹S–:º

according toS. The reordered factor matrixR¹S–:º is the traditional Cholesky

factor of thesymmetrically reordered psd matrixG¹S–Sº. As with the standard

Cholesky decomposition, pivoted partial Cholesky decompositions yield low-rank

approximations of the matrix, i.e.,bG = LL � for L = R¹:–1 : : º.

To make pivoted partial Cholesky decomposition an e�ective method for low-rank

approximation in the entry access model, we make a �nal optimization. The standard

Cholesky procedure overwrites the entire residual matrix at every step, at a cost of
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Program 3.1pivpartchol.m . Pivoted partial Cholesky for computing a low-rank
approximation to a psd matrix.
function F = pivpartchol(Acol,n,s)
% Input: Function Acol for producing columns Acol(i) = A(:,i) of A,
% size n of A, list s = [s(1) ... s(k)] of k pivots to
% eliminate
% Output: Factor F defining a rank-k approximation Ahat = F*F'

F = zeros(n,length(s)); % To store output
for i = 1:length(s)

ai = Acol(s(i)) - F(:,1:i-1)*F(i,1:i-1)'; % ith col of A - F*F'
F(:,i) = ai / sqrt(ai(s(i))); % Rescale

end

end

O¹=2º operations. But this is wasteful, as we only ever need to evaluate the residual

in the selected pivot columns. As a more e�cient procedure, we avoid updating the

residual explicitly, instead generating columns ofG¹8º as-needed using the formula

G¹8º = G� bG¹8º, wherebG¹8º denotes the low-rank approximation produced at step8.

Code for this optimized version of the pivoted partial Cholesky decomposition

appears as Program 3.1. As with other programs in this part of the thesis, this

code interacts with the matrizG through a functionAcol , de�ned so thatAcol(i)

outputs the8th columna8.

Greedy pivoting

The pivoted partial Cholesky decomposition gives us a general procedure for solving

psd low-rank approximation problems in the entry access model. But how should

we pick the pivots? The main algorithm of this part of the thesis, randomly pivoted

Cholesky, uses arandomized rulefor pivot selection. Before getting to this method

in Chapter 4, we review a more classical approach:greedy pivoting(also known as

diagonalor complete pivoting) [Hig90; FS01].

The idea of greedy pivoting follows from our discussion in Section 3.1; large entries

of the matrix can only lie in columns of the matrix with large diagonal entries. This

observation suggests a greedy approach: Always choose a maximal diagonal entry

of the residual matrixG¹8º as pivot:

B8̧ 1 2 argmin
9

0¹8º
9 9•
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Program 3.2 greedy_chol.m . Pivoted partial Cholesky decomposition with
greedy pivoting to compute a low-rank approximation to a psd matrix.
function [F,S] = greedy_chol(Acol,d,k)
% Input: Function Acol for producing columns Acol(i) = A(:,i) of A,
% diagonal d of A, rank k
% Output: Factor F defining a rank-k approximation Ahat = F*F', pivot
% set S

F = zeros(length(d),k); % To store output
S = zeros(k,1); % To store pivots
for i = 1:k

[~,S(i)] = max(d); % Largest diag entry
as = Acol(S(i)) - F(:,1:i-1)*F(S(i),1:i-1)'; % sth col of A-F*F'
F(:,i) = as / sqrt(as(S(i))); % Rescale
d = d - abs(F(:,i)).^2; % Update diagonal
d = max(d,0); % Ensure nonnegative diagonal in floating point

end

end

We emphasize that the greedy method always picks the largest diagonal entry of

thecurrent residual matrixG¹8º, which evolves as the iteration counter8increases.

The residual matrix is zero in the columns of previously selected pivot indices, so

greedy selection ensures the same pivot is never selected twice.

An implementation of greedy pivoted (partial) Cholesky is given in Program 3.2.

The main di�erence with the generic pivoted partial Cholesky decomposition im-

plementation in Program 3.1 is that we track the diagonaldiag¹G¹8ºº of the residual

matrix. The diagonal ofGis provided to the program as an inputd, and it is updated

every iteration using the identity

diag
�
G¹8º� = diag

�
G¹8� 1º � f 8f �

8

�
= diag

�
G¹8� 1º� � j f 8j

2•

The greedy pivoted Cholesky algorithm reads¹: ¸ 1º= entries of the matrix and

expendsO¹: 2=º operations. The procedure outputs the factorL and the set of pivots

S = f B1– • • • – B: g.

Remark3.8 (History). Low-rank approximation by pivoted partial Cholesky decom-

positions is classical. The use of greedy pivoting for Cholesky decomposition can

be traced at least as far back as the work of Lawson and Hanson in 1974 [LH74].

The greedy pivoting strategy is also classical, and it goes under the traditional names

of diagonal pivotingandcomplete pivoting. The procedure was incorporated into
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bothLINPACK software package in 1979 [DMBS79] and its replacementLAPACK

[ABBB+99]. Stability analysis and analysis of the approximation quality was done

by Higham [Hig90]. The greedy method received new attention in the kernel ma-

chine learning community following the work of Fine and Scheinberg [FS01].�

Failure of greedy pivoting

The greedy method seems very natural, but it can have signi�cant de�ciencies on

some examples. Consider, for instance, the matrix

G =

"
¹1 ¸ YºI=•10 0

0 19=•101
�
9=•10

#

for Y ¡ 0 small•

Selecting any pivot entry from the (2,2) block produces the rank-one approximation

bGgood :=

"
0 0

0 19=•101
�
9=•10

#

which achieves a relative trace error of roughly 10%:

tr¹G � bGgoodº

tr¹Gº
= ¹1 ¸ O¹ Yºº �

1
10

•

However, when the greedy pivoted Cholesky algorithm is run onG, the diagonal

entries in the (1,1) block are slightly larger than the entries in the (2,2) block, so

it proceeds by eliminating entries in the (1,1) block one at a time. In particular,

the relative trace error of the outputbGgreedy of the greedy method remains above

roughly 90% until over one tenth of the matrix entries have been read:

tr¹G � bGgreedyº

tr¹Gº
� ¹ 1 � O¹ Yºº �

9
10

as long as: �
=
10

•

This is a dismal performance for an algorithm; a good choice of pivot will approxi-

mate the matrix to� 10%relative error in one step, but the greedy pivoted Cholesky

method fails to obtain error better than� 90% even after reading a tenth of the

matrix! The greedy method can fail in ways that are perhaps even more striking.

The examples are somewhat sophisticated and rely on variations of Kahan's famous

matrix; we refer the interested reader to [Hig90] for details.

The greedy pivoting strategy is natural and often works well, but it has a fatal �aw.

The greedy approach focuses entirely onexploitinglarge diagonal entries, but fails to

explorepotentially valuable pivot choices outside of the numerically largest diagonal

entry. This issue is recti�ed by the randomly pivoted Cholesky algorithm, which

uses randomization to preferentially select large diagonal entries while investigating

a broader range of pivot choices.



42

3.4 Column Nyström approximation

We now have a procedure, the pivoted partial Cholesky decomposition, for com-

puting a low-rank approximation to a psd matrix. But whatis the output of this

procedure? Is there a formula for it? What are its properties?

To answer these questions, we begin by asking a more abstract question:How should

we approximate a matrixG from a subset of columnsaB1– • • • –aB: ? For notational

convenience, these columns can be packaged into a submatrixG¹:–Sº, indexed by

the setS = f B1– • • • – B: g. Once we know the columns of a psd matrix, we also know

its rowsG¹S–:º = G¹:–Sº� . We can build an approximationbG � Gby interpolating

the known rows and columns, resulting in an approximation of the form

bG = G¹:–Sº] G ¹S–:º for some] 2 K : � : •

It is natural to expect thatbG agrees withG in the selected columns,

bG¹:–Sº = G¹:–Sº• (3.4)

The condition (3.4) may be ensured by setting] := G¹S–Sºy. If G¹S–Sº is

invertible, ] is theuniquematrix producing an approximationbG satisfying (3.4).

This reasoning motivates the following de�nition:

De�nition 3.9 (Column Nyström approximation). Let G 2 K=� = be a psd matrix

and letS � f 1– • • • – =gbe a set of indices. Thecolumn Nyström approximationwith

pivot setS is:

GhSi := G¹:–SºG¹S–Sºy G¹S–:º• (3.5)

As the name suggests, a column Nyström approximationbG = GhSi is a Nyström

approximationGh
 i in the sense of De�nition 2.8. The associated test matrix

is 
 = I ¹:–Sº. Consequently, column Nyström approximations enjoy all of the

properties of Nyström approximations presented in Proposition 2.9.

As one might hope, the output of a pivoted partial Cholesky decomposition is a

column Nyström approximation.

Fact 3.10(Nyström and Cholesky). Let bG be the approximation toG produced by

the pivoted partial Cholesky algorithm (Program 3.1) with pivotsS = f B1– • • • – B: g.

ThenbG = GhSi is the column Nyström approximation with pivot setS.

Having identi�ed the class of column Nyström approximations, it is natural to ask:

How accurate can these approximations be? This question admits a precise answer

using the concept of an¹A– Yº-approximation.
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Fact 3.11(Column Nyström approximation: Approximation quality). Fix param-

etersA � 1 and 0 Ÿ Y � A. For any psd matrixG 2 K=� =, there exists a set

S � f 1– • • • – =gof size

: = min
nlA

Y
¸ A� 1

m
– =

o
(3.6)

for which GhSi is an ¹A– Yº-approximation toG. Conversely, there exists a psd

matrix G for which : � A•Y columns arenecessaryto produce a column Nyström

approximation that is an¹A– Yº-approximation.

A version of this result for projection approximation of general matrices was proven

by Guruswami and Sinop [GS12]. Their result extends to¹A– Yº-approximation

approximations by the Gram correspondence; see [CETW25] for a self-contained

proof in the psd setting. The upper bound (3.6) is proven by using DPP sampling;

see Fact 3.22 below.

Fact 3.11 shows that: � A•Ycolumns are necessary for a column Nyström approxi-

mation to be an¹A– Yº-approximation, at least for a worst-case matrixG. Therefore,

for most of this thesis, a �near-optimal� algorithm for the psd low-rank approxima-

tion problem will be one which produces a rank-: column Nyström approximation

satisfying the¹A– Yº-approximation guarantee where: is nearly equal toA•Y.

Incidentally, we note that there is an even sharper approximation guarantee for the

caseA= : :

Theorem 3.12(Column Nyström approximation: Approximation quality,A = : ).

For any psd matrixG 2 K=� =, there exists a column subsetS of size: such that

GhSi is a ¹:– :º-approximation, i.e.,

tr¹G � GhSiº � ¹ : ¸ 1º tr¹G � È GÉ: º•

Moreover, for everyW ¡ 0, there exists a psd matrixG 2 R¹: ¸ 1º�¹ : ¸ 1º such that

tr¹G � GhSiº � ¹ : ¸ 1 � Wº tr¹G � È GÉ: º for every: -element subsetS•

Observe that the existence result is theY = Acase of Fact 3.11. The lower bound

requires a separate argument, which follows from [DRVW06, Prop. 3.3] and the

Gram correspondence. I provide a proof in Appendix D.1.

3.5 Subset selection problems

Before moving on, we draw a connection between the low-rank approximation

techniques we have been studying and a di�erent type of computational problem:



44

subset selection. Subset selection is more of a qualitative problem than a quantitative

one: Given a (multi)setX of = items, we wish to identify a subsetS � X of : � =

representative items. Typically, we want a set this set of representatives to bediverse;

if one elementGis repeated many times inX, only one copy ofGis needed in the

subsetS as a representative.

There are several applications for subset selection:

1. Information retrieval. For designing user interfaces to large databases, it can

be important to surface a small number of �recommended� items. Examples

include product recommendation [WMG19] and document retrieval [CK06].

2. Optimal sensor placement, optimal experimental design, and active learn-

ing. Given multiple information sources�possible locations to place sensors,

possible scienti�c experiments to run, or possible unlabeled data points to

collect labels for�which (small number) should I use to learn the maximum

possible amount of information? These are the subjects of the related, but dis-

tinct, problems of optimal sensor placement [RCV14], optimal experimental

design [Puk06], and active learning [AKGH+14]. All of these problems are

examples of subset selection problems.

3. Genetics.A basic question in biology is to determine a small set of genetic

markers that predict an observed trait or that characterize variation in a popu-

lation. This application has served as a main motivation for the development

of randomized algorithms for subset selection [PZBC+07; MD09].

4. Computational mathematics.There are many applications of subset selec-

tion to computational mathematics itself. Often, these applications require

the selection of a small number of columns from a matrix. Examples in-

clude rank-structured matrix computations [Mar11; Wil21] tensor network

algorithms [OT10; TSL24], and recovery of rational functions from measure-

ments [WDT22].

In order to design and analyze algorithms for the subset selection problem, several

di�erent ways of mathematizing the problem have been proposed. One approach is

based on linear algebra. We represent the items inX by columns of a matrixH and

seek a subsetS of columns that span a good low-rank approximation toH. We call

this problem thecolumn subset selectionproblem.
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There are variants of the column subset selection problem both for general, rectan-

gular matrices and for psd matrices. We focus on the latter problem; the former is

discussed in Chapter 9. Thepsd column subset selection problemis as follows:

Psd column subset selection problem.Given a psd matrixG and a subset

size : , �nd a subsetS of : pivots such that the trace-error of the Nyström

approximationtr¹G � GhSiº is as small as possible.

Phrased in this way, the column subset selection problem seems like a reformulation

of the psd low-rank approximation problem. However, there are reasons to consider

these problems as distinct. For psd low-rank approximation, the output of interest

is the low-rank approximationbG, possibly generated as a column Nyström approx-

imation bG = GhSi . For psd column subset selection, the relevant output is the

subsetS itself; the trace-errortr¹G � GhSiº is useful only instrumentally as a way

of measuring subset quality. Another distinction is that, in many subset selection

applications like genetics or product recommendation, one wantseveryelement of

the subsetS to be �good�. (It would be considered a large failure to incorrectly

suggest a genetic marker is linked to cancer, for instance.) By contrast, bad pivots

in low-rank approximation are more of a missed opportunity than a negative: Bad

pivots are not helpful in improving the approximation quality, but they do not hurt

it either. Throughout this part of the thesis, we will use pivoted partial Cholesky

decompositions both for low-rank approximation and subset selection.

3.6 Column Nyström approximation and Gaussian random variables

Partial Cholesky decomposition and column Nyström approximation are closely

related to conditional distributions of (jointly) Gaussian random variables. Consider

a vectorz � Normal K ¹0–Gº, and letS � f 1– • • • – =gbe a subset of indices. What is

the distribution ofz conditionalon observing the coordinatesz¹Sº? This question

is answered by the following classical result:

Theorem 3.13(Conditional expectations of Gaussian random vectors). Let z �

Normal K ¹0–Gº be a Gaussian random vector with psd covariance matrixG, and

let S � f 1– • • • – =gbe a subset of indices. AssumeG¹S–Sº is nonsingular. Then

E»z j z¹Sº¼= G¹:–SºG¹S–Sº� 1z¹Sº � Normal K ¹0–GhSiº –

z j z¹Sº � Normal K ¹G¹:–SºG¹S–Sº� 1z¹Sº–G� GhSiº •
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This result is carefully developed for real Gaussians in [Tro23, Ch. 21], and the

extension to the complex case is straightforward. We recognize the Nyström approx-

imation GhSi as the covariance matrix of the conditional expectationE»z j z¹Sº¼,

and its residualG� GhSi as the covariance ofz conditionalon z¹Sº.

A simple model of experimental design

To put this connection between Cholesky factorization, Nyström approximation,

and Gaussian random variables into action, consider the following very basic ex-

perimental design problem. A scientist has= experiments she could run, but only

the budget to run: of them. Which experiments should she run to maximize the

knowledge she learns? Equivalently, which experiments should she run to minimize

her uncertainty about the outcome of the remaining experiments she did not run?

Suppose that we can model the outcomes of the experiments as Gaussian random

variablesz � Normal ¹m–Gº with knownmeanm and covariance matrixG. Choos-

ing the optimal set of: experiments amounts to choosing: entries ofz to observe

with the goal of minimizing the sum of the variances of the remaining experimental

outcomes, conditional on these measurements:

minimize
S�f 1–•••–=g

=Õ

9=1

Var¹I 9 j z¹Sºº such thatjSj = :• (3.7)

By Theorem 3.13, the sum of posterior variances is precisely the trace error of the

Nyström approximation

=Õ

9=1

Var¹I 9 j z¹Sºº = tr¹G � GhSiº •

Therefore, this experimental design problem is fully equivalent to selecting a column

subset generating a good Nyström approximation, measured using the trace error.

Connection to Cholesky decomposition

Let us now apply a pivoted partial Cholesky decomposition to solve the experimental

design problem (3.7). At each step, we have a subsetS8 � f 1– • • • – =gof experiments

we have already decided to run, and we must choose the next experiment. The

diagonal entries of the residualG¹8º = G� GhS8i store the conditional variances

0¹8º
9 9= Var¹I 9 j S8º•
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The greedy method, introduced in Section 3.3, chooses the largest diagonal entry as

pivot at each step. Equivalently, it chooses to run the experiment with thehighest

variance, conditional on the already-run experiments.

This strategy�always run the experiment over which there is the most uncertainty�

is very natural. However, it has a �aw in that it doesn't take into account the

correlationsbetween experiments. Consider the following matrix

G =

2
6
6
6
6
6
6
6
6
4

1 ¸ 2Y 0 0 0

0 1¸ Y 1 1

0 1 1¸ Y 1

0 1 1 1¸ Y

3
7
7
7
7
7
7
7
7
5

for Y ¡ 0 small• (3.8)

The �rst experiment has slightly higher variance than the other experiments, so

the greedy method will choose to run experiment1. However, the outcomes of

experiments2, 3, and4 are highly correlated; running any one of these experiments

will leave the scientist with tiny uncertainty about the outcome of the other exper-

iments. This example provides another demonstration of why greed isn't always

good for column subset selection, and demonstrates how injecting randomness can

help improve column subset selection algorithms. For this example, just picking an

experiment to run at random would give better results than the greedy method 75%

of the time. As we'll see in the next section and in Chapter 4, there are much better

algorithms for column subset selection than uniform random selection.

A peek forward.The connection between Cholesky factorization, Nyström approx-

imation, and Gaussian random variables is a powerful tool. It forms the basis of

Chapters 5 and 6, where we will use Nyström approximation to accelerate algorithms

for learning from data based onGaussian processes.

3.7 Non-adaptive random sampling methods

Interest in psd low-rank approximation and column subset selection was renewed

in the early twenty-�rst century, driven by e�orts to accelerate kernel methods

in machine learning [WS00; FS01; DM05]. In addition to continued focus on

deterministic methods like greedy selection (and variations thereof), this wave of

interest also spurred the development of randomized methods.

This section will summarize non-adaptive random sampling methods for psd low-

rank approximation methods that were developed prior to our work on randomly

pivoted Cholesky [CETW25]. As we will detail, randomly pivoted Cholesky is

related to but distinct from the methods presented in this section.
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Uniform sampling and diagonal-power sampling

The most basic randomized method for computing a column Nyström approximation

is to select the pivot setS uniformly at random, without replacement. (Sampling

with replacement is �ne as well, as duplicated columns have no e�ect on a column

Nyström approximation.) For many practical problems, uniform sampling produces

approximations of high-enough quality, though it can product signi�cantly worse

approximations on other problems.

One class of problems for which uniform sampling is poorly suited are problems

with diagonal entries that span a wide range of magnitudes. To obtain better results

in this setting, we should adapt the sampling distribution to the size of the diagonal

entries. Choosing a power? ¡ 0, we may draw pivotsB1– • • • – B: iid from the

diagonal-power samplingdistribution

B1– • • • – B:
iid� diag¹Gº?• (3.9)

The diagonaldiag¹Gº � 0 is entrywise nonnegative sinceG is psd, and the power

? is applied to the vectordiag¹Gº entrywise. Recall that we writeB� w to denote

a samplePf B= 9g = F 9•
Í =

: =1 F : from anyunnormalizedweight vectorw 2 R=
¸ .

The power? in diagonal-power sampling controls the amount of �greediness� of

the procedure; large values of? lead to sampling the large elements with high

probability, and smaller values of? lead to a more uniform distribution.

In 2005, Drineas and Mahoney [DM05] proposed the diagonal-power sampling

distribution with? = 2. The choice? = 2 was motivated by a line of work initiated

by Frieze, Kannan, and Vempala [FKV98], who proved results for approximating a

general matrixH 2 K< � = by projecting onto selected columnsH¹:– B8º sampled iid

from the squared column-norm distribution

s1– • • • –s: � scn¹Hº•

Recall thatscn¹Hº 2 R=
¸ denotes the squared column norms ofH. Computing the

full column norms in the entry access model is expensive, so Drineas and Mahoney

suggested sampling from the squared diagonal entries as an alternative.

The Gram correspondence (Section 2.6) suggests a di�erent value for?. If we

treat G = H� H as the Gram matrix for a general matrixH, computing a low-rank

approximation by projecting onto a subset ofH's columns is equivalent to computing

a Nyström approximation ofG, and sampling the squared column norms ofH is

equivalent to the diagonal-power sampling rule (3.9) with? = 1, in view of the
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Program 3.3 diag_sample_nys.m. Diagonal-power sampling with power? = 1
for computing a Nyström approximation to a psd matrix.
function [F,S] = diag_sample_nys(Acol,d,k)
% Input: Function Acol for producing columns Acol(i) = A(:,i) of A,
% diagonal d of A, rank k
% Output: Factor F defining a rank-k approximation Ahat = F*F', pivot
% set S

S = datasample(1:length(d),k,"Replace",false,"Weights",d);
AS = Acol(S); % Columns of A
F = AS / chol(AS(S,:)); % Factor matrix

end

identity diag¹Gº = scn¹Hº. As such, the power? = 1 could be regarded as the

more �natural� power for psd low-rank approximation (insofar as squared column

norm sampling is the �natural� approach for general matrix approximation). Code

for ? = 1 diagonal-power sampling is provided in Program 3.3.

The choice of power? is often moot for the basic diagonal-power sampling scheme

because kernel matrices and covariance matrices in machine learning are often

normalized to have a constant diagonal. However, the choice of? will have more

in�uence when we consider adaptive procedures likeRPCholesky.

Fact 3.14(Diagonal power sampling,? = 1). Let G 2 K=� = be a psd matrix, �x

A� 1– Y ¡0, and introduce the relative error of the best rank-Aapproximation:

[ :=
tr¹G � È GÉAº

tr¹Gº
•

Diagonal-power sampling Nyström approximation with? = 1 produces a¹A– Yº-

approximation provided that the pivot set has size

: �
A� 1
Y[

¸
1
Y

•

Moreover, the: = O¹A•Y[º complexity is necessary for a worst-caseG matrix.

This result is [CETW25, Thm. C.3], which adapts [FKV98, eq. (4)] using the Gram

correspondence. The statement in [CETW25] focuses on the real case, but the proof

transfers without issue to complex numbers.

This result demonstrates fundamental limitations of the uniform and diagonal-power

sampling approaches, which requireO¹1• [ º pivots to produce a column Nyström



50

approximations of relative error[ . We will substantially improve on this result with

randomly pivoted Cholesky, which has a much lower cost ofO¹log¹1• [ ºº. Table 4.1

below presents experiments demonstrating this failure mode for the uniform and

diagonal-power sampling methods.

Ridge leverage score sampling

To motivate the ridge leverage score sampling approach, let us take a brief digression

to the subject ofridge-regularized linear regression. Consider the task of �tting

a conjugate linear mapping 6 7! 6 � # from K= to K from input�output pairs

¹ 6 ¹1º– H1º– • • • –¹ 6 ¹< º– H< º 2 K= � K. Assemble the inputs6 ¹8º asrowsof a matrix

^ , ^ ¹8–:º = ¹ 6 ¹8ºº� , and collect the outputs into a vectory 2 K< . One natural

approach to �tting a linear model isridge-regularized linear regression, which

chooses the coe�cients# 2 K= as the solution to an optimization problem

# = argmin
#2K=

k^# � yk2 ¸ _ k#k2• (3.10)

The ridge parameter_ � 0 sets the amount of regularization. For_ = 0, the

coe�cients # are taken to be the limiting value of (3.10) as_ # 0. The solution#

to (3.10) is given by the formulas

# = ¹^ � ^ ¸ _Iºy^ � y (3.11)

= ^ � ¹^ ^ � ¸ _I ºyy• (3.12)

The solution formulas (3.11) and (3.12) are known as thenormal equationsand

adjoint normal equationsfor the ridge regression problem (3.10).

The coe�cients # give rise to the predicted values

by = ^# • (3.13)

for the input data elements6 ¹1º– • • • –6 ¹< º. The ridge leverage scores measure the

sensitivity of the predictionsby to the datay:

De�nition 3.15 ((Ridge) leverage scores of a general matrix). Let _ � 0. The

_-ridge leverage scores� _ of a matrix^ 2 K< � = are

� _ :=
�
mbH8

mH8
: 1 � 8� <

�
= diag¹^^ � ¹^ ^ � ¸ _I ºyº• (3.14)

Theleverage scores� are de�ned as the0-ridge leverage scores.
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The characterization of the ridge leverage scores as a matrix diagonal follows from

the de�nition (3.13) of the predicted values and the adjoint normal equations (3.12).

While they are not our main focus for now, the leverage scores are an important

object in randomized matrix computations. The leverage scores can be computed as

the squared row norms of an orthonormal basis matrix for^ , � = srn¹Orth ¹^ ºº..

The 8th leverage score is a measure of how �important� row8 is to the matrix

^ . These scores have a decades-long history in statistics, where they are used to

quantify sensitivity of a regression model to changes in output valuesy [JWHT21,

Ÿ3.3.3].

The equation (3.14) shows that the ridge leverage scores of a matrix^ depend only

on the matrixG := ^^ � , which is the Gram matrixof ^ � . This motivates the

following de�nition.

De�nition 3.16 (Ridge leverage scores of a psd matrix). Let _ � 0 be a number

and G 2 K=� = be a psd matrix. The_-ridge leverage scoresof G are � _ :=

diag¹G¹G¸ _Iºyº, and the_-e�ective dimensionof G is de� ¹_º :=
Í =

8=1 � _
8 .

In principle, this de�nition could be ambiguous since a psd matrixGhas two sets of

ridge leverage scores: its leverage scores as a general matrix under De�nition 3.15

and its leverage scores as a psd matrix using De�nition 3.16. For our purposes,

however, the intended meaning should always be clear, and the ridge leverage scores

of a matrix that is stated to be psd will always be given by De�nition 3.16. The

ridge leverage scores were originally proposed by Alaoui and Mahoney [AM15].

The e�ective dimension3e� ¹_º a continuous proxy for the rank of a psd matrixG,

where eigenvalues ofG that are much smaller than level_ are treated as negligible.

The0-e�ective dimension is the algebraic rank,3e� ¹0º = rankG, and the e�ective

dimension decreases to zero as_ " ¸1 .

The ridge leverage scores give natural sampling probabilities for selecting columns

for Nyström approximation. We have the following result, slightly simpli�ed from

[MM17, Thm. 3]:

Fact 3.17(Ridge leverage score sampling: Spectral norm). Let G 2 K=� = be a psd

matrix,_ ¡ 0be a ridge parameter,� _ be the ridge leverage scores, andX2 ¹0–1º be

a speci�ed failure probability. Letb� _ be over-approximations to the ridge leverage

scores

� _ � b� _ � 2� _ with 2 � 1– (3.15)
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and de�ne sampling probabilities

?8 := max

8>><

>>
:

1–16b� _
8 log©

­
«

X� 1
=Õ

9=1

b� _
9
ª
®
¬

9>>=

>>
;

• (3.16)

De�ne pivots S by including each1 � 8 � = in S independently with prob-

ability ?8. With probability at least1 � X, the pivot set is not too large

jSj � 322de� ¹_º log¹2de� ¹_º•Xº and

GhSi � G � GhSi ¸ _I • (3.17)

Observe that the lower boundGhSi � G in (3.17) is true for any Nyström ap-

proximation, in view of Proposition 2.9(a). This result shows that, if we sample

O¹de� ¹_º log de� ¹_ºº pivots S using the ridge leverage score (RLS) distribution,

then we get a matching upper bound up to additive error_I . The bound (3.17) is

very strong; in particular, it applies thespectral normerror boundkG� GhSi k � _.

Fact 3.18(Ridge leverage score sampling: Trace norm). Let G 2 K=� = be a psd

matrix,Y ¡ 0 be a real number, and1 � A� = be an integer. Set_ := ¹2Y•Aº tr¹G�

ÈGÉAº, and suppose we have approximate ridge leverage scoresb� _ satisfying(3.15)

and de�ning sampling probabilitiesp by (3.16). De�ne pivotsS by including

each1 � 8 � = in S independently with probability?8. With probability at least

1 � X, the pivot set is not too largejSj = O¹A
Y log¹ A

YXºº and GhSi and GhSi is an

¹A– Yº-approximation with failure probabilityX(as in Remark 3.7).

Musco and Musco proposed the recursive RLS (RRLS) algorithm for performing

approximate ridge leverage score sampling [MM17]. They also develop versions of

their algorithm that produce a set of pivotsS of a prescribed size: and provide an

automatic mechanism for selecting the hyperparameter_. The cost of the algorithm

is O¹=: º entry evaluations andO¹=: 2º additional arithmetic operations. MATLAB

and Python implementations of RRLS are available [Van19]. Alternative algorithms

for approximate RLS sampling are SQUEAK [CLV17] and BLESS [RCCR18].

RLS sampling is a mathematically elegant strategy for psd column subset selection,

and it is amazing that is evenpossibleto perform approximate RLS sampling using

a small number of entry evaluations. Still, there are reasons to continue searching

for a more performant algorithm. First, in our empirical testing, the available RLS

sampling implementations require roughly2:= to 3:= entry evaluations to produce
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a rank-: approximation [CETW25, Ÿ2.4]; pivoted Cholesky-based approaches typ-

ically take just¹: ¸ 1º= evaluations. Second, empirical and theoretical analysis

suggests the constants in theO-notation for RLS sampling are moderately large,

even when RLS sampling is performed exactly; for some examples, RLS sampling

can be many orders of magnitude less accurate than alternative approaches for pro-

ducing approximations of a given rank: ; see Table 4.1. Finally, RLS sampling

requiresO¹AlogAº columns to produce a low-rank approximation comparable with

the best rank-Aapproximation. As the following example shows, this logarithmic

overhead is a real property of the algorithm, not an artifact of the analysis.

Example 3.19(Collecting coupons). Fix parameterAand consider the psd matrix

G =

2
6
6
6
6
6
6
6
6
6
6
6
4

1=•A1
�
=•A 0 0� � � 0

0 1=•A1
�
=•A 0 � � � 0

0 0 1=•A1
�
=•A � � � 0

•••
•••

•••
•••

•••

0 0 0 � � � 1=•A1
�
=•A

3
7
7
7
7
7
7
7
7
7
7
7
5

2 K=� =• (3.18)

This matrix is block diagonal, withAequally sized diagonal blocks of all ones. This

matrix has rankA, and achieving a column Nyström approximation comparable to

the best rank-Aapproximation requires selecting a pivot in each block. Regardless of

the ridge parameter_ � 0, the ridge leverage scores are constant� _ = 2¹_º1, so ridge

leverage score sampling coincides with iid uniform sampling. This is an example

of the well-known coupon collector problem, so it takes� ¹AlogAº pivots to attain

a pivot in each block with high probability; see [MR95, Ÿ3.6] for an introduction to

the coupon collector problem. �

Determinantal point process sampling

The example (3.18) presents a challenging example for any column subset selection

methods based on drawing pivots iid fromany distribution. For this reason, we

generically expect iid sampling methods to require: = O¹AlogAº columns to

produce an approximation comparable with the best rank-A approximation. To

obtain better results, we can move beyond iid sampling. Pivoted partial Choleksy

methods are one type of non-iid selection strategy, as these methods select columns

one of a time in anadaptiveway. Determinantal point process (DPP) sampling is

an alternate approach that draws a random sample from ajoint distribution on all

possible subsets of: pivots.
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To motivate DPP sampling, let us �rst motivate why the determinant is a useful metric

in measuring the quality of a setS of pivots. The following result is informative:

Proposition 3.20(Determinants and pivot entries). Let G 2 K=� = be a psd matrix

and letS = f B1– • • • – B: g be a set of pivots. Consider the partial Cholesky decom-

position with this pivot set, and introduce the residualsG¹8º := G� GhfB1– • • • – B8gi.

We have the identity

det»G¹S–Sº¼= 0¹0º
B1B10

¹1º
B2B20

¹2º
B3B3 � � � 0¹: � 1º

B: B: •

Proof. The matrixG¹S–Sº has Cholesky decomposition

G¹S–Sº = X� X–

where the diagonal entries ofX arejA88j2 = 0¹8� 1º
B8B8 . Ergo,

det»G¹S–Sº¼= j det¹Xºj2 =
:Ö

8=1

jA88j2 = 0¹0º
B1B10

¹1º
B2B20

¹2º
B3B3 � � � 0¹: � 1º

B: B: •

The desired result is proven.

We recognize the determinant of the submatrixdet»G¹S–Sº¼as the product of all

the pivot diagonal entries of the matrixG during pivoted Cholesky decomposition.

As such, choosing a pivot setS yielding a submatrixG¹S–Sº of large determinant

corresponds to selecting an order for pivoted partial Cholesky decomposition in

which all of the pivot diagonal entries aresimultaneouslylarge.

This result suggests a computational strategy of selecting the pivot setS by max-

imizing the determinantdet»G¹S–Sº¼. Unfortunately, the problem of �nding the

largest-determinant submatrix of a matrix isNP-hard [ÇM09]. To circumvent

this impossibility result, we can instead use the determinants to de�ne asampling

distribution, motivating the following de�nition.

De�nition 3.21 (Fixed-size DPP). Let G 2 K=� = be a psd matrix, and �x a number

1 � : � =. A determinantal point process of �xed size: or : -DPP is a random

subsetS � f 1– • • • – =gof size: with distribution

Pf S = Tg =
det»G¹T–Tº¼

Í
jRj=: det»G¹R–Rº¼

for each subsetT � f 1– • • • – =gof : elements•

We write a: -DPPS asS � DPP: ¹Gº.
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Determinantal point processes have a long history. DPPs were originally introduced

in 1975 by Macchi [Mac75] in the context of quantum statistical physics, and they

have been studied by mathematicians for decades. There are many subvarietals

of DPPs. In particular, the �xed-size DPPs in De�nition 3.21 were introduced

in 2011 by Kulesza and Taskar as a more useful construction for use in machine

learning [KT11]. Further, Kulesza and Taskar's de�nition is equivalent to thevolume

sampling distributionintroduced �ve years earlier by Deshpande, Rademacher,

Vempala, and Wang [DRVW06] applied to a Gram square root ofG. Motivated by

subset selection problems in machine learning, interest in DPPs has exploded over

the past two decades [KT12]. More recently, DPPs have been deployed as a tool in

matrix computations [DM21]. See the surveys [KT12; DM21] for more on DPPs.

Pivot sets selected from a: -DPP produce excellent Nyström approximations. We

have the following result:

Fact 3.22(: -DPPs for Nyström approximation). Let G 2 K=� = be a psd matrix, and

let 1 � : � =. Draw a pivot setS � DPP: ¹Gº. The trace error of the Nyström

approximation admits the exact formula

Etr¹G� GhSiº = ¹: ¸ 1º
e: ¸ 1¹_1¹Gº– • • • – _=¹Gºº
e: ¹_1¹Gº– • • • – _=¹Gºº

•

Here,e9 is the 9th elementary symmetric polynomial. For any0 � A� : , this error

may be bounded as

Etr¹G� GhSiº �
: ¸ 1

: � A¸ 1
tr¹G � È GÉAº•

Consequently,: -DPP sampling produces an¹A– Yº-approximation for any: satis-

fying : � A•Y¸ A� 1 for anyY 2 ¹0– A¼.

An analog of this general bound was �rst established for column projection approxi-

mations computed by volume sampling distribution of Deshpande et al. [DRVW06]

by Guruswami and Sinop [GS12]. Using the Gram correspondence, it was trans-

planted to Nyström approximation by: -DPP sampling in [DM21]. The caseA= :

was proven �rst by [DRVW06] (for column projection approximations and volume

sampling) and [BW09b] (for Nyström approximation by: -DPPs).

Fact 3.22 achieves the strongest theoretical bounds (and indeed, the strongestex-

istence results) for any column Nyström method. But turning DPP sampling into

a computational strategy is a challenging enterprise. Standard algorithms for sam-

pling a general: -DPP expendO¹=3º operations and require a full decomposition of
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the matrix (see, e.g., [KT11, Ÿ3]). Responding to this computational bottleneck, re-

searchers investigated Markov chain Monte Carlo algorithms forapproximate: -DPP

sampling [AOR16; RO19]; even with e�cient implementations, these algorithms

are signi�cantly more expensive than pivoted Cholesky methods. (The most recent

algorithms [ALV22] do achieve the sameasymptotic runtime as pivoted Cholesky

algorithms, but they are complicated, and I am not aware of any evaluations of this

approach for use in practice.) An alternate line of work has investigated exact: -

DPP sampling algorithms that do not require reading the entire input matrix [Der19;

DCV19; CDV20]. These algorithms are impressive, but they are more expensive in

both runtime and number of entry evaluations than pivoted Cholesky methods. In

my experience with the: -DPP software package [GPBV19],: -DPP sampling has

been signi�cantly slower and more resource intensive than other methods for Nys-

tröm approximation. In addition, I have found this software tends to fail by throwing

exceptions on challenging problems. Therefore, while: -DPPs are mathematically

beautiful and set the mathematical standard to which other methods are compared,

I have not found: -DPP sampling to be a competitive approach to large-scale psd

matrix approximation with the available algorithms and software implementations.
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C h a p t e r 4

RANDOMLY PIVOTED CHOLESKY

So �rst she tasted the porridge of the Great, Huge Bear, and that was too

hot for her. And then she tasted the porridge of the Middle Bear, and that

was too cold for her. And then she went to the porridge of the Little,

Small, Wee Bear, and tasted that; and that was neither too nor too cold,

but just right, and she liked it so well that she ate it all up.

The Story of the Three Bears(1905)

Last chapter, we introduced the pivoted partial Cholesky decomposition as a way

of computing a low-rank approximation to a psd matrix, and we saw two extreme

strategies, uniform sampling and greedy selection, for selecting the pivots. The

greedy strategy always selects the largest diagonal entry of the residual as pivot,

and the uniform strategy selects pivots at random without using any information

about the diagonal entries sizes. This chapter will strike a balance between these

approaches, selecting a random pivot at each iteration using sampling probabilities

weighted by the diagonal entries. The resulting algorithm is calledrandomly pivoted

Cholesky(RPCholesky).

Sources.This paper is based on the randomly pivoted Cholesky paper:

Yifan Chen, Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. �Randomly

Pivoted Cholesky: Practical Approximation of a Kernel Matrix with Few Entry

Evaluations�. In:Communications on Pure and Applied Mathematics78.5 (2025),

pp. 995�1041.doi: 10.1002/cpa.22234 .

Outline. Section 4.1 introduces the randomly pivoted Cholesky algorithm and

discusses its implementation. Section 4.2 provides numerical experiments and

Section 4.3 discusses analysis. We conclude by discussing an extension to Gibbs

RPCholesky (Section 4.4) and connections betweenRPCholesky and DPPs (Sec-

tion 4.5).

4.1 Algorithm and implementation

Randomly pivoted Cholesky (RPCholesky) is an algorithm for low-rank approxi-

mation of psd matrices. It employs a pivoted partial Cholesky decomposition, but
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is distinguished from other pivoted Cholesky methods by using the diagonal of the

residual matrix each iteration as asampling distributionto select the next pivot.

Conceptually,RPCholesky executes the following iteration. With initial residual

G¹0º := G, do the following for8= 1–2– • • • – ::

1. Draw a random pivot. Draw arandompivot index

B8 � diag¹G¹8� 1ºº•

This random pivoting strategy preferentially selects larger diagonal entries as

pivots, but has a nonzero probability of selecting any nonzero diagonal entry

as pivot. (Recall that we have de�nedB� w as a random index sampled from

theunnormalizedweight vectorw. That is,Pf B= 9g = F 9•
Í =

8=1 F8.)

2. Rescale.Extract and rescale the pivot column

f 8 := a¹8� 1º
B8 •¹ 0¹8� 1º

B8B8 º1•2•

3. Eliminate. Update the residualG¹8º := G¹8� 1º � f 8f �
8, zeroing out the matrix

in theB8th row and column.

The outputs ofRPCholesky are a factor matrixL 2 K=� : de�ning a low-rank

approximationLL � � G and a setS = f B1– • • • – B: gof pivot entries.

In practice, we do not update the entire residual matrix at every iteration, instead

tracking the diagonaldiag¹G¹8ºº and generating entries fromG¹8º as needed using

the formula G¹8º = G � L ¹:–1 : 8ºL ¹:–1 : 8º� , as in Program 3.2. With these

optimizations,RPCholesky reads¹: ¸ 1º=entries of the matrix and expendsO¹: 2=º

arithmetic operations. See Program 4.1 forRPCholesky code. More e�cient block

versions ofRPCholesky will be developed in Chapter 8.

TheRPCholesky algorithm can be seen as a midpoint between greedy selection and

uniform sampling. The greedy method is based on entirelyexploitinglarge diagonal

entries, withoutexploringsmaller diagonal entries as possible pivots. Conversely,

uniform sampling randomly explores the set of all pivots but does not exploit

information about the size of the diagonal entries.RPCholesky combines both

exploration and exploitation, making it more robust than either strategy individually.

Another way of interpreting theRPCholesky method comes from the Gaussian

framing developed in Section 3.6. Introduce a Gaussian vectorz � Normal K ¹0–Gº



59

Program 4.1 rpcholesky.m . Randomly pivoted Cholesky for psd low-rank ap-
proximation and column subset selection.
function [F,S] = rpcholesky(Acol,d,k)
% Input: Function Acol for producing columns Acol(i) = A(:,i) of A,
% diagonal d of A, rank k
% Output: Factor F defining a rank-k approximation Ahat = F*F'

F = zeros(length(d),k); % To store output
S = zeros(k,1); % To store pivots
for i = 1:k

% Random sample using current diagonal as sampling weights
S(i) = datasample(1:length(d),1,"Weights",d);
as = Acol(S(i)) - F(:,1:i-1)*F(S(i),1:i-1)'; % sth col of A-F*F'
F(:,i) = as / sqrt(as(S(i))); % Rescale
d = d - abs(F(:,i)).^2; % Update diagonal
d = max(d,0); % Ensure nonnegative diagonal in floating point

end

end

with covariance matrixG. As in Section 3.6, we adopt anexperimental design

perspective where we wish to identify a set of coordinatesS that minimizes the sum

of conditional variances

tr¹G � GhSiº =
=Õ

9=1

Var¹I 9 j z¹Sºº

for the unseen coordinates. The greedy method builds the subsetS one pivot at a

time, always choosing themaximum-variancecoordinate as pivot

B8̧ 1 2 argmax
1� 9� =

Var¹I 9 j z¹f B1– • • • – B8gºº•

TheRPCholesky method instead uses the variances as asampling distribution:

Pf B8̧ 1 = 9g =
Var¹I 9 j z¹f B1– • • • – B8gºº

Í =
� =1 Var¹I � j z¹Sºº

•

Randomizing the procedure in this way balances the need to explore and exploit,

and makes the method robust to bad instances like (3.8) where the greedy method

can be fooled by tiny di�erences in variances between coordinates.

Software. A high-performance implementation of a version ofRPCholesky is

under development in theRandLAPACK software project [MDME+23]. At present

it may be found at
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https://github.com/BallisticLA/RandLAPACK/blob/main/Rand

LAPACK/comps/rl_rpchol.hh

4.2 Experiments

We will see several comparisons ofRPCholesky with alternative methods through-

out this part of the thesis. Here, we provide one initial set of data onRPCholesky's

performance, reproduced from [CETW25, Tab. 1]. Here, we evaluate the relative

trace error ofRPCholesky against other column selection methods for approx-

imation of psd kernel matrices associated with 20 datasets. (See Chapter 5 for

an introduction to kernel matrices.) In addition toRPCholesky, we test greedy

selection and uniform and ridge leverage score (RLS) sampling. We omit DPP

sampling because of its high computational cost. The Schmidt�Mirsky�Eckart�

Young-optimal approximation error is shown for reference. As the optimal approx-

imation is typically not a column Nyström approximation, it provides a lower limit

on the best-possible approximation error for a column Nyström approximation that

typically cannotbeattained.

Results are shown in Table 4.1. The performance ofRPCholesky is uniformly

good, achieving the lowest trace error on all twenty examples. We also see thatRP-

Cholesky consistently achieves error close to the Schmidt�Mirsky�Eckart�Young

optimal low-rank approximation. These experiments con�rm thatRPCholesky is

among the best available approaches for constructing a column Nyström approxi-

mation to a psd matrix. We will see further examples ofRPCholesky's success

throughout this part of the thesis.

4.3 Error analysis

As we have seen and will continue to see, theRPCholesky method consistently

produces near-optimal low-rank approximations, often more accurate than compet-

ing methods by orders of magnitude. This excellent performance can be supported

by theoretical analysis. This section will present analysis of the approximation of

RPCholesky in the trace norm and a weak (but still useful!) result for the spectral

norm. It will then provide proofs of these results.

Trace-norm bounds

Our �rst bounds characterize the number of iterations needed to produce a good

low-rank approximation to a psd matrix when measured using the trace norm.
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Table 4.1: Relative trace error of rank-1000Nyström approximation of psd kernel
matrices by four alternative column selection methods: uniform and ridge leverage
score (RLS) sampling, greedy selection, andRPCholesky. Each trace error is
computed as a median of ten trials. Error for the optimal rank-1000approximation
is shown for reference. Data is taken from [CETW25, Tab. 1].

Uniform RLS Greedy RPChol Optimal

sensit_vehicle 1.57e-1 1.40e-1 2.07e-11.37e-1 8.77e-2
yolanda 1.46e-1 1.39e-1 2.08e-11.36e-1 8.41e-2

YearPredictionMSD 1.30e-1 1.20e-1 1.73e-11.16e-1 6.79e-2
w8a 1.42e-1 1.17e-1 1.91e-11.05e-1 6.09e-2

MNIST 1.21e-1 1.10e-1 1.67e-11.06e-1 5.83e-2
jannis 1.11e-1 1.10e-1 1.28e-11.09e-1 5.45e-2
HIGGS 6.73e-2 6.31e-2 8.51e-26.07e-2 2.96e-2

connect_4 5.81e-2 5.07e-2 6.48e-24.81e-2 2.25e-2
volkert 5.35e-2 4.42e-2 5.92e-24.17e-2 1.99e-2

creditcard 4.83e-2 3.71e-2 5.77e-23.01e-2 1.31e-2
Medical_Appointment 1.74e-2 1.43e-2 1.92e-21.29e-2 4.59e-3

sensorless 1.20e-2 7.78e-3 8.70e-35.80e-3 2.11e-3
ACSIncome 9.93e-3 5.55e-3 8.35e-34.02e-3 1.27e-3

Airlines_DepDelay_1M 4.19e-3 2.37e-3 2.64e-31.78e-3 5.08e-4
covtype_binary 9.10e-3 2.12e-3 1.41e-31.04e-3 2.97e-4

diamonds 1.31e-3 2.40e-4 1.12e-45.85e-5 1.30e-5
hls4ml_lhc_jets_hlf 3.78e-4 7.30e-5 6.68e-54.38e-5 1.04e-5

ijcnn1 3.91e-5 3.09e-5 2.86e-52.13e-5 4.67e-6
cod_rna 6.00e-4 1.36e-5 9.19e-65.05e-6 9.86e-7

COMET_MC_SAMPLE3.65e-3 2.44e-7 1.2e-104.3e-11 3.5e-12

Theorem 4.1 (Randomly pivoted Cholesky: Trace norm). Let A � 1, Y ¡ 0,

and G 2 K=� = be a psd matrix. Introduce the relative error of the best rank-A

approximation

[ := tr¹G � È GÉAº•tr¹Gº•

Randomly pivoted Cholesky produces an¹A– Yº-approximation (De�nition 3.6) toG

as long as the number of steps satis�es

: �
A
Y

¸ Alog
�

1
Y[

�
• (4.1)

We observe thatRPCholesky achieves theoretical guarantees that are nearly optimal

within the class of Nyström approximations. (Recall from Fact 3.11 that at least

: � A•Ycolumns are needed to produce an¹A– Yº-approximation to a worst-case psd

matrix.)
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The dependence of the number of columns: on the relative error[ is signi�cantly

improved forRPCholesky over diagonal sampling (Section 3.7), which requires

� ¹A• [ º column accesses to produce an approximation comparable with the best

rank-Aapproximation for some input matrices.RPCholesky yields anexponential

improvementin the dependence on1• [ .

The logarithmic factorlog¹1• [ º is, for the purposes of practical computation, a

modest constant. Due to numerical errors, the relative error[ is e�ectively bounded

from below by theunit roundo� D, which captures the size of rounding errors

(D� 10� 16 in double precision). Thus, in double precision,log¹1• [ º ¯ 37.

Remark4.2 (What if the relative error is small?). One somewhat unappealing feature

of this result is that whenG is rank-A, the relative error is[ = 0 and the right-hand

side of (4.1) becomes in�nite. Here, the bound (4.1) badly mischaracterizes the

actual behavior of theRPCholesky algorithm, which recovers a rank-Amatrix G

with zeroerror after precisely: = rankG steps. Developing improved bounds for

small[ is an open problem; see Section 11.1 for discussion. �

Weak spectral norm-type bounds

It is natural to desire error bounds forRPCholesky that hold in the spectral norm.

Perhaps, similar to Fact 3.17, we could show thatRPCholesky achieves spectral-

norm error_ in roughly3e� ¹_º steps, where3e� ¹_º denotes the_-e�ective dimen-

sion (De�nition 3.16). While such bounds are not yet known (see Section 11.1), we

can establish bounds on thespectral normof theexpectederror:

Theorem 4.3(Randomly pivoted Cholesky: Spectral norm). Fix parameters1 ¡ 0

andY ¡ 0. For any psd matrixG, the: -step residualG¹: º of RPCholeskysatis�es





 E G¹: º






 � 1 ¸ Ytr¹G � È GÉAº

provided the number of steps: satis�es

: �
1
Y

¸ Alog
�
kGk

1

�
•

This result has a signi�cant limitation in that the expectation occursinsidethe norm.

Pulling the expectation inside the norm can be done at a great cost. Indeed, for any

random psd matrix̂ , we have the bound

kE ^ k � Ek^ k � Etr¹^ º = tr¹E ^ º � = � kE ^ k• (4.2)
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The �rst inequality is Jensen's. The factor= in the upper boundEk^ k � = � kE ^ k

is sharp, as demonstrated by the matrix^ = e8e
�
8 for 8� Unif f 1– • • • – =g.

The main use of Theorem 4.3 is to bound quadratic formsx� G¹: ºx in the residual

matrix:

E»x� G¹: ºx¼= x� »E G¹: º¼x � kxk2 �



 E G¹: º




 •

We will use this type of bound to analyze quadrature methods in Section 7.5.

Ignoring the (signi�cant) norm of expectation vs. expectation of norm issue, how

good is Theorem 4.3? To get some insight into this question, consider a matrix

with rapidly polynomially decaying eigenvalues_9¹Gº = 9� @for a �xed parameter

@ ¡1. The sum of tail eigenvalues is

=Õ

9=A̧ 1

_9¹Gº �
1Õ

9=A̧ 1

9� @= O¹A1� @º•

SettingY= O¹1•Aº and1 = ¹A¸ 1º� @•2, we obtain





 E G¹: º






 � _A̧ 1¹Gº = ¹A¸ 1º� @ after : = O¹AlogAº steps•

RPCholesky requires at mostO¹AlogAº steps for the spectral norm of the expected

residual to drop below the spectral norm error of the best rank-Aapproximation�not

bad!

Proofs

Let us begin with the proof of Theorems 4.1 and 4.3. As a �rst step, we introduce

theexpected residual function

� ¹Gº := E»G¹1º¼

which measures the expected value of the residual matrixG¹1º after one step of

RPCholesky applied to input matrixG. By direct computation, we observe

� ¹Gº =
=Õ

9=1

 

G �
a9a

�
9

09 9

!

� Pf B1 = 9g = G�
=Õ

9=1

a9a
�
9

09 9

09 9

tr¹Gº
= G�

G2

tr¹Gº
•

The map� enjoys a number of properties.

Proposition 4.4 (Expected residual function). The expected residual function�

satis�es the following properties:
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(a) Unitarily covariant: For a unitary matrix[ 2 K=� = and a psd matrixG,

� ¹[G[ � º = [ � ¹Gº[ � .

(b) Positive:For any psd matrixG, � ¹Gº is psd.

(c) Concave: The map� is concave with respect to the psd order. For psd

matricesG–N,

� ¹\ G¸ ¹ 1 � \ ºNº � \ � ¹Gº ¸ ¹ 1 � \ º� ¹Nº for each\ 2 »0–1¼• (4.3)

(d) Monotone: The map� is monotone with respect to the psd order. For psd

matricesG–N,

� ¹G¸ Nº � � ¹Gº• (4.4)

Proof. Throughout this proof, letG andN denote psd matrices.

The unitary covariance property (a) is immediate from the formula� ¹Gº = G �

G2• tr¹Gº.

The positivity property (b) follows by observing� ¹Gº has nonnegative eigenvalues

_8¹� ¹Gºº = _8¹Gº �
_8¹Gº2

tr¹Gº
= _8¹Gº

 

1 �
_8¹Gº

Í =
9=1 _9¹Gº

!

� 0

for each8= 1–2– • • • – =.

The concavity claim (c) follows from direct computation: For\ 2 »0–1¼and

\ = 1 � \ , we have

� ¹\ G¸ \ Nº � \ � ¹Gº � \ � ¹Nº =
\ \

\ tr¹Gº ¸ \ tr¹Nº

 s
tr¹Nº
tr¹Gº

G�

s
tr¹Gº
tr¹Nº

N

! 2

–

which is manifestly psd.

To show the monotonicity property (d), �rst observe that� is positive homogeneous

� ¹U � Gº = U� � ¹Gº for U � 0. Consequently, by (4.3),

� ¹G¸ Nº = 2� ¹0•5G¸ 0•5Nº � � ¹Gº ¸ � ¹Nº � � ¹Gº•

The last inequality holds since� ¹Nº is psd. We have established (4.4).

Because of the monotonicity and concavity of the expected residual function, we can

bound the8-step residualG¹8º by iterating the expected one-step residual function:
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Proposition 4.5(Multistep residual). Let G¹8º denote the residual of the matrixG

after running8steps ofRPCholesky. Then

E»G¹8º¼ � � 8¹Gº•

Here,� 8denotes the8-fold composition of� .

Proof. First, apply an appropriate matrix version of Jensen's inequality [Car10,

Thm. 4.16] conditionally on the¹8� 1º-step residualG¹8� 1º to obtain

E»G¹8º¼= E»E»G¹8º j G¹8� 1º¼¼= E»� ¹G¹8� 1ºº¼ � � ¹E»G¹8� 1º¼º•

Here, we used concavity (4.3) of� . Next, we iterate this inequality using the

monotonicity property (4.4):

E»G¹8º¼ � � ¹E»G¹8� 1º¼º � � 2¹E»G¹8� 2º¼º � � � � � � 8� 1¹E»G¹1º¼º � � 8¹Gº•

The desired claim is established.

Proposition 4.5 shows that the eigenvalues ofE»G¹: º¼are bounded above by the

eigenvalues of the: -fold composition of the� transformation to the matrixG.

Introduce thevector function5 : R=
¸ ! R¸

=

5¹" º = " �
" 2

Í =
9=1 U9

•

Here," 2 denotes the entrywise square. The function5 tracks the eigenvalues after

applying the one-step residual function� :

, ¹� ¹Gºº = 5¹, ¹Gºº for a psd matrixG•

Consequently,

, ¹E»G¹8º¼º � , ¹� 8¹Gºº = 58¹, ¹Gºº• (4.5)

In this display,5 : is the8-fold composition of5, and the inequality holds entrywise.

The inequality in (4.5) follows by Proposition 4.5 and Weyl monotononicity principle

[Tro22, Cor. 9.9]:

G � N =) , ¹Gº � , ¹Nº•

The equality in (4.5) is unitary covariance (Proposition 4.4(a)). We now provide a

proof for Theorems 4.1 and 4.3.
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Proof of Theorems 4.1 and 4.3.Introduce, ¹8º := 58¹, ¹Gºº to track the right-hand

side of (4.5). Since, ¹8º is de�ned as the iteration of the5 map, it obeys the

recurrence

, ¹8̧ 1º = 5¹, ¹8ºº = , ¹8º �

�
, ¹8º� 2

Í =
9=1 _¹8º

9

• (4.6)

We make two observations. First, we the vectors, ¹8º are entrywise decreasing:

For each8, , ¹8̧ 1º � , ¹8º. This observation is immediate from the recurrence (4.6).

Second, the entries of each vector, ¹8º are sorted in nonincreasing order for each8.

Let us verify this second observation by induction. For the base case8= 0, note

that , ¹0º = , ¹Gº is sorted in nonincreasing order by de�nition. Next, inductively

suppose that, ¹8� 1º is sorted in nonincreasing order. Then for9 � 1,

_¹8º
9̧ 1 � _¹8º

9 =
h
_¹8� 1º

9̧ 1 � _¹8� 1º
9

i
�

h�
_¹8� 1º

9̧ 1

� 2 �
�
_¹8� 1º

9

� 2
i

Í =
� =1 _¹8� 1º

�

=
h
_¹8� 1º

9̧ 1 � _¹8� 1º
9

i ©
­
«

1 �
_¹8� 1º

9̧ 1 ¸ _¹8� 1º
9

Í =
� =1 _¹8� 1º

�

ª
®
¬

� 0•

This completes the inductive argument, showing that the entries of, ¹8º are sorted in

nonincreasing order for every8.

Having established some basic properties of the recurrence (4.6), we now shall

reason about the average

0¹8º :=
1
�

�Õ

9=1

_¹8º
9

of the top� eigenvalues of, ¹8º. We take the parameter� to be between1 andA,

and we will primarily be interested in the edge cases� = 1 (top eigenvalue) and

� = A(topAeigenvalues). By averaging the �rst� entries of the recurrence (4.6), we

obtain a recurrence for0¹8º:

0¹8̧ 1º = 0¹8º �
� � 1 Í �

9=1

h
_¹8º

9

i 2

Í =
9=1 _¹8º

9

• (4.7)

We may bound the dominator of the second term as

=Õ

9=1

_¹8º
9 =

AÕ

9=1

_¹8º
9 ¸

=Õ

9=A̧ 1

_¹8º
9 � A0¹8º ¸

=Õ

9=A̧ 1

_9¹Gº•
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Here, we use the fact that the numbers_¹8º
9 are nonincreasing in both8and9together

with the initial condition_¹0º
9 = _9¹Gº. To bound the numerator of the second term

of (4.7), we use Jensen's inequality,

1
�

�Õ

9=1

h
_¹8º

9

i 2
�

2
6
6
6
6
4

1
�

�Õ

9=1

_¹8º
9

3
7
7
7
7
5

2

=
�
0¹8º� 2

•

Substituting the two previous displays into (4.7) yields

0¹8̧ 1º � 0¹8º �

�
0¹8º

� 2

A0¹8º ¸
Í =

9=A̧ 1 _9
• (4.8)

To bound the recurrence (4.8), we compare to an ODE model

d
dC

G¹Cº = �
G¹Cº2

AG¹Cº ¸
Í =

9=A̧ 1 _9
with G¹0º =

1
�

�Õ

9=1

_9• (4.9)

For each8, we have0¹8º � G¹8º becauseG7! � G2•¹AĢ
Í =

9=A̧ 1 _9º is decreasing on

R¸ . Fixing a levelW ¡ 0, we may solve (4.9) to obtain the timeC¢ at whichG¹C¢º = W

using separation of variables:

C¢ =
¹ � � 1 Í �

9=1 _9

W

AĢ
Í =

9=A̧ 1 _9

G2
dG

=

Í =
9=A̧ 1 _9

W
�

�
Í =

9=A̧ 1 _9
Í �

9=1 _9
¸ Alog

 Í �
9=1 _9

�W

!

�
tr¹G � È GÉAº

W
¸ Alog

 Í �
9=1 _9

�W

!

•

(4.10)

In the last inequality, we recall thattr¹G � È GÉAº =
Í =

9=A̧ 1 _9.

We can use (4.10) in two ways. First consider the case when� = Aand bound

Etr¹G¹: ºº =
AÕ

9=1

_9¹E»G¹: º¼º ¸
=Õ

9=A̧ 1

_9¹E»G¹: º¼º

�
AÕ

9=1

_¹: º
9 ¸

=Õ

9=A̧ 1

_¹: º
9 � A0¹8º ¸ tr¹G � È GÉAº•

The �rst inequality uses (4.5) and instates the de�nition of_¹8º
9 , and the second

inequality uses the de�nition of0¹8º, the fact that_¹8º
9 is nonincreasing in8, and the
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boundary condition_¹0º
9 = _9¹Gº. Apply (4.10) with� = AandW:= Y•A� tr¹G �

ÈGÉAº to conclude thatEtr¹G¹: ºº � ¹ 1 ¸ Yº tr¹G � È GÉAº when

: �
A
Y

¸ Alog
�

tr¹ÈGÉAº
Ytr¹G � È GÉAº

�
•

This result is stronger than as stated in Theorem 4.1. Second, consider the case

� = 1 and setW:= 1 ¸ Ytr¹G� È GÉAº. Then (4.5) and (4.10) imply that





 E¹G¹: ºº






 = _1¹E»G¹: º¼º � _¹: º

1 � 1 ¸ Ytr¹G � È GÉAº

when

: �
tr¹G � È GÉAº

1 ¸ Ytr¹G � È GÉAº
¸ Alog

�
kGk

1 ¸ tr¹G � È GÉAº

�
•

This is stronger than the result of Theorem 4.3.

4.4 Extension: GibbsRPCholesky

The uniform,RPCholesky, and greedy pivoting strategies can be uni�ed into a

common framework. The GibbsRPCholesky method [CETW25, Ÿ2.3.4] selects a

random pivot at each iteration according to the rule

B8̧ 1 � diag¹G¹8ºº?•

We remind the reader thatB� w denotes a random sample from the (unnormalized)

weight vectorw. The power? 2 ¹0–1º controls the level of �greediness�. The

extreme case? # 0corresponds to uniform sampling from the support ofdiag¹G¹8ºº;

the other extreme? " ¸1 selects the largest diagonal entries, with exact ties broken

uniformly at random. We recognize the cases? = 0 and ? = 1 are variants of

uniform and greedy selection.RPCholesky sits at the intermediate value? = 1.

As the name suggests, the GibbsRPCholesky method samples a pivot index from

a Gibbs distributionPf B8̧ 1 = 9g = exp¹� VE9º with �energies� E9 = � log0¹8º
9 9and

�inverse-temperature�V = ?. For this reason, the symbolV has been used to refer

to the power? in previous literature [Ste24; CETW25]. Under the interpretation of

V = ? as inverse-temperature, the uniform, greedy, andRPCholesky strategies can

be analogized to the three bowls of porridge in the story of the three bears�too hot,

too cold, and just right. The recent paper [DPPL24] by Dong, Pan, Phan, and Lei

has explored an alternate de�nition of the energiesE9 = � 0¹8º
9 9, leading to sampling

probabilitiesB8̧ 1 � exp¹Vdiag¹G¹8ººº.
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Our original paper [CETW25] introduced the GibbsRPCholesky algorithm but

did not provide any numerical experiments. Stefan Steinerberger [Ste24] took up

the task of empirically evaluating the GibbsRPCholesky method. Steineberger's

experiments consider several examples, some of which bene�t from higher? and

others which favor lower?. However, except on specially constructed examples, the

di�erences between di�erent methods are not dramatic (particularly away from the

extreme values? 2 f0–1g ). Steinerberger's paper also includes theoretical results,

including a theorem showing that a single step of the? = 2 GibbsRPCholesky

reduces the squared Frobenius norm of a psd matrix by at least a factor1 � 1•=.

My preliminary conclusion from Steinerberger and Dong et al.'s investigations is

that, for non-pathological matrices, any sensible random pivoting selectionthat in-

corporatesinformation fromthediagonal of theresidual matrix should yield decent

performance for low-rank approximation. To achieve the best possible performance,

one can treat the power? (or inverse-temperatureV for the Dong et al. scheme) as

a hyperparameter and test multiple? or Vvalues.

Even though GibbsRPCholesky seems to work reliably on most matrices with

? ¡ 1, signi�cant failures can occur on synthetic, worst-case examples. Fix? ¡ 1,

and consider the matrix

G =

"
=1• ?I100 0

0 1=� 1001
�
=� 100

#

•

The optimal rank-one approximation to this matrix is

ÈGÉ1 =

"
0 0

0 1=� 1001
�
=� 100

#

–

and this approximation is computed by a partial pivoted Cholesky decomposition

in one step if any pivotB2 f101–102– • • • – =g is selected. For large=, this optimal

rank-one approximation to this matrix has vanishingly small relative error

tr¹G � È GÉ1º
tr¹Gº

=
100=1• ?

= ¸ 100¹=1• ? � 1ºe
= ¹100¸ >¹1ºº=1• ?� 1•

and RPCholesky produces this optimal approximation in one step with near-

certainty:

Pf B� 101g =
= � 100

= ¸ 100¹=1• ? � 1º
= 1 � >¹1º whenB� diag¹Gº•
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With with GibbsRPCholesky with power?, a bad pivot is selected with roughly

99% probability:

Pf B� 100g =
100=

¹= � 100º ¸ 100=
=

100
101

¸ >¹1º•

For large=, it takes GibbsRPCholesky with power? roughly 50 steps to compute

a good low-rank approximation to this matrixG, whereRPCholesky (? = 1)

produces an excellent approximation with near certainty in a single step. Given

bad examples like these, we believe the power? = 1 is a sensible default for

general-purpose use, particular if only a single? value is to be used.

4.5 Connection to determinantal point processes

TheRPCholesky algorithm has a number of connections to (�xed-size) determinan-

tal point processes (DPPs, De�nition 3.21). This section reviews these connections.

RPCholesky as iterative 1-DPP sampling.The �rst interpretation is the most

trivial, but still yields some insight. A single step ofRPCholesky performs one

step of diagonal sampling on the current residual matrixG¹8º, which coincides with

the1-DPP distribution(since the determinant of a1 � 1 matrix�i.e., a number�is

just itself). As a consequence of this interpretation, we can derive a single-step

RPCholesky error bound by invoking Fact 3.22:

Etr¹G¹1ºº � 2 tr¹G � È GÉ1º•

RPCholesky as iterative conditional DPP sampling.Another, much more power-

ful connection betweenRPCholesky and DPPs interprets theRPCholesky proce-

dure as iteratively performingconditionalDPP sampling.

Proposition 4.6(RPCholesky as conditional DPP sampling). Suppose we have run

theRPCholeskyalgorithm for8steps on psd matrixG, selecting pivotsB1– • • • – B8.

The¹8¸ 1ºst pivotB8̧ 1 � diag¹G¹8ºº satis�es

Pf B8̧ 1 = 9 j B1– • • • – B8g = P
�
T = f B1– • • • – B8̧ 1g

�
� T � f B1– • • • – B8g

	
–

whereT � DPP8̧ 1¹Gº.

We see that the¹8¸ 1ºst step ofRPCholesky can be seen as sampling from an

¹8¸ 1º-DPP,conditionalon the already-selected pivots belonging to that DPP. This

result follows directly from the de�nition of �xed-size DPPs and Proposition 3.20.
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This connection between DPPs andRPCholesky suggests analgorithm for ap-

proximate: -DPP sampling. First, runRPCholesky for : steps, producing piv-

ots B1– • • • – B: . Then, for stepsC = 0–1– • • • – ), select a random pivot index

9 � Unif f 1– • • • – :g, evict pivot B9 from the pivot set, and resampleB9 using a

single step of theRPCholesky procedure

B9 � diag¹G� GhB1– • • • – B9� 1– B9̧ 1– • • • – B: iº •

The reason behind this procedure's success is intuitive. Initially, we generate the

pivots B1– • • • – B: sequentially, and they do not follow the: -DPP distribution. At

each step, we freeze all but one pivotB9and resampleB9 from the: -DPP distribution

conditional on the other pivotsf B8 : 8 < 9g. By repeating this procedure enough

time, the distribution of the pivots converges to the: -DPP distribution.

A sampling algorithm for a multivariate distribution of this type (freeze all but one

coordinate and sample the conditional distribution) is known as aGibbs Markov

chain Monte Carlo (MCMC) sampler. This Gibbs DPP sampling procedure was

proposed by Rezaei and Oveis Gharan [RO19] to sample from a generalization of: -

DPPs that can be de�ned on general, possiblycontinuousstate spaces. Fortunately,

ordinary : -DPPs on the �nite setf 1– • • • – =g are contained in this general setting.

Rezaei and Oveis Gharan's theoretical bounds show that theRPCholesky-based

Gibbs MCMC sampler converges in at most) = O¹: 5 log : º steps, and their

numerical results suggest a more modest) = O¹: 2º steps su�ce. To implement

their algorithm e�ciently, one should use Cholesky downdating techniques to handle

the pivot evictions; we omit the details.

To raise a potentially provocative point, even Rezaei and Oveis Gharan's empirical

results suggest that sampling a: -DPP using this algorithm requiresquadratically

more work than executingRPCholesky. It is natural to ask: Is that work worth it?

Is the output ofRPCholesky substantially worse than a sample from a: -DPP for

practical purposes? We leave these questions to the reader to ponder.

Projection DPPs.There is an important class of matrices for whichRPCholesky

producesexact samples from a: -DPP. We make the following de�nition.

De�nition 4.7 (Projection DPP). Let G be an orthorpojector ofrank exactly : .

Then the: -DPPS � DPP: ¹Gº is referred to as aprojection DPP.

We emphasize that, in a projection DPP, the rank of the orthoprojectorG must be

equal to the size: of the DPPS. Projection DPPs are fundamental to both the
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theory and applications of DPPs. Theoretically, every (: -)DPP can be realized as a

mixture of projection DPPs [HKPV06, p. 213], which gives rise to procedures for

sampling from: -DPPs.

Remarkably, theRPCholesky algorithm, applied to an orthoprojector, generates

exact samples from a projection DPP.

Proposition 4.8(RPCholesky samples projection DPPs). Let G be an orthopro-

jector of rank exactly: . The pivot setS produced by: steps ofRPCholeskyapplied

to G is a sample from the projection DPPS � DPP: ¹Gº.

This proposition appears in its essence in Gillenwater's thesis [Gil14, sec. 2.2.4]

and a very clear version of theRPCholesky pseudocode (more-or-less the same

as our Program 4.1) appears in the work of Poulson [Pou20]. We emphasize that

Poulson only used theRPCholesky procedure to sample from projection DPPs: In

his work, the input matrixG is always an orthoprojector, he runs for exactlyrankG

steps, and the output is the pivot setS. The factor matrixL , critical to use cases of

RPCholesky for low-rank approximation, is discarded in Poulson's work.
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C h a p t e r 5

KERNELS AND GAUSSIAN PROCESSES

Although William of Occam �rst wielded his famous razor against the

super�uous elaborations of his Scholastic predecessors, his principle of

parsimony has since been incorporated into the methodology of

experimental science in the following form: given two explanations of

the data, all other things being equal, the simpler explanation is

preferable. This principle is very much alive today in the emerging

science of machine learning, whose expressed goal is often to discover

the simplest hypothesis that is consistent with the sample data.

Anselm Blumer, Andrzej Ehrenfeucht, David Haussler, and Manfred K.

Warmuth,Occam's razor[BEHW87]

The twin theories of reproducing kernel Hilbert spaces and Gaussian processes are

among the most beautiful topics in applicable mathematics, and they form the basis

for a class of simple and user-friendly machine learning methods. In this section, we

review these theories and how they are used in machine learning. In the following

chapter, we explain howRPCholesky can be used to accelerate these learning

algorithms and provide computational experiments.

Sources. This section serves to provide an introduction to kernel methods and

Gaussian processes. It re�ects my own approach to this material and is not explicitly

based on any of particular published work, of mine or others. The content of this

section is in�uenced by Houman Owhadi's excellent class �Stochastic processes

and regression�, which I took in Winter of 2022. Useful references on this material

include the books [SS02; RW05] and the survey [KHSS18].

Outline. Section 5.1 introduces the theory of reproducing kernel Hilbert spaces,

and Section 5.2 uses this formalism to derive thekernel interpolationmethod for

�tting data. Section 5.3 describes the parallel theory of Gaussian processes and

reformulates kernel interpolation as Gaussian process interpolation. Section 5.4

concludes by discussing regularized kernel and Gaussian process methods.
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5.1 Reproducing kernel Hilbert spaces

One of the great annoyances in mathematical analysis is the fact that functions

D2 L2¹R3º do not have de�nite values at any given point. Indeed, the spaceL2¹R3º

is formally de�ned to consist of all square-integrable functions onR3, modulo al-

mosteverywhereequality (with respect to the Lebesgue measure). So for any given

D 2 L2¹R3º, there are elements of the equivalence class ofDtaking every possible

value at any given pointG, since the singleton setf Gghas measure zero.

If we restrict ourselves tocontinuousfunctionsD 2 C¹R3º \ L2¹R3º, things are

a bit better, sinceD¹xº has a de�ned value at each pointx 2 R3. However, even

for continuousL2 functions, function values are notstable: For anyY ¡ 0, any

point x 2 R3, and any valueU 2 K, there exists a continuous perturbation4 of

norm k4kL2¹Rº3 � Y such that¹D¸ 4º¹xº = U. The conclusion is that the value of

any L2 function at any point can be changed to any value by an arbitrarily small

perturbation.

These limitations of theL2 space motivates the concept of a reproducing kernel

Hilbert space (RKHS), which may be informally de�ned as follows.

An RKHS is a Hilbert space of functions that have de�nite values at every

point, and these values are stable under small perturbations.

Formally, we have the following de�nition:

De�nition 5.1 (Reproducing kernel Hilbert space). Let X be a set. Areproducing

kernel Hilbert space(RKHS) onX is a Hilbert space of functions5 : X ! K over

which the evaluation mapG7! 5¹Gº is a bounded linear functional for eachG. That

is, for eachG2 X, there exists a prefactor2¹Gº 2 R¸ such that

j 5¹Gºj � 2¹Gºk5kH for each5 2 H•

The de�nition of the RKHS encompasses (and is equivalent to) the notion of stability

of function values under small perturbations. Indeed, for4 2 H in an RKHSH,

j¹ 5 ¸ 4º¹Gº � 5¹Gºj = j4¹Gºj � 2¹Gºk4kH•

As we will see, the seemingly innocuous property of point evaluation being a

bounded linear functional has surprising and far-reaching consequences.

Reproducing kernel Hilbert spaces (RKHSs) may initially appear exotic, but they

encompass many of the fundamental function spaces in mathematical analysis.
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Example 5.2(A Sobolev space). Consider, for instance, the spaceH1¹»0–1¼º, con-

sisting of all square-integrable functions with a square-integrable (weak) derivative.

Its norm is

k5k2
H1¹»0–1¼º=

¹ 1

0

�
j 5¹Gºj2 ¸ j 50¹Gºj2

�
dG•

This space is an RKHS. To see this, �rst consider a continuous representative

5 2 H1¹»0–1¼º \C¹»0–1¼º. By the intermediate value theorem, there exists a value

G¢ at which 5 achieves its mean value

5¹G¢º =
¹ 1

0
5¹Gº dG•

By the Cauchy�Schwarz inequality,

j 5¹G¢º j2 =

�
�
�
�

¹ 1

0
5¹Gº dG

�
�
�
�

2

�
¹ 1

0
j 5¹Gºj2 dG�

¹ 1

0
1 dG=

¹ 1

0
j 5¹Gºj2 dG•

For any two valuesG� Hin »0–1¼,

j 5¹Hº � 5¹Gºj2 =

�
�
�
�

¹ H

G
50¹0º d0

�
�
�
�

2

�
¹ H

G
j 50¹0ºj2 d0 �

¹ H

G
1 d0 �

¹ 1

0
j 50¹0ºj2 d0•

The same conclusion holds ifH � G. Employing the two previous displays, we

conclude that for anyG2 »0–1¼, we have

j 5¹Gºj2 � 2j 5¹G¢º j2 ¸ 2j 5¹Gº � 5¹G¢º j2

� 2
¹ 1

0

�
j 5¹Gºj2 ¸ j 50¹Gºj2

�
dG= 2k5k2

H1¹»0–1¼º•

We have established the RKHS property with2¹Gº �
p

2 for all G2 »0–1¼. This

conclusion extends to all5 2 H1¹»0–1¼ºby density ofC¹»0–1¼ºin H1¹»0–1¼º. We

conclude thatH1¹»0–1¼ºis an RKHS. �

This example is illustrative. It suggests that functions in an RKHS should be

smoother (in the sense of possessing well behaved derivatives) than typical functions

in the spaceL2¹` º. This intuition will prove valuable.

The reproducing kernel

Whenever one has a linear functional over a Hilbert space, is is generally worth

invoking the Riesz representation theorem to see if there are any interesting conse-

quences. In the cases of RKHSs, this is most certainly the case.
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For each pointG2 X, the Riesz representation theorem furnishes a function^¹�– Gº 2

H for which

5¹Gº = ĥ ¹�– Gº– 5i H• (5.1)

We have denoted this function bŷ¹�– Gº to indicate that applying this construction

at eachG 2 X generates a parametric class of univariate functions¹^¹�– Gº : G 2

Xº. Just as well, this class of univariate functions comprise a bivariate function

^ : X � X ! K. The property (5.1) is referred to as thereproducing propertyof the

function^. We emphasize to the reader that, under our conventions, inner products

are conjugate linear in their�rst coordinate.

An especially interesting thing happens if we invoke the reproducing property (5.1)

for the special choice5 = ^¹�– G0º, which gives

^¹G– G0º = ĥ ¹�– Gº– ¹̂�– G0ºiH• (5.2)

We see that the bivariate function̂tabulates the pairwise inner products of its

univariate restrictionŝ¹�– Gº. By Hermiticity of theH-inner product, we conclude

that

^¹G– G0º = ĥ ¹�– Gº– ¹̂�– G0ºiH = ĥ ¹�– G0º– ¹̂�– GºiH = ^¹G0– Gº•

The function^ is Hermitian, i.e., conjugate symmetric. Additionally, given any

(�nite) set of pointsD � X, the function matrix̂ ¹D–Dº is psd (see De�nition 3.1).

To see thus, observe that for anyc 2 KD,

c� ^¹D–Dºc =
Õ

G–G02D

2G2G0 ^¹G– G0º =
Õ

G–G02D

2G2G0 ĥ ¹�– Gº– ¹̂�– G0ºiH

=

*
Õ

G2D

2Ĝ ¹�– Gº–
Õ

G02D

2G0^¹�– G0º

+

� 0•

The inequality is positive de�niteness of theH-inner product. We conclude that

^¹D–Dº is psd. Consequently, the function^ is a positive-de�nite kernel function

(De�nition 3.2). Thus, a more appropriate name for the function^ is thereproducing

kernelof H.

Example 5.3 (Reproducing kernel forH1). We return to the case ofH1¹»0–1¼º,

introduced in Example 5.2. SinceH1¹»0–1¼ºis an RKHS, it has a reproducing

kernel^ : »0–1¼2 ! K satisfying the property that

5¹Gº =
¹ 1

0

�
^¹�– 0º 5¹0º ¸ m0^¹�– 0º 50¹0º

�
d0 (5.3)
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Figure 5.1:Left: Univariate restrictionŝ ¹�– 0º of Sobolev kernel (5.4) for0 = 0•25
and0 = 0•5. Right: Contour plot of Sobolev kernel (5.4).

for any 5 2 H1¹»0–1¼º. We can recover the value of5at any point just by integrating

against it and its derivative. Neat!

A formula for ^ can be found by integrating the second term of (5.3) by parts and

solving an ODE boundary value problem [Sch07, Ÿ2.11]. The resulting formula is

^¹G– G0º =
cosh¹min¹G– G0ºº cosh¹1 � max¹G– G0ºº

sinh¹1º
• (5.4)

The property (5.3) can be veri�ed analytically or checked for example functions

5 and valuesGusing a symbolic computing environment like Mathematica. An

illustration of this kernel is provided in Fig. 5.1. �

Spaces from kernels

So far, we have de�ned the notion of an RKHS and showed that every RKHSH

has a reproducing kernel^ (that is, a positive-de�nite kernel function satisfying

the reproducing property (5.1)). Often in practice, we would like to in the reverse

direction: Begin with a setX, endow it with a positive-de�nite kernel function̂,

and obtain an RKHSH for which ^ is the kernel. This construction is possible in

view of the Moore�Aronszajn theorem [Aro50, p. 3.44]:

Fact 5.4(RKHSs from kernels). Every positive-de�nite kernel function̂onX gives

rise to a uniqueH over which^ is the reproducing kernel.

Proof sketch.Notice that the span of univariate restrictions of the kernel^¹�– Gº

form an inner product space, where the inner product is de�ned by the relation (5.2)

and extended to linear combinations by sesquilinearity. This space may then be

upgraded to a Hilbert space by taking the closure.
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This result speaks to how kernels areusedin practice to learn from data. One begins

with a datasetD belonging to some ambient spaceX, typically X = R3. Then one

selects a kernel for this data, typically from some standard functional form, such as

the square-exponential kernel

^se¹x–x0 j f º = exp
�
�

jjjx � x0jjj2

2f 2

�
(5.5)

or the Laplace kernel

^Lap¹x–x0 j f º = exp
�
�

jjjx � x0jjj
f

�
• (5.6)

Here,jjj�jjj is a norm, typically the� 1 or � 2 norm. Hyperparameters for these kernel

families, such as the bandwidthf in (5.5) and (5.6), are picked either by ad-hoc

techniques like the median heuristic [GJK18] or by systematic procedures like cross

validation [LLJD+20]. One then uses this selected kernel^ to perform some data

analysis task like interpolation (Section 5.2) or regression (Section 5.4). Fact 5.4

guarantees the existence of an RKHSH for which^ is the kernel, and the �ne details

of the Hilbert spaceH are typically not needed.

The kernel as a nonlinear inner product

There is another interpretation of kernel functions and RKHSs that can be useful.

The kernel̂ can be seen as de�ning a sort of nonlinear inner product on a general

spaceX. More precisely, there exists afeature mapq : X ! K mappingX into a

Hilbert spaceK over which^ coincides with the inner product

^¹G– G0º = hq¹Gº– q¹G0ºiK•

The spaceK is called thefeature space. The feature map and the feature space are

not unique, but a natural choice of feature space is given by the RKHSH itself. With

this choice, the mappingq : G7! ^¹�– Gº constitutes a feature map, in view of (5.2).

5.2 Kernel interpolation

Having established the RKHS formalism, let us see how it can be used to learn

from data. Consider the task of learning a functional relation6 : X ! K from

input�output pairs ¹G1– HG1º– • • • –¹G=– HG=º 2 X � K. For convenience, we may

package the inputs into a multisetD = f G1– • • • – G=g and the outputs into a vector

y = ¹HG : G2 Dº 2 KD. (In the case whereD has repeated elementsG8 = G9 for

8< 9, we abuse notation and permitHG8 andHG9 to be di�erent values.)
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If we assume that the output valuesHG are provided to us without noise, it makes

sense to seek a model6 : X ! K thatinterpolatesthe data at the provided points:

6¹Gº = HG for all G2 D•

The interpolation condition may be written more concisely as6¹Dº = y.

There are in�nitely many functions6 2 H interpolating the data. Of these, it is

natural to select the interpolating function6 of minimum norm. Indeed, if we think

of the RKHS norm as a measure of the smoothness (as in Example 5.2) or complexity

of a function, seeking the minimum-norm interpolant can be thought of as �nding

the interpolating function of minimum complexity (cf. the Occam's razor quote at

the beginning of the section).

Finding the interpolating function of minimum norm is an optimization problem

over the typically in�nite dimensional spaceH:

6 = argmin
62H

6¹Dº=y

k6kH• (5.7)

Remarkably, this optimization problem has a closed form solution:

Theorem 5.5 (Kernel interpolation: Solution formula). Let D be a �nite set of

points and lety 2 KD be output values. Assume^¹D–Dº is nonsingular. Then the

optimization problem(5.7)has the following unique solution

6 =
Õ

G2D

^¹�– GºVG where# = ^¹D–Dº� 1y•

Theorems of this type, which show that an in�nite-dimensional optimization prob-

lem over an RKHS has a �nitely parametrized solution consisting of a linear com-

bination of kernel functions, are known asrepresenter theorems[SS02, Ÿ4.2]. For

completeness, and because the proof is beautiful and revealing, we shall provide

a proof of this representer theorem in the rest of this section. Code for kernel

interpolation is provided in Program 5.1.

Remark5.6 (Interface for kernel methods). For the programs in this thesis, we use a

common interface to implement kernel methods. Sets of= data pointsD � K3 are

collected as rows of an= � 3 matrix D. A univariate functionsg can evaluated on a

set of inputs6¹Dº asg(D) . Similarly, the evaluation̂ ¹D–Eº of a bivariate function

^ can be evaluated askappa(D,E) . �
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Program 5.1kernel_interp.m . Code to compute the kernel interpolant through
datay.
function [g,beta] = kernel_interp(y,kernel,D)
% Input: Outputs y, kernel function kernel(x,x'), and inputs D
% Output: Kernel interpolant g and coefficients beta

beta = kernel(D,D) \ y; % Get interpolation coefficients
g = @(X) kernel(X,D) * beta; % Define interpolant

end

Underdetermined systems of linear equations

To motivate the proof of Theorem 5.5, we shall begin with a review of the theory of

underdetermined systems of linear equations in �nite dimensions.

The linear least-squares problem

x = argmin
x2K=

kHx � ck for H 2 K< � =–c 2 K<

is well-known, as are the normal equations characterizing its solution:

H� Hx = H� c•

There is a parallel theory, usually not covered in introductory linear algebra classes,

for the minimum norm solution to an underdetermined system of equations

x¢ = argmin
x2K<

H� x=c

kxk for H 2 K< � =–c 2 K=• (5.8)

The result is this:

Theorem 5.7(Minimum-norm solution to an underdetermined system). AssumeH

has full column rank. Thenx = H¹H� Hº� 1c = ¹Hyº� c is the unique solution to

(5.8).

Proof. Decompose any solutionx to H� x = c as an orthogonal sumx = x¢ ¸ x?

of a componentx¢ 2 range¹Hº and a componentx? 2 range¹Hº? . The orthogonal

complement ofrange¹Hº is the nullspace ofH� , so

c = H� x = H� ¹x¢ ¸ x? º = H� x¢ ¸ 0 = H� x¢ •

Consequently, we see thatx¢ is also a solution ofH� x = c, and its norm is smaller:

kxk2 = kx¢ k2 ¸ kx? k2 � kx¢ k2• (5.9)
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Equality holds in (5.9) if and only ifx? = 0. Sincex¢ 2 range¹Hº, we may write

x¢ = Hy¢ , so that

c = H� x¢ = ¹H� Hºy¢ •

SinceH is full-rank, the matrixH� H is invertible, soy¢ = ¹H� Hº� 1c. We conclude

thatx¢ = H¹H� Hº� 1c is the unique minimal-norm solution toH� x = c.

Underdetermined systems of linear equations in a Hilbert space

With the appropriate apparatus, the derivation for the minimum norm solution

of a �nite-dimensional system of linear equations translates e�ortlessly to in�nite

dimensions. We make the following de�nition [Ste98; TT15]:

De�nition 5.8 (Quasimatrix). Let K be a Hilbert space. AnK � = quasimatrix� is

a collection� = ¹ 58 : 1 � 8 � =º of elements58 2 K. For a matrixN 2 K=� ?, the

product� N is

� N =

 
=Õ

8=1

58� 8 9: 1 � 9 � ?

!

•

The matrix�vector product� h is de�ned analogously. For anK � < quasimatrix

� , the product� � � is

� � � =
�
h68– 59i K : 1 � 8� <–1 � 9 � =

�
2 K< � =•

Similarly, � � 5 = ¹h68– 5i : 1 � 8� < º for 5 2 K.

With this de�nition, Theorem 5.7 holds for underdetermined systems of equations

over a Hilbert space with the same proof.

Theorem 5.9(Minimum-norm solution to an underdetermined system over a Hilbert

space). Let � be anK � = quasimatrix and letc 2 K=. Assume that� has linearly

dependent �columns�¹18 : 1 � 8 � =º or, equivalently, that� � � has full rank.

Then the system of linear systems� � G= c has a unique solutionG2 K of minimum

norm. This solution isG= � ¹� � � º� 1c.

This result immediately implies the representer theorem for kernel interpolation

(Theorem 5.5). To see this, introduce the quasimatrix

^¹�–Dº := ¹^¹�– Gº : G2 Dº 2 KH� D

and its adjoint

^¹D–�º := ^¹�–Dº� • (5.10)
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Proof of Theorem 5.5.By the reproducing property and (5.10),

6¹Dº = ¹6¹Gº : G2 Dº = ¹ĥ ¹�– Gº– 6i H : G2 Dº = ^¹D–�º6•

Consequently, the minimum-norm interpolation problem (5.7) is equivalent to �nd-

ing the minimum norm solution of the linear system^¹D–�º6 = y. By Theorem 5.9,

the solution is

6 = ^¹�–Dº»̂ ¹D–�º^¹�–Dº¼� 1y•

To complete the proof, observe that

^¹D–�º^¹�–Dº = ¹ĥ ¹G–�º– ¹̂G0–�ºiH : G– G0 2 Dº

= ¹^¹G– G0º : G– G0 2 Dº = ^¹D–Dº•
(5.11)

We conclude that6 = ^¹�–Dº^¹D–Dº� 1y, as desired.

Remark5.10 (Rank-de�cient kernel matrix). If the kernel matrix̂ is rank-de�cient,

then we have the following alternative version of Theorem 5.5:

Theorem5.11 (Kernel interpolation: General case for solution formula). LetD be a

�nite set of points and lety 2 KD be output values. Then there is a unique minimum

norm solution6 2 H to the least-squares problem

min
62H

ky � 6¹Dºk–

and it is given by

6 = ^¹�–Dº^¹D–Dºyy• (5.12)

Going forward, we shall refer to the function6 furnished by this theorem as the

kernel interpolant, even when̂¹D–Dº is rank-de�cient. In the rank-de�cient case,

the function6 will not interpolate the data unlessy 2 range¹^¹D–Dºº. �

Kernel interpolation, Nyström approximation, and error bounds

Kernel interpolation may be applied to any output datay 2 KD, but something

special happens when the datay = 5¹Dº are outputs of a function5 2 H. In this

case, the kernel interpolant, now denotedb5D, takes the form

b5D = ^¹�–Dº^¹D–Dºy 5¹Dº = ^¹�–Dº^¹D–Dºy^¹D–�º 5 • (5.13)

We have used the version (5.12) of the conclusion of Theorem 5.5. Observe the for-

mal similarity of the right-hand side of (5.13) to the column Nyström approximation
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(3.5) of a psd matrix. Drawing out this formal connection between kernel interpo-

lation and Nyström approximation will give us a powerful theoretical framework.

We will develop and use this theory here to prove error bounds, and this theory will

play a major role when we extendRPCholesky to in�nite dimensions in Chapter 7.

De�nition 5.12 (Nyström approximation of a kernel function). Let ^ be a positive-

de�nite kernel function onX and let D � X be a �nite subset. TheNyström

approximationto ^ induced byD is

b̂D¹G– G0º := ^¹G–Dº^¹D–Dºy^¹D– G0º•

Theresidual kernelis ^D := ^ � b̂D.

Just as a column Nyström approximation to a psd matrix and its residual are psd

matrices, the Nyström approximation and its residual are both positive-de�nite

kernels. The reader is reminded that a �positive-de�nite� kernel function is more

analogous to a positivesemide�nite matrix.

Proposition 5.13(Nyström approximation of kernels). Let ^ be a positive-de�nite

kernel function onX, and letS � X be subset. The Nyström approximate kernelb̂S

and its residual̂ S = ^ � b̂S are both positive-de�nite kernels onX.

Proof. Let E � X and form the matrixG := ^¹D [ E–D [ Eº 2 K ¹D[ Eº�¹ D[ Eº.

Introduce the matrix Nyström approximationbG := GhSi . One readily sees that

ĉD¹E–Eº = bG¹E–Eº and ^D¹E–Eº = ¹G� bGº¹E–Eº•

By Proposition 2.9, these matrices are both psd. We conclude thatb̂D and^D are

positive-de�nite kernels.

The following result gives a natural representation for the kernel interpolant.

Lemma 5.14(Reproducing representation for kernel interpolant). LetH be an RKHS

onX, D � X be a �nite set of points, and5 2 H. The kernel interpolantb5D through

5 at D admits the reproducing representation

b5S¹Gº = hb̂S¹�– Gº– 5i H for eachG2 X.

Proof. Using quasimatrices, this result is easy. We compute

hb̂S¹�– Gº– 5i = ¹^¹�–Dº^¹D–Dºy^¹D– Gºº� 5 = ^¹G–Dº^¹D–Dºy^¹D–�º 5 •

By (5.13), this expression equalsb5D¹Gº.
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We are tantalizingly close to proving error bounds for kernel interpolation. We need

one �nal result.

Lemma 5.15(Self inner product of residual and Nyström kernels). With the setting

of Lemma 5.14, we have

hb̂D¹�– Gº–b̂D¹�– GºiH = b̂D¹G– Gº and ĥ D¹�– Gº– D̂¹�– GºiH = ^D¹G– Gº•

Proof. To prove the �rst identity, we employ the quasimatrix formalism:

hb̂D¹�– Gº–b̂D¹�– GºiH = ¹^¹�–Dº^¹D–Dºy^¹D– Gºº� ¹^¹�–Dº^¹D–Dºy^¹D– Gºº

= ^¹G–Dº^¹D–Dºy^¹D–�º^¹�–Dº^¹D–Dºy^¹D– Gº

= ^¹G–Dº^¹D–Dºy^¹D–Dº^¹D–Dºy^¹D– Gº

= ^¹G–Dº^¹D–Dºy^¹D– Gº = b̂D¹G– Gº•

The third line is (5.11), and the fourth line is the identityS ySS y = S y for the

pseudoinverse. The second identity follows from the �rst:

ĥ D¹�– Gº– D̂¹�– GºiH = ĥ ¹�– Gº � b̂D¹�– Gº– ¹̂�– Gº � b̂D¹�– GºiH

= ^¹G– Gº � 2b̂D¹G– Gº ¸ hb̂D¹�– Gº–b̂D¹�– GºiH = ^D¹G– Gº•

The �nal equality ishb̂D¹�– Gº–b̂D¹�– GºiH = b̂D¹G– Gº and the de�nition of^D.

With Lemmas 5.14 and 5.15 in hand, error bounds for kernel interpolation follow

e�ortlessly.

Theorem 5.16(Kernel interpolation: Pointwise error). Instate the setting and as-

sumptions of Lemma 5.14. Then the kernel interpolant satis�es the error bound

j 5¹Gº � b5D¹Gºj2 � ^D¹G– Gº � k5k2
H• (5.14)

That is, the squared error atGis bounded in terms of the diagonal entry of the

residual kernel̂ D at G. At eachG, the bound is attained.

Proof. By Lemma 5.14, the error atGis

5¹Gº � b5D¹Gº = h5 – D̂¹�– GºiH•

Take absolute values, and bound via Cauchy�Schwarz:

j 5¹Gº � b5D¹Gºj2 � h ^D¹�– Gº– D̂¹�– GºiH � k5k2
H = ^D¹G– Gº � k5k2

H•

The �nal equality is Lemma 5.15. The bound is attained by setting5 = ^D¹�– Gº.
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5.3 Gaussian processes

We now discuss the theory of Gaussian processes and their applications to learning

from data, which beautifully parallels the theory of RKHSs.

De�nition 5.17 (Gaussian process). Let X be a set. AGaussian process6 �

GP¹<– º̂ on X with mean function< : X ! K and covariance function̂ :

X � X ! K is a random function6 such that, for every �nite subsetD � X, the

function values6¹Dº obey a Gaussian distribution

6¹Dº � Normal K ¹< ¹Dº– ¹̂D–Dºº•

If < is identically zero, we say that6 is centeredand write6 � GP¹^º.

Naturally, the covariance function̂is required to have the property that^¹D–Dº is

psd for everyD; that is, ^ must be a positive-de�nite kernel. The term Gaussian

process is frequently abbreviated �GP�.

Remark5.18 (Existence of GPs). The existence of a GP with any speci�ed mean

function and any positive-de�nite kernel as covariance function is ensured by the

Kolmogorov extension theorem [Kle13, Thm. 14.36]. Unfortunately, this basic

existence result is not su�cient to ensure that statements like �6 � GP¹<– º̂ is

continuous� can be assigned de�nite probabilities (i.e., the event �6 is continuous�

may not be measurable). Fortunately, in most cases of practical signi�cance, there

are results that are powerful enough both to ensure existence of a GP and that global

properties like continuity and di�erentiability have de�nite probabilities. We will

not discuss these more nuanced issues of GP theory in this thesis. �

We can also use Gaussian processes to design algorithms for learning from data.

The simplest method isGaussian process interpolation. Suppose we are given a

(�nite) data setD � X and corresponding labelsy 2 KD, and we want to learn

a functional relationship6 : D ! K. We adopt a Bayesian perspective. Begin

with a prior that the �true� functional relationship? : D ! K is a draw from a

Gaussian process,? � GP¹^º; we use a centered prior for simplicity. We then model

the datay as measurements of this functiony = ?¹Dº. We assume, for now, that

the measurements are obtained without noise. Under this model, theconditional

distributionof ? is given by the following result.

Theorem 5.19(Conditioning a Gaussian process). Let ? � GP¹^º be a GP on a

base spaceX, letD � X be a �nite subset, and assume^¹D–Dº is nonsingular. Then

? j f ?¹Dº = yg � GP¹6– D̂º for 6 = ^¹�–Dº^¹D–Dº� 1y• (5.15)



86

Figure 5.2: RKHS function (left) and single draw of a Gaussian process (right) for
the same positive-de�nite kernel^. The draw from the Gaussian process is observed
to be much �rougher� than the RKHS function.

In particular, the mean function is the kernel interpolant(5.12)and the covariance

function is the residual kernel (De�nition 5.12).

Equation (5.15) characterizes theposterior distribution of the Gaussian process

conditional on observing the data,?¹Dº = y. The mean6 : X ! K of the posterior

provides a model of the functional relationshipX ! K that interpolates the data

¹G– HGº, and the covariance function̂D captures the remaining uncertainty. In

particular, the posterior variance is

Var¹?¹Gº j ?¹Dº = yº = ^D¹G– Gº• (5.16)

Observe that this posterior variance agrees with the pointwise error bound (5.14)

when k5kH = 1. We see that the diagonal entries of the residual kernel capture

the uncertainty in both the kernel interpolation and Gaussian process interpolation

settings. A notable feature of GPs is that the posterior variance (5.14) depends only

on the location of the input dataD, not the values of the output datay.

The proof of Theorem 5.19 is standard, so we omit it; see [Tro23, Ch. 21] for an

introduction to conditioning results for Gaussian random variables.

Remark5.20 (Gaussian processes don't lie in the RKHS). Under fairly general

conditions, draws6 � GP¹^º do not belong to the associated RKHSH for which ^

is the kernel (with 100% probability)! A visual illustration is provided in Fig. 5.2,

which shows a function5 from theperiodic Sobolev spaceH1
per¹»0–1¼ºand a draw

6 � GP¹^º from a GP whose covariance function^ is the kernel forH1
per¹»0–1¼º.

The GP realization6 8 H1
per¹»0–1¼ºis observed to be much rougher than the RKHS

function 5 2 H1
per¹»0–1¼º. �
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5.4 Kernel ridge regression and Gaussian process regression

Gaussian process interpolation and kernel interpolation are two names and two

interpretations for the same methodology. As the names suggest, these methods

interpolate the data. Conventional wisdom from early machine learning practice

and statistical learning theory suggest interpolation can lead toover�tting, yielding

a model that �ts the data but fails to generalize [Bis06, ŸŸ1.1, 3.2, & 5.5]. Recent

machine learning practice has challenged this conventional wisdom, and many the-

oretical explanations for this phenomenon ofbenign over�ttinghave been proposed

(e.g., [BLLT20; LR20; Bel21; CCBG22]).

Still, we may still have reasons to want toregularizekernel or GP �tting methods.

First, for problems in lower dimensions, over�tting with kernel and Gaussian process

methods may be a serious issue. Second, our data may be provided to us with noise,

and including regularization at the level of the noise may help mitigate the e�ects

of noise. Third, regularizing the problem makes it better conditioned and easier

to solve with preconditioned iterative methods; see Section 6.1. Finally, even if

one wants to interpolate the data, the kernel matrix^¹D–Dº can sometimes be

rank-de�cient, at least up to the resolution of �oating-point errors. For such a rank-

de�cient problems, adding even a small amount of regularization (say, at the level

of the machine precision) may be necessary to obtain meaningful results.

Just as before, one can develop regularized data �tting methods in either the RKHS

or GP formalisms. The resulting method will be calledkernel ridge regression

(KRR) or Gaussian process regression(GPR). As a change of pace, we will begin

with the GP approach and then develop the corresponding RKHS perspective.

Gaussian process regression

To incorporate regularization into a GP data-�tting pipeline, we assume the following

model. We begin from the same assumption the true underlying relationship is drawn

from aprior distribution

? � GP¹^º (5.17a)

We now assume that the datay 2 KD is provided to us corrupted by noise:

y = ?¹Dº ¸ 9 where9 � Normal K ¹0– _Iº• (5.17b)

The parameter_ � 0 sets the variance of the noise9 2 KD, which is assumed to

have iid entries¹YG : G2 Dº, independent of the GP6. Observe that_ = 0 recovers

the data model for GP interpolation. The posterior of? given the data is as follows:
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Theorem 5.21(Gaussian process regression). Let ? � GP¹^º be a GP on a base

spaceX, let D � X be a �nite subset, and assume_ ¡ 0. Under the noise model

(5.17b), the posterior is

? j y � GP¹6– _̂
Dº–

where

6 = ^¹�–Dº»̂ ¹D–Dº ¸ _I¼� 1y

and

^_
D¹G– G0º = ^¹G– G0º � ^¹G–Dº»̂ ¹D–Dº ¸ _I¼� 1^¹D– G0º for G– G0 2 X•

Proof. We can employ a formal device to reduce the analysis of GPR to the result

Theorem 5.19 we already know for Gaussian process interpolation. Begin by

introducing a copyD0of the setD and de�ningX0 := X [ D0. Now, package the data

¹?–yº into a Gaussian process?0 on X0 by setting?0 = ? on X and ?0 = y on D0.

This GP is centered and its covariance function^0 is characterized by the formula

^0¹D0 [ E–D0 [ Eº =

"
^¹D–Dº ¸ _I ^¹D–Eº

^¹E–Dº ^¹E–Eº

#

for E � X �nite • (5.18)

Let us justify this statement block-by-block. The¹1–1º-block is the covariance of

the output datay, and it equalŝ ¹D–Dº ¸ _I by (5.17b). The¹1–2º- and¹2–1º-blocks

are the cross-covariances betweeny and ?¹Eº, which equal the cross-covariances

between?¹Dº and?¹Eº since the noise9 is independent of?. The¹2–2º-block is

the covariance of?¹Eº, which is^¹E–Eº by de�nition of the covariance function.

The Gaussian process regression posterior conditions? on the output valuesy.

Since? and ?0 agree onX, conditioning? on y is equivalent to conditioning?0

on the event?0¹D0º = y, i.e., interpolating the valuesy on the copied spaceD0. In

this sense, the Gaussian processregressionprior onD is equivalent to the Gaussian

processinterpolationprior on D0. Therefore, by Theorem 5.19, the posterior for

Gaussian process regression is

?¹Eº j y � GP¹^0¹E–D0º^0¹D0–D0º� 1y– 0̂
D0¹E–Eºº for E � X �nite •

Invoking the formula (5.18) for̂0completes the proof.

For low-dimensional �tting tasks with noisy data, choosing the correct regularization

_ is critical to the success of GPR. An illustration is provided in Fig. 5.3, which

applies GPR to �tting the ages of Nobel laureates in Physics versus the year of
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_ = 10� 13 _ = 1 _ = 100

Figure 5.3: Fitting of Nobel laureate ages by prize year using GPR for three values
of the regularization_ = 10� 13 (left), _ = 1 (middle), and_ = 100(right); further
details are in the text.

their prize. To apply GPR, we �rst center the ages in the dataset to have mean

zero and employ a square-exponential kernel (5.5) with bandwidthf = 5. The left

panel uses almost no regularization, and the resulting model is wildly oscillatory.

The right panel uses too much regularization, and the resulting model is nearly

constant and thus uninformative. The middle panel sits between these extremes and

produces an interesting model that captures trends in the data. In particular, this

model demonstrates that the average age of Nobel laureates was relatively stable

in the twentieth century and has since been rising. Even this goldilocks models is

perhaps more �wiggly� then one would like.

Remark5.22 (Parameter selection). The Gaussian process framework also provides

a natural prescription for picking hyperparameters such as the regularization pa-

rameter_ and the bandwidthf for a covariance function such as (5.5) or (5.6). In

general, assume the kernel^ = ^) is parametrized by hyperparameters) . Under the

datageneration model(5.17), the likelihood (probability density) of observing the

datay is

! ¹y; ) – _º =
1

¹2cº3•2 det¹^) ¹D–Dº ¸ _Iº1•2
exp

�
�

y� »̂ ) ¹D–Dº ¸ _I¼� 1y
2

�
•

Up to an a�ne transformation, the log-likelihood is

� ¹y; ) – _º = � y� »̂ ) ¹D–Dº ¸ _I¼� 1y � log det»̂ ) ¹D–Dº ¸ _I¼•

One can then pick the hyperparameters) and_ to maximize the log-likelihood by an

iterative procedure like gradient descent. The computation of the log-determinant

and its gradients can be a nontrivial problem, for which algorithms based on ran-

domized trace estimation can be employed; see Part II. �
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Kernel ridge regression

The GPR method can also be derived within the RKHS formalism. The kernel

interpretation of GPR is referred to askernel ridge regression(KRR).

To derive the KRR problem, we begin by formulating a least-squares regression

problem over the RKHSH. Given datay 2 KD, the least-squares �t

min
62H

ky � 6¹Dºk2•

has in�nitely many solutions, all of which interpolate the data (at least as well as

possible; see Theorem 5.11). To make the procedure more resilient to noise, we can

reformulate this problem by adding a ridge penalty term:

b6 = argmin
62H

ky � 6¹Dºk2 ¸ _ k6k2
H for _ ¡ 0• (5.19)

The ridge penalty_ k6k2
H serves to penalize �roughness� or �complexity�, as mea-

sured by the RKHS norm. The (unique) solutionb6 is the KRR regression model,

which provides a model of the input output relationX ! K.

Theorem 5.23(Kernel ridge regression: Solution formula). LetH be an RKHS and

let _ ¡ 0. The KRR problem(5.19)has a unique solution, which satis�es

6 = ^¹�–Dº»̂ ¹D–Dº ¸ _I¼� 1y•

Equivalently,

6 =
Õ

G2D

^¹�– GºVG where# = argmin
#2KD

k^¹D–Dº# � yk2 ¸ _ #� ^¹D–Dº#•

Proof sketch.First, argue that the solution6 lies in the column span of the quasi-

matrix ^¹�–Dº, arguing similarly to Theorem 5.7. Then, use the ansatz6 = ^¹�–Dº#

and solve for#.

Code for kernel ridge regression appears in Program 5.2.
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Program 5.2krr.m . Kernel ridge regression for data �tting.
function [fhat,beta] = krr(y,kernel,D,lamb)
% Input: Data y, kernel function kernel(x,x'), data D, and
% regularization lamb >= 0
% Output: Kernel interpolant fhat and coefficients beta

A = kernel(D,D) + lamb*eye(size(D,1)); % kappa(D,D) + lamb*I
beta = A \ y; % Get coefficients
fhat = @(X) kernel(X,D) * beta; % Define regression function

end
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C h a p t e r 6

ACCELERATING KERNEL AND GAUSSIAN PROCESS
METHODS BY SUBSET SELECTION AND COLUMN

NYSTRÖM APPROXIMATION

Fortunately, there is a path forward. To implement kernel methods, we

simply need to approximate the kernel matrix. . . Even a poor

approximation of the kernel can su�ce to achieve near-optimal

performance, both in theory and in practice.

Per-Gunnar Martinsson and Joel A. Tropp,Randomized numerical

linear algebra: Foundations and algorithms[MT20]

In last chapter, we saw how to use the theories of reproducing kernel Hilbert spaces

(RKHSs) and Gaussian processes (GPs) to develop methods for learning from data.

Throughout this discussion, we had little to say about thecomputational costof

these methods. When run on a datasetD of sizejDj = =, direct implementation of

all the methods in the previous chapter require forming, storing, and factorizing the

= � = kernel matrix^¹D–Dº. This incurs a heavy computational cost, sometimes

called thecurse of kernelization[WCV12]:

Curse of kernelization. The cost of implementing kernel interpolation,

kernel ridge regression, and many other kernel methods on= data points

using standard direct linear algebra methods requiresO¹=2º storage and

O¹=3º operations.

In this chapter, we will see howRPCholesky and other psd column subset selection

methods can be used to accelerate kernel methods, resulting in faster algorithms.

We say up front that there is no free lunch here.RPCholesky and other psd low-rank

approximation are e�ective for kernel problems when the kernel matrix^¹D–Dº is

well-approximated by a low-rank matrix. Fortunately, many kernel matrices possess

this property, so the approaches described in this chapter have wide�though not

universal�applicability.

Sources.Section 6.1 is adapted from the paper
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Mateo Díaz et al.Robust, Randomized Preconditioning for Kernel Ridge Regression.

July 2024. arXiv:2304.12465v5

Section 6.2 is adapted from the originalRPCholesky paper

Yifan Chen, Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. �Randomly

Pivoted Cholesky: Practical Approximation of a Kernel Matrix with Few Entry

Evaluations�. In:Communications on Pure and Applied Mathematics78.5 (2025),

pp. 995�1041.doi: 10.1002/cpa.22234 .

The material in Section 6.3 is new.

Outline. Sections 6.1 to 6.3 present three approaches to accelerating KRR (equiva-

lently, GPR) usingRPCholesky or other psd column subset selection algorithms;

these sections are ordered from most expensive and most accurate to least expensive

and most approximate. Section 6.1 discusses usingRPCholesky to precondition

the KRR linear systems; this approach leads to full accuracy, but requiresO¹=2º op-

erations even under favorable conditions. Section 6.2 discusses the restricted KRR

problem, a cheaper approximate version of KRR with a reduced cost ofO¹: 2=º,

where: is a user-tunable subset size. Section 6.3 discusses usingRPCholesky for

KRR in the setting ofactive learning problems.

6.1 Column Nyström preconditioning

Our �rst way of using psd low-rank approximation methods to accelerate kernel

methods is viapreconditioning. Let us focus on KRR. Per Theorem 5.23, the

optimal coe�cients # 2 K= for KRR are the solution to a linear system

¹G¸ _Iº# = y for G := ^¹D–Dº• (6.1)

When= is large (say, so large that one cannot �t the entire matrixG in memory at

once), it is natural to use an iterative method like conjugate gradient [Saa03, Ÿ6.7]

to solve (6.1). However, if the matrixG ¸ _I is ill-conditioned, the convergence

of iterative methods will be slow. To improve convergence, we can form a column

Nyström approximationbG � Gand use this approximation topreconditionthe linear

system, resulting in faster convergence.

Let bG = LL � be a column Nyström approximation computed by any method; we rec-

ommendRPCholesky (or, more precisely, a fast implementation ofRPCholesky,

see Chapter 8) for use in practice. De�ne the Nyström preconditionerV := bG¸ _I .

In practice, it is grossly ine�cient to storeV directly. Instead, we compute an
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Program 6.1 rpcholesky_precon.m . RPCholesky-preconditioned conjugate
gradient for solving KRR problems. Subroutinemypcgis provided in Program F.5.
function [g,Betas] = rpcholesky_precon(y,kernel,D,lamb,k,iter)
% Input: Outputs y, kernel function kernel(x,x'), inputs D,
% regularization lamb, rank k, and number of iterations iter
% Output: Kernel interpolant g and sequence Beta of coefficients
% produced by PCG, stacked columnwise

A = kernel(D,D); % Generate full kernel matrix
Acol = @(S) A(:,S); % Column generation subroutine
Asub = @(S) A(S,S); % Submatrix generation subroutine
d = diag(A); % Diagonal of kernel matrix
b = ceil(k/2); % Block size for accelerated RPC
F = acc_rpcholesky(Acol,Asub,d,k,b);% LRA by accelerated RPCholesky
[U,S,~] = svd(F,"econ"); % Economy-size SVD

% Define matrix-vector product, preconditioner
matvec = @(z) A*z + lamb*z;
pre = @(z) U*((S^2 + lamb*eye(k))\(U'*z)) + (z - U*(U'*z)) / lamb;

Betas = mypcg(matvec,pre,y,iter); % Coefficients by PCG
g = @(X) kernel(X,D) * Betas(:,end);% Define interpolant

end

(economy-size) SVDL = [ � \ � , from which we can apply the action ofV and its

inverse via the formulas

Vz = [ ¹� 2¹[ � zºº ¸ _z–

V� 1z = [ ¹¹� 2 ¸ _I º� 1¹[ � zºº ¸ _� 1¹z � [ ¹[ � zºº• (6.2)

To solve (6.1), we run preconditioned conjugate gradient (PCG) with preconditioner

V. The matrixG ¸ _I is applied via the formula¹G ¸ _Iºz = Gz¸ _z, and the

inverse-preconditioner is applied via the formula (6.2). See Program 6.1 for an

implementation. (Note that we use the fasteracceleratedversion ofRPCholesky

algorithm for our implementation; see Section 8.4.)

Computational cost.The computational cost of KRR with column Nyström pre-

conditioning consists of generating the entries of the kernel matrixG = ^¹D–Dº,

forming the preconditionerV, and performing iterations with preconditioned con-

jugate gradient. We analyze the cost of two variants, a high-memory version where

the kernel matrixGis formed once and stored, and a low-memory version where the

kernel matrix is regenerated each PCG iteration. We denote by �niter� the number
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Implementation High-Memory Low-Memory

Storage O¹=2º O¹:=º
Runtime O¹¹Ĉ ¸ niterº=2 ¸ : 2=º O¹niter � Ĉ=2 ¸ : 2=º

Table 6.1: Storage and runtime costs for low-memory and high-memory column
Nyström preconditioned kernel ridge regression. Here,niter is the number of PCG
iterations andĈ � 1 the number of operations required for a single kernel function
evaluation.

of PCG iterations andĈ � 1 the number of operations required for a single kernel

function evaluation.

First, suppose that we generate and store the whole kernel matrix once, requiring

O¹=2º memory andO¹Ĉ=2º time. Afterwards, computing and factorizingL =

[ � \ � using most column Nyström methods (RPCholesky, RLS sampling via the

RRLS algorithm, uniform sampling, greedy selection) requiresO¹: 2=º operations.

Each PCG iteration consists of one matvec withG¸ _I , costingO¹=2º operations,

and one invocation of the primitive (6.2), costingO¹:=º operations. The total cost

is thusO¹¹Ĉ ¸ niterº=2 ¸ : 2=º operations.

Second, suppose we regenerate entries of kernel matrix on an as-needed basis.

The storage costs are now dominated by storing the factor[ needed for the

inverse-preconditioner operation (6.2), requringO¹:=º memory. Forming the pre-

conditioner requiresO¹Ĉ:= ¸ : 2=º operations, and each PCG iteration requires

O¹Ĉ=2 ¸ :=º operations, since we must regenerate the matrix at each iteration. The

total cost is thusO¹niter � Ĉ=2 ¸ : 2=º operations.

Table 6.1 compares both implementations. These implementations represent a clas-

sic time�space tradeo�. Regenerating the kernel matrix makes each PCG iteration

signi�cantly more expensive but also cuts the storage costs dramatically.

Analysis.How many PCG iterations are required forRPCholesky-preconditioned

KRR to converge? The following result provides a partial answer:

Theorem 6.1(RPCholesky preconditioning). Fix _ ¡ 0 and psd matrixG 2 K=� =.

Introduce thetail rank

dtail¹_º := min

(

A� 0 :
=Õ

8=A̧ 1

_8¹Gº � _

)

–

executeRPCholeskyfor : � dtail¹_º¹1 ¸ log¹tr¹Gº•_ºº steps to produce low-rank

approximationbG, and instantiate theRPCholeskypreconditionerV := bG¸ _I . With
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90% probability, the preconditioned condition number is controlled as

cond¹V� 1•2¹G¸ _IºV� 1•2º � 30•

Consequently, PCG produces a solution#¹niterº satisfying the guarantee

k#¹niterº � #kG¸ _I � Y� k#kG¸ _I

after at mostniter � d 6 log¹2•Yºe steps. Here,kzkS := ¹z� Sz º1•2 denotes the

norm associated to a positive de�nite matrixS .

A slight strengthening of this result and its proof appear in [DEFT+24, Thm. 2.2].

We conjecture that Theorem 6.1 holds with the tail dimensiondtail¹_º replaced

by the e�ective dimensionde� ¹_º, de�ned in De�nition 3.16. To get a sense of

the di�erence betweendtail¹_º andde� ¹_º, suppose the dimension= is very large,

and consider a matrix with polynomially decaying spectrum_8¹Gº = 8� ?, where

? ¡ 1 is �xed. The tail rank and e�ective dimensions aredtail¹_º = � ¹_� 1•¹ ?� 1ºº

and de� ¹_º = � ¹_� 1• ?º. For a small power, say? = 2, these parameters are

dtail¹_º = � ¹_� 1º anddtail¹_º = � ¹_� 1•2º, leading to a dramatic di�erence when

_ � 1. For large? (or high _), the distinction between tail rank and e�ective

dimension is less signi�cant. Ultimately, the �missing link� that would allow us to

replacedtail¹_º in Theorem 6.1 byde� ¹_º is better bounds forRPCholesky in the

spectral norm; see Section 11.1 for discussion on the types of bounds I conjecture.

Parameter selection.There are many approaches to choosing parameters forRP-

Cholesky preconditioning. One approach, useful in memory-constrained settings,

is to just choose the parameter: as large as memory will allow. A second rule

of thumb, guided more by runtime considerations, is to set: � =1•2, so that the

O¹: 2=º cost of forming the preconditioner is comparable to theO¹=2º cost of a

single conjugate gradient step. Since many CG steps are typically required, I would

recommend values of: � 3
p

= or : � 10
p

=. Last, one can use the residual trace

to set the approximation rank, runningRPCholesky until the trace of the residual

matrix falls below a tolerance. The parameter_ provides a natural guide for the

scale of the tolerance.

Experiment. Here, we report an experiment performed by myself and coauthors

in [DEFT+24, Fig. 6]. Here, we apply several column Nyström preconditioners to

predict the highest occupied molecule orbital energy for= = 5 � 104 data points
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Figure 6.1: Relative residual (left) and SMAPE test error (right) for column
Nyström-preconditioned conjugate gradient with greedy (blue circles), uniform
(purple squares),RPCholesky (orange asterisks), and no preconditioning (yel-
low).

from theQM9dataset [RvBR12; RDRv14]. We set the approximation rank to be

: := 103. For each choice of KRR coe�cients#, we report the relative residual

k¹^¹D–Dº ¸ _Iº# � yk• kyk

and the symmetric mean average percentage error

SMAPE¹y¹testº–by¹testºº =
1
<

<Õ

8=1

jH¹testº
8 � bH¹testº

8 j

¹ jH¹testº
8 j ¸ j bH¹testº

8 jº•2
–

computed between the test datay¹testº and the predicted valuesby¹testº = ^¹D¹testº–Dº#

for the test data.

Results are shown in Fig. 6.1. We see that, on this example,RPCholesky out-

performs the other two column Nyström preconditioning strategies, achieving the

lowest possible test error in about 60 iterations versus 100 iterations for the other two

methods. More than anything, this example illustrates thatsomepreconditioner is

absolutely necessary to solve this problem using an iterative method, as the method

fails to converge at all without preconditioning.

Figure 6.1 shows just a single example of the success of Nyström preconditioning.

See [DEFT+24, Ÿ2.1] for many more experiments, including performance plots

which demonstrate thatRPCholesky preconditioning is generally the most e�ective

column Nyström preconditioning method among available strategies on a testbed of

examples.
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6.2 Restricted kernel ridge regression

Even in the most optimistic setting, column Nyström preconditioning for KRR still

requires workquadraticin the data size=. In this section, we will develop methods

with a runtime that is, in principle,linear in size of the data. More precisely, we

will describerestricted kernel ridge regression, an approximate form of KRR that

requires at mostO¹:=º storage andO¹: 2=º time, where1 � : � = is a tunable

parameter. Larger values of: typically leads to more accurate results, at the cost of

being more expensive.

Description of restricted KRR method

We have largely described kernel and GP �tting algorithms in abstract terms, as

minimum norm interpolants in a Hilbert space, solutions to in�nite-dimensional

regularized least-squares problems, or as conditional expectations of Gaussian pro-

cesses. More prosaically, kernel interpolation is just interpolation of scattered data

¹G– HGº by a linear combination of functionŝ¹�– Gº for G2 D:

6 =
Õ

G2D

^¹�– GºVG• (6.3a)

For KRR, we �t the data by a function of this form that minimizes a regularized

least-squares loss. More precisely, following Theorem 5.23,# is chosen to satisfy

# = argmin
#2KD

k^¹D–Dº# � yk2 ¸ _ #� ^¹D–Dº#• (6.3b)

To reduce computational cost and obtain a modelb6 : D ! K with fewer parameters,

it is natural to consider a restricted version of the full optimization problem (6.3)

where # 2 KD is only permitted to be nonzero in: selected positionsS � D.

Denotingb# = #¹Sº, we have the followingrestrictedversion of the KRR problem:

b6 =
Õ

G2S

^¹�– GºbVG (6.4a)

with
b# = argmin

#2KS
k^¹D–Sºb# � yk2 ¸ _ b#� ^¹S–Sºb#• (6.4b)

We call (6.4) therestricted KRR method. Its solution satis�es thenormal equations

»̂ ¹S–Dº^¹D–Sº ¸ _^¹S–Sº¼b# = ^¹S–Dºy• (6.5)

The landmark setS is �xed during restricted KRR, though it can (and should!) be

adaptively selected based on the dataD using a procedure such asRPCholesky. The
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landmarksS can be chosen by a psd column selection algorithm likeRPCholesky.

To facilitate comparison, we call (6.3) thefull-data KRR method.

Observe that the restricted KRR problem (6.4b) is a regularized least-squares prob-

lem of dimension= � : , where: = jSj. Its solution de�nes a regression functionb6

that can evaluated at a point using only: kernel function evaluations; compare to

the= kernel function evaluations required to evaluate the full KRR model (6.3a).

Remark6.2 (History and terminology). Methods for simplifying a regression prob-

lem by using only a subset of basis functions date back at least to work on scattered

data interpolation in the 1980s [Wah90, Ch. 7]. The modern literature on restricted

KRR began in the GP community with the work of Smola and Bartlett [SB00],

who coined the namesparse Gaussian process regression(SGPR). The method

reemerged in the kernel literature in the work of Rudi, Camoriano, and Rosasco

[RCR15] as theNyström method.

I �nd the terms �sparse Gaussian process� and �Nyström method� both to be po-

tentially misleading. In sparse Gaussian process regression, it is thecoe�cient

vector # that is sparse, not the kernel matrix or the target solutionb6. Confusingly,

methodologies where one designs a kernel with compact support [Wen04, Ch. 9]

or zero out small entries in the kernel matrix, resulting in a sparse kernel matrix,

are also common [FGN06]. As we have seen already and will continue to see in

this thesis, there are several non-equivalent ways of using Nyström approximation

to accelerate the solution of KRR problems, so the term �Nyström method� can also

be ambiguous. For these reasons. I use the term �restricted KRR� for (6.4), which

my co-authors and I introduced in [DEFT+24]. �

Restricted KRR as Nyström approximation of the kernel

So far, we have presented restricted KRR as an ad hoc solution to reduce computa-

tional costs. We can also give interpretations of this method in both the RKHS and

GP formalisms. We look at the RKHS formalism �rst.

Recall that a subsetS � D induces a Nyström approximation

^¹D–Sº^¹S–Sºy^¹S–Dº

to the kernel matrix̂ ¹D–Dº and a Nyström approximation of the entire kernel

function^:

b̂S¹G– G0º = ^¹G–Sº^¹S–Sºy^¹S– G0º for G– G0 2 X•
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This observation leads to an interpretation of restricted KRR, which was suggested

to me by Yifan Chen:

Theorem 6.3(Restricted KRR as Nyström approximation of the kernel). Let S �

D � X be nested �nite subsets of a base spaceX, and lety 2 KD be data. Assume

the regularization parameter_ ¡ 0 is positive and the kernel matrix̂ ¹S–Sº is in-

vertible. The restricted KRR functionb6 given by(6.4a)is the output of the full-data

KRR method applied to the datay 2 KD with the Nyström approximate kernel:

b6 = b̂S¹�–Dº»b̂S¹D–Dº ¸ _I¼� 1y• (6.6)

To prove this result, we will employ the following lemma:

Lemma 6.4(Nonsymmetric ridge regression identity). LetH–I 2 K=� : be matrices,

and choose_ 2 K to ensure that the matrix inverses below are well-de�ned. Then

¹H� I ¸ _I º� 1H� = H� ¹IH � ¸ _I º� 1•

The caseH = I , yields the identity¹H� H ¸ _Iº� 1H� = H� ¹HH� ¸ _I º, useful in the

analysis of ridge-regularized linear regression, which may be called the (symmetric)

ridge regression identity. The formula is easily checked by multiplying to clear the

inverses and checking that the left- and right-hand sides agree. It may also be

derived using the Sherman�Morrison�Woodbury formula.

Proof of Theorem 6.3.Let � denote the right-hand side of (6.6). Our goal is to show

b6 = � . We prove the case_ ¡ 0.

Using the de�nition of the Nyström-approximate kernel, we may write

� = ^¹�–Sº^¹S–Sº� 1^¹S–Dº»̂ ¹D–Sº^¹S–Sº� 1^¹S–Dº ¸ _I¼yy•

IntroduceH = ^¹D–Sº^¹S–Sº� 1 andI = ^¹D–Sº, and invoke the nonsymmetric

ridge regression identity to obtain

� = ^¹�–Sº»̂ ¹S–Sº� 1^¹S–Dº^¹D–Sº ¸ _I¼� 1^¹S–Sº� 1^¹D–Sºy

= ^¹�–Sº»̂ ¹S–Dº^¹D–Sº ¸ _^¹S–Sº¼� 1^¹D–Sºy•

Utilize the normal equations (6.5) to complete the proof.
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Sparse Gaussian process regression

The GP framework provides alternative perspectives on the restricted KRR method.

In their original work, Smola and Bartlett [SB00] introduce SGPR as a way of

restricting the GPR problem to a subset of basis functions to increase computational

e�ciency, similar to our original derivation of restricted KRR above.

One may also develop probabilistic interpretations of restricted KRR. The easiest

interpretation is that restricted KRR is equivalent to ordinary Gaussian process

regression on therestricted prior

b? := E»? j ?¹Sº¼•

The restricted priorb? averages out all the randomness in the initial prior? except

at the landmark pointsS. The equivalence of this approach with restricted KRR

follows from Theorems 3.13 and 6.3. There is also a more sophisticated probabilistic

interpretation due to Titsias [Tit09].

Experiment

Experiments for restricted KRR withRPCholesky and other column Nyström

methods on a scienti�c dataset are provided in [CETW25, Ÿ4.2]. Here, we provide

a more conceptual experiment to illustrate the bene�ts ofRPCholesky as a method

for selecting the subsetS for use with restricted KRR.

We consider the task of �tting a function5 : R2 ! R from dataD � R2 andy :=

5¹Dº 2 RD. For concreteness, we choose the function to be5¹xº = sin¹¹G1¸ G2º•10º

andD to consist of= = 104 points inR2 forming a smiley face with radius10; see the

right panel of Fig. 6.2 for illustration. We use the Matérn-5/2 kernel with bandwidth

f = 40, and we set the regularization to_ := 0.

Results for restricted KRR with bothRPCholesky-selected points and uniformly

selected data points are shown in the right panel of Fig. 6.2. We see that the error,

measured as the largest di�erence between the true function5 and the model6 on

the datasetD,

error := max
x2D

j 5¹xº � 6¹xºj– (6.7)

is substantially lower forRPCholesky restricted KRR than uniform restricted KRR.

An explanation for why can be seen in the left panel of Fig. 6.2, which shows

: = 100points selected either byRPCholesky or uniformly at random. Each eye

comprises just=1•2 � = data points, which are easy for uniform sampling to miss.
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Figure 6.2:Left: Error (6.7) for restricted KRR withRPCholesky-selected points
(orange asterisks) and uniformly selected points (purple squares). Lines show the
median of 100 trials, and shaded regions show the 10% and 90% quantiles.Right:
Sets of: = 100 points selected either byRPCholesky or uniformly at random,
overlayed on the dataD (black translucent circles).RPCholesky is seen to produce
an even coverage of the data, whereas uniform sampling misses the right eye.

RPCholesky, by contrast, selects points that are well-distributed across the whole

data set, including both eyes.

6.3 Active learning for kernel interpolation and ridge regression

So far, we have seen two approaches to that useRPCholesky and other subset selec-

tion algorithms to improve the e�ciency of KRR. First, in Section 6.1, we employed

column Nyström approximations to precondition the full-data KRR problem. Under

ideal conditions, the cost of this approach was as low asO¹=2º operations. Next, in

Section 6.2, we used subset selection algorithms torestrict the KRR problem to a

set of: selected centers, at a cost ofO¹: 2=º operations. In both of these sections,

we assumed access to a dataset of= data pointsD � X with labelsy 2 K=. In

this section, we will consider anactive learning settingwhere we are given just the

unlabeled training dataD � X and must choose what data to label.

For now, we suppose the set of data pointsD to potentially label is� nite. Unlike

our other settings, the assumption thatD is �nite is non-vacuous; one can imagine

applications where there is an in�nite set of points that we could label. We will

return to this in�nite setting in Chapter 7. Given the setD, we can select: points

to label by runningRPCholesky (or another subset selection algorithm). After

we have a subsetS � D, we are free to �t whatever model we want to the data

S and labelsy 2 KS. In this framework, it is most natural to use a kernel or GP
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Program 6.2 rpcholesky_active_krr.m . Active kernel ridge regression with
data points selected byRPCholesky. Subroutineskrr andacc_rpcholesky are
provided in Programs 5.2 and 8.4.
function [g,beta,S] = rpcholesky_active_krr(y,kernel,D,lamb,k)
% Input: Outputs y, kernel function kernel(x,x'), inputs D,
% regularization lamb, and number of points k
% Output: Kernel interpolant g, coefficients beta, and subset S

Acol = @(S) kernel(D,D(S,:)); % Column subroutine
Asub = @(S) kernel(D(S,:),D(S,:)); % Submatrix subroutine
d = ones(size(D,1),1); % Diagonal of kernel matrix
b = ceil(k/2); % Block size for acc. RPC
[~,S] = acc_rpcholesky(Acol,Asub,d,k,b); % Subset selection by RPC

[g,beta] = krr(y,kernel,D(S,:),lamb); % Apply KRR

end

method, like kernel interpolation or KRR, to �t the data. One could also combine

kernel-based subset selection with any type of machine learning method such as an

arti�cial neural network. Code for active KRR withRPCholesky is provided in

Program 6.2, and theoretical guarantees are provided later in Corollary 7.6.

Remark6.5 (Is this active learning?). The term �active learning� is contested in the

literature. Miller and Calder suggest drawing a distinction betweencoreset methods,

which �leverage the geometry of the underlying dataset. . . but not the set of labels

observed at labeled points during the active learning process�, andactive learning

methods, which use both the geometry of the data setD and the observed labels

HG at queried pointsG 2 D [MC23, Ÿ3.1]. Other researchers do not make this

distinction and refer to any machine learning that chooses points to label as an active

learning method [CP19; MMWY22]. We shall adopt the second de�nition in this

work, though our methods would be described as a �coreset method� in Miller and

Calder's taxonomy. �

To testRPCholesky as a method for active learning, we apply active kernel inter-

polation to= = 105 randomly selected points from theSUSYdataset [BSW14]; we

hold out an additional= randomly selected points as a test set. Data is standardized.

We compare active kernel interpolation with subsets selected uniformly at random

to those selected byRPCholesky. As the kernel, we use a Laplace kernel with

� 2 distances and bandwidthf = 4. As a baseline, we also report the errors with
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Figure 6.3: Comparison of active (line solid lines) and restricted (dark dashed lines)
kernel interpolation with subsetS selected byRPCholesky (orange asterisks) or
uniformly at random (purple squares).

restricted KRR (with regularization parameter_ = 0) using the same subsetsS.

Results are shown in Fig. 6.3. We see thatRPCholesky active kernel interpolation

outperforms active kernel interpolation with uniformly selected points for most

values of : ; the bene�ts are pronounced when the number of labeled points is

small, say,: Ÿ 100. The baselines results for restricted KRR show much smaller

errors than the active learning methods, demonstrating that it is valuable to use label

informationHGat each pointG2 D if it is available.



105

C h a p t e r 7

TO INFINITE DIMENSIONS

One should never try to prove anything that is not almost obvious.

A sentiment attributed to Alexandre Grothendieck by Allyn Jackson in

As if summoned from the void, the life of Alexandre Grothendieck[Jac04]

We have seen theRPCholesky algorithm is e�ective at producing low-rank ap-

proximations to a psd matrix. In the previous chapter, we applied this algorithm to

the kernel matrix associated with a �nite set of data points, and we used the result-

ing low-rank approximations and subsets of landmark points to accelerate kernel

machine learning algorithms.

In Chapter 5, we worked with kernelŝ: X � X ! K de�ned over an in�nite base

spaceX, but we only appliedRPCholesky to kernel matriceŝ ¹D–Dº associated

with � nite subsetsD � X. It is natural to ask:Is there an in�nite-dimensional

version ofRPCholeskythat we can use to construct low-rank approximations to the

in�nite kernel function^ and to identify landmark pointsS � X for the in�nite set

X? This chapter answers this question in the a�rmative.

Sources.This chapter is based on the following paper:

Ethan N. Epperly and Elvira Moreno. �Kernel Quadrature with Randomly Pivoted

Cholesky�. In: Advances in Neural Information Processing Systems36 (2023),

pp. 65850�65868.url : https://dl.acm.org/doi/10.5555/3666122.36689

97.

The material has been signi�cantly expanded, including a much lengthier introduc-

tion to the functional analysis setting, the new Theorem 7.1 (generalizing Theo-

rem 4.1), and a new application to active kernel interpolation in Section 7.4.

Outline. Section 7.1 sets the stage by introducing appropriate operators and func-

tion spaces for in�nite-dimensional low-rank approximation. Section 7.2 presents

the in�nite-dimensionalRPCholesky algorithm, and Section 7.3 discusses imple-

mentations of this procedure using rejection sampling. Sections 7.4 and 7.5 provide

applications to active learning and quadrature.
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7.1 Mathematical setting

In this section, we develop a functional analysis setting for low-rank approximation

of kernels and subset selections on general, possibly in�nite sets, following the

treatments given in [HB04; Bac17; BBC19; EM23]. Inspired by the Grothendieck

quote at the start of this chapter, our goal will be to develop a function space setting

where the in�nite dimensional extension ofRPCholesky and its analysis is a direct

translation of the ordinary matrix setting.

Function spaces.Our setting will be a topological spaceX endowed with a Borel

measurè , upon which we de�ne an RKHSH of functions 5 : X ! K. We let

^ : X � X ! K denote the reproducing kernel ofH, which we assume is continuous.

This setX supports two spaces of functions, the RKHSH and the space of square

integrable functionsL2¹` º. The relation between these spaces will be crucial to our

development. To ensure these two spaces place nicely with each other, we make the

assumption that the kernel^ is integrable along the diagonal:
¹

X
^¹G– Gº d` ¹Gº Ÿ ¸1

and thatH is dense inL2¹` º. These assumptions imply thatH is compactly embedded

in L2¹` º [HB04, Prop. 2].

Discovering the integral operator.SinceH is compactly embedded inL2¹` º, the

identity mapping] 5 := 5 de�nes a compact linear map] : H ! L2¹` º. The maps]

�forgets� that a function5belongs toH and treats it as a function inL2¹` º. Introduce

the symbol� := ]� for its adjoint. The adjoint� : L2¹` º ! H maps a function

D 2 L2¹` º (which, in general, can be quite rough) to a �smooth� function�D 2 H.

What could this mysterious operator� be?

We shall discover the correct answer by a formal calculation. LetD 2 L2¹` º and

5 2 H be arbitrary, and compute the inner product

h] 5 – Di L2¹` º =
¹

X
5¹GºD¹Gº d` ¹Gº•

Recall that the adjoint is de�ned via the relationh] 5 – Di L2¹` º = h5 – ]� Di H, so we must

�nd a way of introducing theH inner product. To do so, employ the reproducing

propertyh5 – ¹̂�– GºiH = 5¹Gº to obtain

h] 5 – Di L2¹` º =
¹

X
h5 – ¹̂�– GºiHD¹Gº d` ¹Gº•
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Pull the integral overGinto the inner product, yielding

h] 5 – Di L2¹` º =
�

5 –
¹

X
^¹�– GºD¹Gº d` ¹Gº

�

H
=: h5 – ]� Di H•

We conclude that the adjoint� = ]� is the integral operator

�D =
¹

X
^¹�– GºD¹Gº d` ¹Gº• (7.1)

A rigorous version of this argument is provided in [HB04, Prop. 2].

Properties of the integral operator.The integral operator� , de�ned by (7.1), can

also be seen as an operator onL2¹` º, which we denote� L2¹` º! L2¹` º. Using the

�forgetting� map ] : H ! L2¹` º, this operator can be written

� L2¹` º! L2¹` º = � L2¹` º! H � ] = ]]� •

Thus, since the inclusion operator] is compact (sinceH is compactly embedded in

L2¹` º), we conclude that� L2¹` º! L2¹` º is compact and psd.

To this point, we have been very careful about domains and codomains of linear

mappings; we will now permit ourselves to be more lax and will use� to refer to the

transformation (7.1), whatever its domain and codomain are. Since� is a compact

psd operator onL2¹` º, it admits a spectral decomposition

� =
1Õ

8=1

_8484
�
8– (7.2)

where_1 � _2 � � � � � 0 are the eigenvalues of� andf 48g form an orthonormal

basis ofL2¹` º. (We will tacitly assume thatL2¹` º is in�nite-dimensional for this

chapter, though the formalism all carries through for �nite-dimensional spaces as

well.) Here, we let

D� := hD–�i L2¹` º : L2¹` º ! K

denote the adjoint of a functionD2 L2¹` º, identi�ed with the linear transformation

U 7! UDfrom K ! L2¹` º.

In addition to being compact, the operator� onL2¹` º is trace-class. Its trace is

tr¹ � º =
¹

X
^¹G– Gº d`• (7.3)

This conclusion may be derived formally as follows. Observe that an arbitrary

function inL2¹` º can be represented a limitD = lim=!1 ¹
Í =

8=1 484
�
8ºD. Therefore,
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we compute
¹

X
^¹G– Gº d` =

¹

X

1Õ

8=1

48¹Gº¹4�
8^¹�– Gºº d` ¹Gº

=
¹

X

1Õ

8=1

� ¹

X
^¹G0– Gº48¹G0º d` ¹G0º

�
48¹Gº d` ¹Gº

=
1Õ

8=1

¹

X

� ¹

X
^¹G0– Gº48¹Gº d` ¹Gº

�
48¹G0º d` ¹G0º

=
1Õ

8=1

h�4 8– 48i L2¹` º =
1Õ

8=1

_8 = tr¹ � º•

A rigorous proof of (7.3) is provided in [SS12, Thm. 3.10].

From the eigendecomposition (7.2), we can de�ne the operator square root

� 1•2 :=
1Õ

8=1

_1•2
8 484

�
8 : L2¹` º ! L2¹` º•

In fact, the range of the linear transformation� 1•2 is H and the map� 1•2 : L2¹` º !

H is an isometric embedding. To see this, �rst takeD2 H and compute

kDk2
L2¹` º = hD– Di L2¹` º = h�D– Di H = h� 1•2D– �1•2Di H = k� 1•2Dk2

H•

The second equality is an invocation of the adjoint relationhD– 5i L2¹` º = h�D– 5i H.

SinceH is dense inL2¹` º, we conclude that� 1•2 : L2¹` º ! H is an isometric

embedding.

Since� 1•2 : L2¹` º ! H is an isometric embedding, it follows thatf � 1•248g1
8=1 =

f _1•2
8 48g1

8=1 is an orthonormal system inH. In fact, it is an orthonormal basis, and

� 1•2 is an isometry [SS12, Thm. 3.1].

The expression (7.2) constitutes an eigenvalue decomposition for the integral oper-

ator � associated with the kernel^, but what about̂ itself? Does it have such an

eigendecomposition? Proceeding formally again, we compute
¹

X
^¹G– G0ºD¹G0º d` ¹G0º = �D ¹Gº =

1Õ

8=1

_848¹Gºh48– Di L2¹` º

=
1Õ

8=1

¹

X
_848¹Gº48¹G0ºD¹G0º d` ¹G0º =

¹

X

 
1Õ

8=1

_848¹Gº48¹G0º

!

D¹G0º d` ¹G0º•

Since this equation holds for allGand allD, it is natural to conjecture that

^¹G– G0º =
1Õ

8=1

_848¹Gº48¹G0º•
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Indeed, thisMercer decompositionholds true, and the convergence holds pointwise

[SS12, Thm. 3.1].

7.2 In�nite-dimensional psd low-rank approximation and RPCholesky

Having established the proper in�nite-dimensional setting, we can now formulate

the appropriate low-rank approximation problem and devise an in�nite-dimensional

version of randomly pivoted Cholesky to solve it.

As we saw in Section 5.2, a subsetS � X induces a rank-: approximation

b̂S¹G– G0º := ^¹G–Sº^¹S–Sºy^¹S– G0º

to the kernel function̂ . It also de�nes the residual

^S = ^ � b̂S•

These objects suggest an in�nite-dimensional version of the psd low-rank approxi-

mation and column subset selection problems:

In�nite-dimensional column subset selection problem. Find a subset

S � X of size: that approximately minimizes the trace error
¹

X
^S¹G– Gº d` ¹Gº =

¹

X

�
^¹G– Gº � ^¹G–Sº^¹S–Sºy^¹S– Gº

�
d` ¹Gº•

Using the formalism developed in the previous section, we can recast this problem

in terms of integral operators. Indeed, introduce the Nyström-approximate operator

b� SD:=
¹

X
b̂S¹�– GºD¹Gº d` ¹Gº• (7.4)

Since the residual kernel^S¹G– Gº = ^¹G– Gº � b̂S¹G– Gº is psd and integrable along

the diagonal (Proposition 5.13), the residual operator� � b� S is psd, and the trace

error is

tr¹ � � b� Sº =
¹

X
^S¹G– Gº d` ¹Gº• (7.5)

Thus, choosing a subsetS to control the integrated diagonal of the residual^S is

equivalent to construction a Nyström approximation of the integral operator� with

a small trace errortr¹ � � b� Sº.

Given this setup, the in�nite-dimensional version ofRPCholesky is natural.
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Figure 7.1: 50 random points in the unit square generated byRPCholesky (left)
and uniform sampling (right). Points sampled usingRPCholesky are more spread
out, demonstrating the repulsive nature of theRPCholesky sampling process.
RPCholesky is implemented using the uniform measure` = Unif ¹»0–1¼2º and the
Laplace kernel with bandwidth10.

RPCholesky on a general space.Begin from the empty subsetS0 := ; ,

iterate for8= 0–1–2• • • – :� 1:

1. Samplea random pivot

B8̧ 1 � ^S8¹G– Gº d` ¹Gº (7.6)

from the diagonal of the residual kernel^S8¹G– Gº. Here,B� a to de-

notes a random element sampled from anunnormalized�nite measure

a. That is,Pf B2 Bg = a¹Bº•a¹Xº for every measurable setB.

2. Induct the sampled pivot into the landmark set,S8̧ 1 := S8 [ f B8̧ 1g.

This procedure is easy to state, but it is unclear how to implement the sampling step

(7.6). We will turn to the issue of implementation in Section 7.3.

An illustration of the landmarks selected byRPCholesky on a continuous space

is given in Fig. 7.1. We see that the points produced byRPCholesky are more

well-distributed across the region, whereas points generated by uniform sampling

are more clustered. This example demonstrates that theRPCholesky sampling

process is repulsive; once a landmark is selected, it is less likely that nearby points

will be selected as landmarks.

The error bounds from Section 4.3 (Theorems 4.1 and 4.3) generalize to in�nite-

dimensionalRPCholesky in the natural way. The proofs are the same, modulo
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appropriate details to handle the in�nite-dimensional setting; we omit the details.

Theorem 7.1(ContinuousRPCholesky: Trace error). Instate the prevailing nota-

tion and assumptions, letA � 1 andY ¡ 0, and introduce the relative error of the

best rank-Aapproximation

[ :=

Í 1
8=A̧ 1 _8

Í 1
8=1 _8

•

The continuousRPCholeskymethod is guaranteed to produce a pivot setS achieving

the guarantee

Etr¹ � � b� Sº � ¹ 1 ¸ Yº
1Õ

8=A̧ 1

_8

after running for any number of steps: satisfying

: �
A
Y

¸ Alog
�

1
Y[

�
•

Theorem 7.2(ContinuousRPCholesky: Spectral norm of expected error). Instate

the prevailing notation and assumptions, letA � 1 and Y ¡ 0, and introduce the

relative error of the best rank-Aapproximation

[ :=

Í 1
8=A̧ 1 _8

Í 1
8=1 _8

•

The continuousRPCholeskymethod is guaranteed to produce a pivot setS achieving

the guarantee

_max¹E¹ � � b� Sºº � 1 ¸ Y
1Õ

8=A̧ 1

_8

after running for any number of steps: satisfying

: �
1
Y

¸ Alog
�
_1

1

�
•

Here,_max¹�º denotes the largest eigenvalue of a Hermitian operator onL2¹` º. In

particular, for such: and any function6 2 L2¹` º,

Eh6–¹ � � b� Sº6i L2¹` º �

 

1 ¸ Y
1Õ

8=A̧ 1

_8

!

k6k2
L2¹` º•

Theorem 7.2 originally appeared as [EM23, Thm. 7]. The in�nite-dimensional trace

error bound Theorem 7.1 has not appeared in print before; it is an immediate trans-

plant of the �nite-dimensional result Theorem 4.1, originally proven in [CETW25,

Thm. 1.1], to the in�nite setting.
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Program 7.1 rejection_sample.m . General implementation of rejection sam-
pling from a target distributiong¹Gº d` ¹Gº using a proposal distributionc¹Gº d` ¹Gº.
function s = rejection_sample(sample_proposal,pi,tau)
% Input: Function sample_proposal() generating a sample from
% proposal distribution, functions pi(p) and tau(p) defining
% (unnormalized) density functions for proposal and target
% Output: Sample s from proposal_distribution

while true
s = sample_proposal(); % Sample from proposal
if rand() < tau(s) / pi(s) % Accept with probability tau(s)/pi(s)

break
end

end

end

7.3 ImplementingRPCholesky using rejection sampling

How could we implement theRPCholesky method in in�nite dimensions? Nomi-

nally, storing even a single �column�̂¹�– Bº of the �in�nite kernel matrix� ^ requires

in�nite memory, which makes a direct implementation of in�niteRPCholesky

similar to Program 4.1 impossible in general. We circumvent this limitation by

implementingRPCholesky in in�nite dimensions using an alternative approach

based onrejection sampling.

Rejection sampling in general

Rejection sampling is a standard technique in probabilistic computing, originally

due to von Neumann [von51]. See [Liu04, Ÿ2.2] for a contemporary introduction to

rejection sampling. Suppose that we are interested in samplingB� g¹Gº d` ¹Gº from

an (unnormalized) target distributiong¹Gº d` ¹Gº. Assume the target distribution

is di�cult to sample from directly, but that we have easy access to samples from

an (unnormalized)proposal distribution? � c¹Gº d` ¹Gº. Suppose additionally

that we know that the proposal distribution bounds the target distribution pointwise,

0 � g � c. With these preliminaries, the rejection sampling procedure is as follows.
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Rejection sampling.Repeat until termination:

1. Generatea sample? � c¹Gº d` ¹Gº from the proposal distribution.

2. Accept/reject?With probabilityg¹?º•c¹?º, acceptby settingB:= ?

and exiting this loop. Otherwise,reject the sample and repeat step 1.

A program implementing rejection sampling is given as Program 7.1.

The correctness of the rejection sampling procedure is established by the following

standard result, in essence due to von Neumann [von51].

Fact 7.3(Rejection sampling). The rejection sampling procedure works: Provided

g ¡ 0 on a set of positive measure, the procedure terminates with probability1, and

it outputs a sampleB� g¹Gº d` ¹Gº.

The proof is short and simple; see [Liu04, Ÿ2.2] for a proof when` is the Lebesgue

measure onR=. (The proof is no di�erent for general probability spaces.)

Rejection sampling forRPCholesky

We can use rejection sampling to perform the diagonal sampling step forRP-

Cholesky . We assume access to two primitive operations:

1. Kernel evaluations.We can evaluate thê¹G– G0º at any pair of pointsG– G0 2 X.

2. Sampling from the diagonal.We have access to an e�cient procedure for

sampling? � ^¹G– Gº d` ¹Gº.

In typical machine learning applications, these primitives are easily accessible, as

(1) the kernel function̂ is often given by an explicit functional form and (2) the

kernel function often satis�eŝ¹G– Gº = 1 for all G, so sampling from the diagonal

amounts to uniform sampling from̀. As we will see, access to these two weak

primitives will su�ce to implementRPCholesky in in�nite dimensions.

Consider step8of RPCholesky. We seek a sampleB8̧ 1 � ^S8¹G– Gº d` ¹Gº from

the target distribution̂S8¹G– Gº d` ¹Gº. To do so, we will employ rejection sampling

with ^¹G– Gº d` ¹Gº as the proposal distribution. These distributions form a valid pair

for rejection sampling in view of the inequality

0 � ^S8¹G– Gº � ^¹G– Gº for everyG2 X–
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Program 7.2 rejection_rpcholesky.m . Rejection sampling-based implemen-
tation ofRPCholesky on general spaces.
function [S,R] = rejection_rpcholesky(kernel,sample_diagonal,k,d)
% Input: Kernel function kernel(S,T) giving m*n pairwise evaluations
% of the kernel function on the rows of an m*d matrix S and
% n*d matrix T, function sample_diagonal() giving a sample
% from kernel(x,x) dmu(x) outputted as a row vector,
% number of landmarks k, dimension d of data
% Output: Set S of k selected landmarks stored as a k*d array,
% Cholesky factor R = chol(kernel(S,S))

S = zeros(k,d); % Landmark set
R = zeros(k,k); % Cholesky factor
for i = 0:(k-1)

while true
S(i+1,:) = sample_diagonal(); % Proposal

% Quantities needed to evaluate ratio
c = R(1:i,1:i)' \ kernel(S(1:i,:),S(i+1,:));
kss = kernel(S(i+1,:),S(i+1,:));
d = kss - norm(c)^2;
if rand() < d / kss % Accept or reject

% Update Cholesky factor upon acceptance
R(1:i,i+1) = c;
R(i+1,i+1) = sqrt(d);
break % Exit loop and sample next point

end
end

end

which holds due to Proposition 5.13.

Since we have e�cient access to proposals? � ^¹G– Gº d` ¹Gº, implementing this

procedure just requires the ability to evaluate the ratio

ratio8¹Gº :=
^S8¹G– Gº
^¹G– Gº

=
^¹G– Gº � b̂S8¹G– Gº

^¹G– Gº
•

To do so, we maintain a Cholesky decomposition^¹S8–S8º = X�
8X8of the currently

selected kernel submatrix and evaluateratio8¹Gº using the formula

ratio8¹Gº =
^¹G– Gº � kc8¹Gºk2

^¹G– Gº
wherec8¹Gº := X��

8 ^¹S8– Gº• (7.7)

Once a new pivotB8̧ 1 is accepted, the Cholesky factor can be updated using the
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formula

X8̧ 1 :=

"
X8 c8¹B8̧ 1º

0 ¹^¹B8̧ 1– B8̧ 1º � kc8¹B8̧ 1ºk2º1•2

#

•

This rejection sampling-based implementation ofRPCholesky is calledRejec-

tionRPCholesky . An implementation is given in Program 7.2.

Computational cost

The computational cost ofRejectionRPCholesky can be characterized in multiple

ways. Each execution of the rejection sampling loop requires at most: kernel

function evaluations andO¹: 2º operations to perform the triangular solve in (7.7).

Thus,1 proposals ofRejectionRPCholesky expends at most1: kernel function

evaluations andO¹1: 2º additional arithmetic operations, where: � 1 denotes the

number of accepted proposals. An end-to-end cost estimate is provided by the

following result:

Proposition 7.4 (RejectionRPCholesky). Program 7.2 is correct: It produces

exact samples from the continuousRPCholeskyalgorithm. To measure the compu-

tational cost, introduce the relative trace error of the best rank-¹8� 1º approximation:

[ 8 :=

Í 1
9=8_8

Í 1
9=1 _8

•

The expected computational cost of Program 7.2 is at most

O

 
:Õ

8=1

1
[ 8

!

� O
�

:
[ :

�
rejection sampling steps–

O

 
:Õ

8=1

8
[ 8

!

� O
�
: 2

[ :

�
kernel function evaluations–

O

 
:Õ

8=1

82

[ 8

!

� O
�
: 3

[ :

�
additional arithmetic operations•

This result is [EM23, Thm. 4]. The main idea is that, to sampleB8̧ 1, the probability

of each proposal being accepted istr¹ � � b� f B1–•••–B8gº•tr¹Gº � [ 8. Ergo, the expected

number of proposals is a geometric random variable with expectation1• [ 8, and the

result follows.

This result demonstrates that rejection sampling-basedRPCholesky su�ers from a

curse of smoothness: the runtime of the algorithm is higher when the eigenvalues_8

decrease at a rapid rate. The reason for this curse is simple. When the eigenvalues
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decay rapidly, the Nyström approximationsb̂S8 become increasingly close to the

kernel ^. As such, the acceptance probability (7.7) goes down, requiring more

proposals to achieve each acceptance.

Elvira Moreno and I proposed a potentially costly �x for the curse of smoothness in

[EM23, Alg. 4]. Here is the idea: When the algorithm begins rejecting proposals at

a high rate (say, 10 rejections in a row), solve a global minimization problem

U  max
G2X

ratio8¹Gº–

whereratio8¹Gº was de�ned in (7.7). Then, run rejection sampling with the rescaled

proposal distributionU� 1^¹G– Gº d` ¹Gº. This rescaling does not e�ect the distribu-

tion of proposals? � U� 1^¹G– Gº d` ¹Gº, but the acceptance probabilities are scaled

by a factorU� 1. SinceU � 1, this has the e�ect of boosting the acceptance proba-

bilities. This procedure can be very e�ective; our paper [EM23] reports speedups

of 39� over the non-accelerated version. However, the acceleratedRejectionRPC-

holesky procedure requires solving a global nonconvex optimization problem over

the domainX, which can be computationally costly. The development of tractable

rejection sampling schemes forRPCholesky that avoid nonconvex optimization is

an interesting direction for future research.

7.4 Application: Active kernel interpolation

Consider the active regression task of approximating a function5 2 H whose

value we may be query at: locationsS = f B1– • • • – B: g � X, which we are free

to choose. A natural approach to this problem is to select the locationsS using

RPCholesky, then interpolate the function values at those points using kernel

interpolation. Throughout this section, we letb5S denote the kernel interpolant

through the pointsS.

The success of this active kernel interpolation strategy can be analyzed by combin-

ing the following known result for kernel interpolation with the trace error bound

Theorem 7.1 forRPCholesky:

Proposition 7.5(Kernel interpolation: mean-squared error). Let 5 2 H be a function

and let b5S be its kernel interpolant through the pointsS. We have the error bound

k5 � b5Sk2
L2¹` º � k5k2

H � tr¹ � � b� Sº•

Proof. The bound follows by integrating the pointwise bound Theorem 5.16 and

using the identity (7.5) fortr¹ � � b� Sº.
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Figure 7.2:Top: Function5(left), kernel interpolantb5S with RPCholesky (middle),
and errorj 5 � b5S j (right). Landmarks selected byRPCholesky are overlayed as
white dots in the middle plot. Function5, kernel^, and measurè are described in
the text.Bottom:mean-squared error of kernel interpolation through three di�erent
sets of nodes. Lines show a mean of 100 trials, and shaded regions show one
standard deviation.

Combining with Theorem 7.1 yields the following immediate corollary:

Corollary 7.6 (Kernel interpolation withRPCholesky). With the setting and value

of : from Theorem 7.1, a setS picked by: steps ofRPCholeskysatis�es the bound

Ek5� b5Sk2
L2¹` º � k5k2

H � ¹1 ¸ Yº
1Õ

8=A̧ 1

_8•

Moreover, we have an estimate that is uniform over all functions in the RKHS:

Esup

(
k5 � b5Sk2

L2¹` º

k5k2
H

: 5 2 H n f0g

)

� ¹ 1 ¸ Yº
1Õ

8=A̧ 1

_8•
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An example of the active interpolation methdology is shown in Fig. 7.2. Here, we

apply kernel interpolation to approximate the function

5¹xº = ¹1 ¸ kxkº� 1

on the domainX := R2. We use the standard Gaussian measure` = Normal R¹0–I2º

and set̂ to be the Laplace kernel with bandwidth1.

The top panels in Fig. 7.2 illustrate the approximation produced by active kernel

interpolation withRPCholesky-selected landmarks. The left panel plots the tar-

get function 5 over to the �nite window»� 4–4¼2. The middle panel shows the

kernel interpolantb5S computing by interpolating through200 points selected by

RPCholesky, shown as white dots. The right panel shows the absolute error

j 5 � b5S j. RPCholesky kernel interpolation produces a small error near the origin,

with growing errors farther away. This behavior is expected, as the measure`

places most of its mass near the center, leading most of the landmarks to be placed

there. Fortunately, higher error in regions of small measure is usually acceptable in

applications.

The bottom panel of Fig. 7.2 compares the mean-squared error of three di�erent sets

of kernel interpolation through three sets of landmarks: uniformly random points

B1– • • • – B:
iid� ` , points selected byRPCholesky, and points from a tensor product

grid S = E � E whereE = f � � 1¹¹28� 1º•2
p

: º : 8= 1– • • • – :g. Here,� denotes

the cdf of the standard Gaussian distributionNormal R¹0–1º. We estimate the

mean-squared errork5 � b5Sk2
L2¹` º using the Monte Carlo estimatorB� 1 Í B

8=1¹ 5¹G8º �

b5S¹G8ºº2 whereG1– • • • – GB
iid� ` ; we useB = 103 for these experiments. For each

value of: , we display the mean of100trials; error bars show one standard deviation.

The tensor product nodes are deterministic, so the error bars capture only the Monte

Carlo �uctuations in the estimated mean-squared error, which are observed to be

small. TheRPCholesky method achieves the lowest error of these three point sets.

Remark7.7 (Beyond kernel interpolation). The continuousRPCholesky method

provides a general strategy for selecting points to label during active learning. While

we have used kernel interpolation as the learning method in this section, one can

also combineRPCholesky with any other functional regression technique. Kernel

ridge regression is one natural choice, but one can also use nonlinear approximation

methods such as arti�cial neural networks. �
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7.5 Application: Kernel quadrature

Another task we can applyRPCholesky to is numerical quadrature. Given a weight

functionD2 L2¹` º, the task is to devise weightsw 2 K : and nodesB1– • • • – B: 2 X

so that ¹

X
D¹Gº 5¹Gº d` ¹Gº �

:Õ

8=1

F85¹B8º for all 5 2 H•

To simplify notation in later parts of this section, I have made the unorthodox choice

to complex conjugate both the weight functionDand the quadrature weightsF8 in

this expression. The quality of a quadrature scheme (i.e., both weights and nodes)

for a given function5 is quanti�ed by the error:

Err¹S–w– 5º :=

�
�
�
�
�

¹

X
D¹Gº 5¹Gº d` ¹Gº �

:Õ

8=1

F85¹B8º

�
�
�
�
�
• (7.8)

We will useRPCholesky to pick the nodesS = f B1– • • • – B: g, and there is a standard

procedure for picking the weightsw. We begin by reviewing these ideal weights

and then prove error bounds for optimally weightedRPCholesky quadrature.

The ideal weights.There are �ve equivalent ways of characterizing the ideal weights,

which I summarized in [Epp23a]. We quickly derive the ideal weights and review

these interpretations, as each sheds di�erent light on the kernel quadrature problem.

Characterization #1: Minimizing the worst-case error.Under this interpretation,

we choosew to minimize the worst-case value of the error (7.8) over all5 2 H

with k5kH � 1. To derive the worst-case error, use the integral operator� and the

reproducing property to rewrite the error (7.8) as

Err¹S–w– 5º =

�
�
�
�
�
hD– 5i L2¹` º �

:Õ

8=1

F8ĥ ¹�– B8º– 5i H

�
�
�
�
�
= jh�D � ^¹�–Sºw– 5i H j • (7.9)

By the Cauchy�Schwarz inequality, the maximum value of this quantity over all5

with k5kH � 1 is

Err¹S–wº := max
k5kH � 1

Err¹S–w– 5º = k�D � ^¹�–SºwkH• (7.10)

Minimizing this quantity overw is a linear least-squares problem. The normal

equations characterizing the minimizerw¢ are

^¹S–Sºw¢ = �D ¹Sº =
� ¹

X
^¹B8– GºD¹Gº d` ¹Gº : 1 � 8� :

�
• (7.11)

We call the solution to this system theideal weightsw¢ .
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Characterization #2: Exactness.A classical way of deriving a quadrature rule on

: nodes is to require that it integrate: chosen functions exactly. Here, the natural

choice for: functions are the kernel functions58 := ^¹�– B8º. Enforcing exactness

Err¹S–w– 58º = 0 on these58 yields the same system (7.11) characterizing the ideal

weights.

Characterization #3: Interpolate and integrate.Another classical approach to

deriving quadrature rules is to interpolate the function at the nodes, then integrate

the interpolant. Using kernel interpolation as our method of interpolation, this

approach yields ideally weighted kernel quadrature:

:Õ

8=1

w¢ ¹8º 5¹B8º =
¹

X
D¹Gº b5S¹Gº d` ¹Gº•

Characterization #4: Conditional expectation.Our last two interpretations will

drawn on a Gaussian process frame. Imagine the function5 � GP¹^º is drawn

from a Gaussian process with covariance function^. Under this model, the integral
¯
X 5¹GºD¹Gº d` ¹Gº is a random quantity, and we can obtain a quadrature rule by

evaluating the conditional expectation of this random quantity conditional on the

value 5¹B8º of the function at queried positionsB8. Evaluating this conditional

expectation also yields kernel quadrature with the ideal weights:

:Õ

8=1

w¢ ¹8º 5¹B8º = E
� ¹

X
D¹Gº 5¹Gº d` ¹Gº

�
�
�
� 5¹Sº

�
•

Based on this interpretation, ideally weighted kernel quadrature is sometimes called

Bayesian quadrature.

Characterization #5: Minimizing the mean-squared error.As a last notion of how

the �ideal weights� could be designed, we could also choose the weights to minimize

the mean-squared errorof the integral for a function5 � GP¹^º drawn from the

Gaussian processGP¹^º:

MSE¹S–wº := E

�
�
�
�
�

¹

X
D¹Gº 5¹Gº d` ¹Gº �

:Õ

8=1

F85¹B8º

�
�
�
�
�

2

•

We compute this mean-squared error formally. Begin by re-expressing the mean-

squared error using theH-inner product, following (7.9):

MSE¹S–wº = jh�D � ^¹�–Sºw– 5i H j2
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Now, employ a Karhunen-Loève expansion5 =
Í 1

8=1 I 8¹_
1•2
8 48º. The functions

_1•2
8 48 (de�ned above in (7.2)) form an orthonormal basis forH, and the random

variablesI 1– I2– • • •iid� Normal K ¹0–1º are iid and Gaussian. Similarly, we may

decompose�D � ^¹�–Sºw =
Í 1

8=1 18¹_
1•2
8 48º in this orthonormal basis is well.

The sequence¹18º1
8=1 is square summable, and it admits the Pythagorean identity

Í 1
8=1 j18j2 = k�D � ^¹�–Sºwk2

H. By orthonormality off _1•2
8 48g1

8=1, we compute

MSE¹S–wº = E jh�D � ^¹�–Sºw– 5i H j2 = E

�
�
�
�
�

1Õ

8=1

I 818

�
�
�
�
�

2

=
1Õ

8=1

j18j2 = k�D � ^¹�–Sºwk2
H•

The mean-squared errorMSE¹S–wº for a function5 � GP¹^º is equal to square the

worst-case errorErr¹S–wº over all 5 2 H with k5kH � 1, in view of (7.10). Thus,

the same set of ideal weights minimizes both the mean-squared error and worst-case

error.

Error bounds for ideally weighted kernel quadrature.The fact that �ve di�erent

de�nitions of the ideal weights all coincide is a powerful demonstration of the

robustness of the RKHS and Gaussian process formalisms. Having thoroughly

convinced ourselves that the ideal weights given by (7.11) are, in �ve senses, the

natural way of weighting quadrature rules on RKHSs (or with respect to Gaussian

processes), let us now analysis the error for ideally weighted kernel quadrature.

Introduce the error

Err¹Sº := Err¹S–w¢º

for ideally weighted kernel quadrature. This quantity expresses both the worst-case

quadrature error over a function in the unit ball ofH and the root-mean-squared error

of a function drawn from the corresponding Gaussian process (see interpretations

#1 and #5 above). Combing formulas (7.10) and (7.11), this quantity may be written

Err¹Sº2 =



 �D � ^¹�–Sº^¹S–Sº� 1 �D ¹Sº




 2

H• (7.12)

(We assume here and throughout this section that^¹S–Sº is nonsingular.) Introduc-

ing the de�nition of � , we obtain

Err¹Sº2 =










¹

X
^¹�– GºD¹Gº d` ¹Gº �

¹

X
^¹�–Sº^¹S–Sº� 1^¹S– GºD¹Gº d` ¹Gº










2

H

=





 ¹ � � b� SºD








2

H
•
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In the second line, we recognize the Nyström approximate integral operatorb� S,

de�ned above in (7.4). In Section 7.1, we saw that� 1•2 is an isometry and a

bijection betweenL2¹` º andH. As such, it has an inverse, which we will denote

� � 1•2, that is an isometry and bijection fromH to L2¹` º. This transformations acts

according to the rule

� � 1•2 5 =
1Õ

8=1

_� 1•2
8 48¹4

�
8 5º for 5 2 H•

Additionally, for 5 2 H for which the sequencef _� 1
8 ¹4�

8 5ºgis square-summable we

may also de�ne a map� � 1 by the formula

� � 1 5 =
1Õ

8=1

_� 1
8 48¹4

�
8 5º•

Using these linear maps, we may bound

Err¹Sº2 =





 � � 1•2¹ � � b� SºD








2

L2¹` º

= h¹� � b� Sº � � 1¹ � � b� SºD– Di L2¹` º � h¹ � � b� SºD– Di L2¹` º•

The last inequality is valid because� � b� S andb� S are both psd operators. We have

established the following property:

Proposition 7.8(Kernel quadrature error). The worst-case quadrature errorErr¹Sº

de�ned in(7.12)admits the bound

Err¹Sº2 � h¹ � � b� SºD– Di L2¹` º•

Combining with Theorem 7.2 immediately yields a result forRPCholesky kernel

quadrature with ideal weights.

Corollary 7.9 (Kernel quadrature withRPCholesky). Instate the prevailing nota-

tion and assumptions, and letA� 0 andY ¡ 0. Then

EErr¹Sº2 � Y� kDk2
L2¹` º �

1Õ

A̧ 1

_A

whereS is selected by running: steps ofRPCholeskywhere

: � Alog
�

2_1

Y
Í 1

8=A̧ 1 _8

�
¸

2
Y

•
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Program 7.3kernel_quad_wts.m . Program to compute the ideal kernel quadra-
ture weights for computing integrals

¯
X 5¹GºD¹Gº d` ¹Gº of functions 5 drawn from

an RKHS.
function [w,integrator] = kernel_quad_wts(kernel,S,Au)
% Input: Kernel function kernel(x,x'), landmark set S, and integrals
% Au = int kernel(S,x) u(x) dx
% Output: Ideal weights w and function integrator(f) computing the
% ideally weighted quadrature approximation w'*f(S)

w = kernel(S,S) \ Au;
integrator = @(f) w'*f(S);

end

Computational considerations.Implementing ideally weighted kernel quadrature

requires evaluating the integrals
¹

X
^¹B8– GºD¹Gº d` ¹Gº for 8= 1–2– • • • – : (7.13)

that compose the right-hand side of the system (7.11). Many schemes for quadrature

on RKHSs have been proposed that avoid the computation of these exact integrals

[DM22; SDM22; HOL22], but the rate of convergence is reduced. There is no

obvious way to obtainspectrally accuratekernel quadrature schemes without high-

accuracy evaluation of the integrals (7.13).

Example.As an illustration, we consider a simple problem in two dimensions. The

measure is̀ = Normal ¹0–I2º, the kernel is square-exponential with bandwidth1,

the weight function isD � 1, and the function is5¹xº = cos¹kxkº. The integral is

known exactly:
¹

X
5¹xº d` ¹xº = 1 �

p
2F¹1•

p
2º = 0•27522154099292• • •

Here,F is the Dawnson integral (DawsonFin Mathematica). The values of�D are

also known exactly:

�D ¹xº =
1
2

exp
�
�

kxk2

4

�
•

Figure 7.3 shows the results. The left panel shows: = 30 nodes selected by

RPCholesky, with the shading indicating the diagonal values^S¹x–xº of the resid-

ual kernel. The right panel shows the relative error for the outputs of ideally

weighted kernel quadrature with5 � : � 60 nodes selected withRPCholesky
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Figure 7.3: Left: Quadrature nodes selected byRPCholesky (: = 30, white).
Shading shows the diagonal elements of the residual kernel^S¹x–xº. Right: Error
in evaluating integral

¯
X 5¹xº d` ¹xº using kernel quadrature for di�erent numbers of

nodes: , selected byRPCholesky or by iid sampling. We also show the error of the
simple Monte Carlo estimate

¯
X 5¹xº d` ¹xº � : � 1 Í :

8=1 5¹x8º for x1– • • • –x :
iid� ` .

The function 5, kernel^, and measurè are described in the text. Lines show a
mean of 100 trials, and shaded regions show one standard deviation.

and by iid sampling. We also compare the simple Monte Carlo integral estimate
¯
X 5¹xº d` ¹xº � : � 1 Í :

8=1 5¹x8º for x1– • • • –x :
iid� ` . The rate of convergence for

RPCholesky kernel quadrature is faster than both other methods.

See [EM23] for more experiments withRPCholesky quadrature, accuracy and tim-

ing comparisons ofRPCholesky quadrature to more methods for kernel quadrature

[BBC20; DM22; SDM22; HOL22], and an application to chemistry.
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C h a p t e r 8

BLOCKED ALGORITHMS

Since all machines have stores of �nite size often divided up into high

speed and auxiliary sections, storage considerations often have a vitally

important part to play.

Jim Wilkinson,The use of iterative methods for �nding the latent roots

and vectors of matrices[Wil55]

When designing algorithms, we often operate under the convenient �ction that

all memory elements can be accessed equally quickly and that the runtime of an

algorithm is roughly proportional to the total number of arithmetic operations. Un-

fortunately, the performance of algorithms in practice is more complicated than this

simple model suggests. In particular, matrix algorithms tend to be more perfor-

mant when data is processed inblocksrather than column-by-column or entry-by-

entry. This chapter responds to this reality by discussing improved variants of the

RPCholesky algorithm that are more hardware-e�cient and utilize block matrix

computations.

Sources.This chapter is based on the paper

Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber.Embrace Rejection: Kernel

Matrix Approximation by Accelerated Randomly Pivoted Cholesky. Apr. 2025.

arXiv: 2410.03969v3,

though some of the content appears in the originalRPCholesky paper

Yifan Chen, Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. �Randomly

Pivoted Cholesky: Practical Approximation of a Kernel Matrix with Few Entry

Evaluations�. In:Communications on Pure and Applied Mathematics78.5 (2025),

pp. 995�1041.doi: 10.1002/cpa.22234 .

It expands on these references by providing a more detailed discussion of the bene�ts

of block matrix computations (Section 8.1) and a more thorough discussion of the

RBRP Cholesky method of [DCMP24] (Section 8.3).

Notation. Throughout this chapter, we will be interested in computing a pivoted

partial Cholesky decomposition of a psd matrixG 2 K=� = of size=. The pivots will
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be denotedB1– • • • – B: , andG¹8º denotes the residual of the decomposition after the

�rst 8elimination steps:

G¹8º = G� GhfB1– • • • – B8gi• (8.1)

The matrixL 2 K=� : denotes the factor matrix computed by the pivoted partial

Cholesky algorithm (Program 3.1), which satis�esGhfB1– • • • – B8gi = L ¹:–1 : 8ºL ¹:

–1 : 8º� for every8.

Outline. Section 8.1 discusses the bene�ts of blocking for matrix computations with

a focus on kernel computations in particular. The next three sections present three

blocked versions of theRPCholesky algorithm, referred to asblockRPCholesky

(Section 8.2),RBRP Cholesky(Section 8.3), andacceleratedRPCholesky(Sec-

tion 8.4). A comparison of these methods appears in Section 8.5.

8.1 Why blocking?

Why are blocked algorithms faster than unblocked algorithms? The answer boils

down tomemory transfers. Applied mathematicians and computer scientists tend

to analyze numerical algorithms by counting the number of arithmetic operations.

However, on modern computing architectures, movement of data between random

access memory and the cache can become the rate-limiting factor in the speed of

algorithms, exceeding the cost of �oating point operations [DFFG+03, pp. 13, 581�

582].

A simpli�ed model for kernel matrix computations

To get a sense of why memory transfer costs can make blocked algorithms faster than

unblocked methods, consider the following simpli�ed scenario. Suppose we wish

to generate columns of a kernel matrixG = ^¹D–Dº, whereD � X is a set of= data

points taking values in some setX. We consider an extremely simpli�ed computing

machine with a memory hierarchy consisting of two layers; the data elementsG2 D

are stored inmemory. In order to perform computations on data elements, they must

be moved from memory into thecache. However, the cache has a limit size and is

only able to store1 � C� = elements ofX at once.

First, suppose we generate columns ofG one at a time, as is done in the standard

RPCholesky algorithm. To generate each column^¹D– Gº requires bringing each

entry ofG0 2 D into memory one at a time and evaluating^¹G0– Gº. Since the cache

hasC� =entries, most entries ofD must be brought back from memory to the cache
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for each column generation. Thus, generating: columns requiresO¹:=º memory

transfers.

Now contrast this with a strategy where we generate columns inblocksB of size

jBj = 1 � C� 1. To evaluate a block of columnŝ¹D–Bº, we can now generate

the matrix row-wisê ¹G0–Bº, moving eachG0 2 D from memory to the cache in

sequence. The consequence is we can generateall 1 columns at once using just=

memory transfers. Generating: � 1 columns in blocks of size1 requiresO¹=: •1º

memory transfers, a factor1 smaller than the one-column-at-a-time approach. Thus,

for an algorithm whose runtime is dominated by memory movement, the blocked

algorithm can be signi�cantly faster.

Remark8.1 (Cache and memory: Models and reality). The model we have used in

this section is a simpli�ed version of theideal cache model[FLPR99]. The memory

architecture for a modern computer is signi�cantly more complicated than the basic

description given here. In particular, memory hierarchies are divided into many

more than two levels and data is moved between levels in chunks of �xed size called

cache lines. Given this complexity, we advise against using the model described

above to make quantitative predictions about the runtime of algorithms (i.e., it is not

typically true that generating columns in blocks of size1 is precisely1 times faster

than generating one-at-a-time). Rather, our point should be taken as qualitative and

conceptual. �

The submatrix access model

In view of the discussion in the previous subsection, we see the entry access model

described in Section 3.1 may be too simplistic an abstraction to describe the behavior

of kernel matrix algorithms. A better abstraction, introduced in [ETW25], is the

submatrix access model:

Submatrix access model.We are given a matrixH 2 K< � = that may be

e�ciently accessed by submatricesH¹S–Tº of small sizejSj � jTj � <=.

The access is most e�cient when bothS andT have size� 1.

The goal of this section will be to develop versions ofRPCholesky that are e�cient

in the submatrix access model.
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Matrix�matrix arithmetic

Memory transfers also help explain why block matrix operations like matrix�matrix

multiplication are fast on modern computers. The core idea is that, with careful

implementation to manage data movement, computing a matrix�matrix productHI

all at once requires fewer memory transfers than computing the product one column

Hc8at a time.

Achieving high performance for block matrix arithmetic on modern computer archi-

tectures demands signi�cant programming e�ort. Fortunately, much of this work

has already been done, with hardware vendors providing optimized implementations

of matrix multiplication as part of the Level-3 Basic Linear Algebra Subprograms

(BLAS3). Modern linear algebra libraries such asLAPACK are built to exploit

these routines, computing matrix factorizations (LU, Cholesky,QR, etc.) through

sequences of matrix multiplications implemented viaBLAS3. For the algorithm de-

signer or numerical programmer, the takeaway is clear: To maximize performance,

it is advantageous to reorganize computations to rely on matrix�matrix operations

rather than on matrix�vector or vector�vector operations.

8.2 Algorithm 1: Block RPCholesky

Given currently selected pivotsB1– • • • – B8, the standardRPCholesky algorithm

draws a single next pivot at each iteration using the sampling rule

B8̧ 1 � diag¹G¹8ºº–

and it computes the next columnf 8̧ 1 of the factor matrixL by the formula

f 8̧ 1 :=
aB8̧ 1 � L ¹:–1 : 8ºL ¹B8̧ 1–1 : 8º�

¹0B8̧ 1B8̧ 1 � L ¹B8̧ 1–1 : 8ºL ¹B8̧ 1–1 : 8º� º1•2
• (8.2)

(Recall the de�nition ofG¹8º in (8.1).) Each iteration exposes a single columnaB8

of the matrixG and evaluates the matrix�vector productL ¹:–1 : 8ºL ¹B8̧ 1–1 : 8º� .

To create a block variant of this algorithm, we can draw multiple random pivots at

once

B8̧ 1– • • • – B8̧ 1
iid� diag¹G¹8ºº– (8.3a)

where1 � 1 is a user-speci�ed block size. SettingS0 := f B8̧ 1– • • • – B8̧ 1g, a block of

1 new columns of the factor matrix can be generating using the formula

L ¹:– 8̧ 1 : 8¸ 1º := ¹G¹:–S0º � L ¹:–1 : 8ºL ¹S0–1 : 8º� ºX� 1– (8.3b)
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Program 8.1block_rpcholesky.m . Block RPCholesky algorithm for psd low-
rank approximation and column subset selection. Subroutinesqrownormsis de�ned
in Program F.3.
function [F,S] = block_rpcholesky(Acol,d,k,b)
% Input: Function Acol for producing columns Acol(I) = A(:,I) of A,
% diagonal d of A, rank k, block size b
% Output: Factor F defining a rank-k approximation Ahat = F*F', pivot
% set S

n = length(d); % Matrix size
F = zeros(n,k); % To store output
S = zeros(k,1); % To store pivots
shift = 4*max(d)*eps; % Shift to ensure positive definiteness
i = 0; % Index to store current position
while i < k

b = min(b,k-i); % At most k pivots
% Random sample using current diagonal as sampling weights
Snew = datasample(1:n,b,"Weights",d,"Replace",false);
S(i+1:i+b) = Snew; % Update pivots
G = Acol(Snew) - F(:,1:i)*F(Snew,1:i)'; % Columns of residual
R = chol(G(Snew,:) + shift*eye(b)); % Shift for stability
F(:,i+1:i+b) = G / R; % Update factor
d = d - sqrownorms(F(:,i+1:i+b)); % Update diagonal
d = max(d,0); % Ensure nonnegative diagonal in floating point
i = i + b; % Update index

end

end

where

X� X = G¹S0–S0º � L ¹S0–1 : 8ºL ¹S0–1 : 8º� = G¹8º ¹S0–S0º• (8.3c)

is an upper-triangular Cholesky factorization. Equation (8.3b) is the block Cholesky

analog of (8.2). The update steps (8.3) generate1 columns of the kernel matrix,

and they employ block matrix�matrix operations to update the factor matrixL .

We call the procedure (8.3) theblockRPCholeskyalgorithm. Code is provided in

Program 8.1.

The redundant pivot problem.The blockRPCholesky algorithm is simple and

performant. However, it can su�er from theredundant pivot problem: The selected

pivotsS0 = f B8̧ 1– • • • – B8̧ 1gcan contain similar information to each other, resulting

in a submatrixG¹8º ¹S0–S0º that is ill-conditioned. Redundant pivots can hurt the

performance of the algorithm in two ways:
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1. Cholesky decomposition failure.On some examples, the matrixG¹8º ¹S0–S0º

can be (numerically) rank-de�cient, causing the Cholesky decomposition

(8.3c) to fail.

2. Lower quality approximation/pivot set. For a �xed rank : , a low-rank

approximation with redundant pivots is less accurate than an approximation

where each pivot is distinct. Additionally, for subset selection problems, the

computational task is to select adiverseset of representatives for a data set;

selecting redundant pivots is contrary to this goal.

The �rst issue can be addressed by adding a shift on the order of the machine precision

to the matrixG¹8º ¹S0–S0º in (8.3c) or applyingRPCholesky to a shifted version

G¸ ` I of the matrix. My coauthors and I have experimented with di�erent values

for the shift parameter across di�erent papers and di�erent versions of our software,

with the goal of �nding the minimum possible shift that guarantees convergence of

the algorithm. Our current recommendation is to use a shift of4 maxf 088gD, where

Dis the unit roundo� (D� 10� 16 in double precision).

The second issue may or may not be serious depending on the application. We

emphasize that redundant pivots do nothurt the quality of the approximation (at

least in exact arithmetic); by Proposition 2.9(c), the quality of a low-rank approx-

imation GhS [ Sredundanti with redundant pivots is never worse than the low-rank

approximationGhSi without redundant pivots. Rather, each redundant pivot is a

wasted opportunity to �nd a better pivot that better represents the data set. The next

two sections outline improved versions of blockRPCholesky that subsamplethe

set of iid pivots (8.3a) to remove redundant pivots.

Analysis. The blockRPCholesky bound satis�es the following guarantee, which

we take from [ETW25, Thm. 4.1].

Theorem 8.2(Block randomly pivoted Cholesky). Let A � 1 be an integer,Y ¡ 0

be a real number, andG 2 K=� = be a psd matrix. Introduce the relative error of the

best rank-Aapproximation:

[ := tr¹G � È GÉAº•tr¹Gº•

Fix a block size1 that divides the rank: . Block randomly pivoted Cholesky produces

an ¹A– Yº-approximation ((3.2)) provided

: �
A
Y

¸ ¹ A¸ 1º log
�

1
Y[

�
• (8.4)
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The guarantee (8.4) for blockRPCholesky is very similar to the guarantee (4.1) for

standardRPCholesky; the only di�erence between the bounds is that the¹A¸ 1º

factor in the blockRPCholesky bound is replaced byAin the standardRPCholesky

bound. The implication is that theworst-caseguaranteesfor standard and block

RPCholesky are similar for any block size1 � 1 � O¹ Aº. However, while the

theoretical bounds for standard and blockRPCholesky are di�erent, the perfor-

mance of these methods di�ers greatly in practice. On some instances, standard

RPCholesky produce far smaller errors than blockRPCholesky. (On the other

hand, blockRPCholesky can be much faster than standardRPCholesky, so it can

accommodate a larger value of: given a �xed runtime budget.)

We refer the interested reader to [ETW25, Thm. 4.1] for a proof of this result,

which proceeds by a comparison with the acceleratedRPCholesky algorithm (Sec-

tion 8.4). See also the discussion around [ETW25, Thm. 4.3] for a discussion of the

error bounds for blockRPCholesky that can be inferred from the earlier works of

Deshpande, Rademacher, Vempala, and Wang [DRVW06].

8.3 Algorithm 2: RBRP Cholesky

The �rst approach to improving on blockRPCholesky is robust blockwise random

pivoting (RBRP), which was proposed by Dong, Chen, Martinsson, and Pearce

[DCMP24]. This approach was developed concurrently with and released prior

to the acceleratedRPCholesky algorithm, which we describe in the next section.

The RBRP strategy was originally developed for use with the randomly pivoted

QR algorithm (Chapter 9), but the idea works equally well when combined with

RPCholesky. We describe theRPCholesky variant here.

The RBRP algorithm is delightfully simple. Just like ordinary blockRPCholesky,

we begin by drawing a set of iid random pivots

S0 = f B0
8̧ 1– • • • – B0

8̧ 1g with B0
1– • • • – B0

1
iid� diag¹G¹8ºº•

Then, form the submatrix

N := G¹8º ¹S0–S0º = G¹S0–S0º � L ¹S0–1 : 8ºL ¹S0–1 : 8º� •

To �lter any redundant pivots, we apply a step Dong et al. callrobust blockwise

�ltering , which runs Cholesky with greedy pivoting (Program 3.2) onN until the

trace has been reduced by a factorg 2 ¹0–1º. (Dong et al. suggestg = 1•1.)

Letting T � S0 denote the set of pivots selected by the greedy method, we induct
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Program 8.2 robust_block_filter.m . Implementation of robust blockwise
�ltering, a subroutine for the RBRP Cholesky algorithm (Program 8.3).
function [T,L] = robust_block_filter(H,tau,lmax)
% Input: Psd matrix H, tolerance tau, maximum number of pivots to
% accept bmax
% Output: Set of pivots T, Cholesky factor L = chol(H(T,T), "lower")

b = size(H,1); % Matrix dimension
F = zeros(size(H)); % Store Cholesky factor
T = zeros(b,1); % Store pivots
d = diag(H); % Diagonal of H
orig_trace = sum(d); % Original trace of H

for i = 1:min(b,lmax) % Don't exceed lmax pivots
[~,T(i)] = max(d); % Largest diag entry
hi = H(:,T(i)) - F(:,1:i-1)*F(T(i),1:i-1)'; % ith col of H-F*F'
F(:,i) = hi / sqrt(hi(T(i))); % Rescale
d = d - abs(F(:,i)).^2; % Update diagonal
if sum(d) <= tau * orig_trace; break; end % Terminate?

end

T = T(1:i); % Extract pivots
L = F(T,1:length(T)); % Extract Cholesky factor

end

the subselected pivots as new pivots:

B8̧ 1 = B0
81– B8̧ 2 = B0

82– • • • – B8̧ � := B80�
whereT = f B0

81– • • • – B0
8� g•

Observe that this procedure inducts a random number of pivots1 � � := jTj � 1 at

each step. Code for the robust blockwise �ltering and RBRP Cholesky procedures

appear in Programs 8.2 and 8.3. At present, theoretical analysis for RBRP Cholesky

is unavailable.

8.4 Algorithm 3: AcceleratedRPCholesky

AcceleratedRPCholeskyis another blocked variant ofRPCholesky that solves the

redundant pivot problem [ETW25]. It is conceptually similar to the RBRP Cholesky

algorithm but uses rejection sampling in place of robust blockwise �ltering. Com-

pared to blockRPCholesky and RBRP Cholesky, acceleratedRPCholesky has

the virtue that it producesthesamerandomoutput asstandard RPCholesky (Pro-

gram 4.1). Thus, it inheritsRPCholesky's theoretical guarantees (Section 4.3), and

it can be used for applications where the precise distribution of theRPCholesky
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Program 8.3 rbrp_chol.m . RBRP Cholesky algorithm for psd low-rank approx-
imation and column subset selection. Subroutinesrobust_block_filter and
sqrownormsared de�ned in Programs 8.2 and F.3.
function [F,S] = rbrp_chol(Acol,Asub,d,k,b)
% Input: Function Acol for producing columns Acol(I) = A(:,I) of A,
% function Asub for producing submatrices Asub(I) = A(I,I) of
% A, diagonal d of A, rank k, block size b
% Output: Factor F defining a rank-k approximation Ahat = F*F', pivot
% set S

n = length(d); % Matrix size
F = zeros(n,k); % To store output
S = zeros(k,1); % To store pivots
i = 0; % Index to store current position
while i < k

% Random sample using current diagonal as sampling weights
Sp = datasample(1:n,b,"Weights",d,"Replace",false);
H = Asub(Sp) - F(Sp,1:i)*F(Sp,1:i)'; % Residual submatrix
[T,L] = robust_block_filter(H,1/b,k-i); % Block filtering
T = Sp(T); % Get selected pivots
l = length(T); % Number of pivots
S(i+1:i+l) = T; % Update pivots
G = Acol(T) - F(:,1:i)*F(T,1:i)'; % Columns of residual
F(:,i+1:i+l) = G / L'; % Update factor
d = d - sqrownorms(F(:,i+1:i+l)); % Update diagonal
d = max(d,0); % Ensure nonnegative diagonal in floating point
i = i + l; % Update index

end

end

pivots is important, such as �xed-size DPP sampling (Section 4.5). We will discuss

the relative strengths of the three algorithms in Sections 8.5 and 8.6.

Recall from Section 7.3 that rejection sampling allows one to sample from a (po-

tentially complicated)target distributionusing samples from a simplerproposal

distribution. In that section, we used the diagonal of a kernel function^ as a pro-

posal distribution, with theRPCholesky sampling distribution as the target. Here,

we will use the same principles in a somewhat di�erent way.

Suppose we have sampled an initial batch of pivotsB1– • • • – B8, giving rise to the

residual matrixG¹8º. We are interested in sampling a new set of pivotsB8̧ 1– • • • – B8̧ � ,
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Program 8.4 acc_rpcholesky.m . Accelerated RPCholesky method for
psd low-rank approximation and column subset selection. Subroutine
rejection_sample_submatrix is de�ned in Program 8.5.
function [F,S] = acc_rpcholesky(Acol,Asub,d,k,b)
% Input: Function Acol for producing columns Acol(I) = A(:,I) of A,
% function Asub for producing submatrices Asub(I) = A(I,I) of
% A, diagonal d of A, rank k, block size b
% Output: Factor F defining a rank-k approximation Ahat = F*F', pivot
% set S

n = length(d); % Matrix size
F = zeros(n,k); % To store output
S = zeros(k,1); % To store pivots
i = 0; % Index to store current position
while i < k

% Random sample using current diagonal as sampling weights
Sp = datasample(1:n,b,"Weights",d,"Replace",true);
H = Asub(Sp) - F(Sp,1:i)*F(Sp,1:i)'; % Residual submatrix
[T,L] = rejection_sample_submatrix(H,diag(H),k-i);
T = Sp(T); % Get selected pivots
l = length(T); % Number of pivots
S(i+1:i+l) = T; % Update pivots
G = Acol(T) - F(:,1:i)*F(T,1:i)'; % Columns of residual
F(:,i+1:i+l) = G / L'; % Update factor
d = d - sqrownorms(F(:,i+1:i+l)); % Update diagonal
d = max(d,0); % Ensure nonnegative diagonal in floating point
i = i + l; % Update index

end

end

each of which has distribution

B8̧ 9̧ 1 � diag¹G¹8̧ 9ºº for 9= 0– • • • – �� 1•

We shall sample these distributions using rejection sampling, withdiag¹G¹8ºº serv-

ing as the sampling distribution.

More precisely, we do the following. As in the other algorithms, we draw a block

of proposal pivotsS0 = f B0
1– • • • – B0

1g iid from the diagonal of the residual matrix:

B0
1– • • • – B0

1
iid� diag¹G¹8ºº•

We emphasize that the sampling must be performedwith replacement. (The other

algorithms can be implemented with or without replacement.) We now use this
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block of pivots to perform1 proposals of rejection sampling. Beginning with� = 0,

we perform the following step for each9= 1– • • • – 1:

With probability
G¹8̧ � º ¹B0

9– B09º

G¹8º ¹B0
9– B09º

–acceptby setting�  � ¸ 1 andB8̧ �  B0
9•

The output of this rejection sampling loop is a collection of new pivotsB8̧ 1– • • • – B8̧ �

of random size1 � � � 1. (We have� � 1 since the �rst pivot is always accepted.)

Having selected new pivots, we then generate columnsL ¹:– 8̧ 1 : 8¸ � º using the

block update formula (8.3b). In the next round, we use the diagonal ofG¹8̧ � º as the

new proposal distribution for selecting new pivots. The acceleratedRPCholesky

method is shown in Program 8.4.

The acceleratedRPCholesky method uses rejection sampling to simulate the per-

formance of the originalRPCholesky method while taking advantage of blockwise

matrix operations. We emphasize that the output of acceleratedRPCholesky has

thesamerandomdistribution as the output of the originalRPCholesky algorithm.

RejectionSampleSubmatrix subroutine. For computational e�ciency and ex-

tensibility, the rejection sampling steps in the acceleratedRPCholesky program

are encapsulated in a subroutine calledRejectionSampleSubmatrix , shown in

Program 8.5. This subroutine takes as input a submatrixN = G¹8º ¹S0–S0º 2 KS0� S0

and proposal distribution subvectoru � diag¹Nº 2 RS0

¸ . The vectoru stores

the entries of the proposal distribution for the proposed pivotsS0. In accelerated

RPCholesky, the proposal weights arediag¹G¹8º ¹S0–S0ºº. One can alsoRejec-

tionSampleSubmatrix to develop a block version of the in�nite-dimensionalRP-

Cholesky sampler (Program 7.2), in which case the proposal distribution subvector

is u = diag¹^¹S0–S0ºº.

This subroutine works by performing a Cholesky decomposition ofN in place, with

a probabilistic decision made at each step whether to eliminate entry9or ignore it

entirely. For9= 1– • • • – 1, do the following:

1. Accept/reject. With probability N ¹B0
9– B09º•u¹B0

9º accept and inductB0
9 as a

new pivotT  T [ f B0
9gand go to step 2. Otherwise, reject and skip step 2.

2. Update and eliminate. Perform a step of Cholesky decomposition to elimi-

nateB0
9. Speci�cally, set

N ¹f B0
9– • • • – B0

1g– B09º  N ¹f B0
9– • • • – B0

1g– B09º•N ¹B0
9– B09º

1•2–
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Program 8.5 rejection_sample_submatrix.m . Sample a set ofRPCholesky
pivots using rejection sampling. This subroutine is used in Program 8.4.
function [T,L] = rejection_sample_submatrix(H,u,lmax)
% Input: Psd matrix H and proposal distribution u
% Output: Indices T of selected pivots, Cholesky factor L
% = chol(H(T,T), "lower")

b = size(H,1); % Matrix dimension
T = zeros(b,1); % Buffer for accepted pivots
num_accepts = 0; % Counter for acceptances

for j = 1:b
if u(j) * rand() > H(j,j) % Rejection sampling

continue % If reject, continue
end
num_accepts = num_accepts + 1; % Increment counter
T(num_accepts) = j; % Accept i as pivot
H(j:b,j) = H(j:b,j) / sqrt(H(j,j)); % Overwrite H with Cholesky
% Update residual (Schur complement)
H(j+1:b,j+1:b) = H(j+1:b,j+1:b) - H(j+1:b,j)*H(j+1:b,j)';
if num_accepts == lmax; break; end % At most lmax pivots

end

T = T(1:num_accepts); % Fix buffer size
L = tril(H(T,T)); % Extract Cholesky factor

end

then update

N¹S0
9̧ 1:1–S0

9̧ 1:1º  N ¹S0
9̧ 1:1–S0

9̧ 1:1º � N ¹S0
9̧ 1:1– B9ºN ¹S0

9̧ 1:1– B9º�

with S0
9̧ 1:1 := f B0

9̧ 1– • • • – B0
1g.

This procedure terminates withT storing the set of accepted pivots and the lower tri-

angular portionRof N ¹T–Tº containing a Cholesky factorization of theT-submatrix

of the (unmodi�ed) input matrixN ¹T–Tº. Code is provided in Program 8.5.

Comparison ofRejectionRPCholesky and acceleratedRPCholesky. We now

have two di�erent strategies for implementingRPCholesky using rejection sam-

pling, RejectionRPCholesky and acceleratedRPCholesky. A comparison is

warranted.

We originally introducedRejectionRPCholesky for sampling from an in�nite

spaceX endowed with a positive-de�nite kernel function̂, but the algorithm also
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works for implementingRPCholesky on a �nite psd matrixG. RejectionRPC-

holesky uses the same proposal distributiondiag¹Gº throughout the algorithm,

and it forms only the pivot setS, not the factor matrixL . Assumingdiag¹Gº = 1

is the vector of ones, theRejectionSampleSubmatrix runs in roughly

O¹: 3• [ : º operations–

where[ : = tr¹G � È GÉ: � 1º•tr¹Gº is the relative error of the best rank-¹: � 1º

approximation. (Here, we assume that a random integer between1 � 8� = can be

generated inO¹1º operations, which is true in the WordRAM model of computa-

tion.) The runtime of the algorithm isindependentof the dimension=, but it su�ers

from thecurse of smoothness, with the algorithm slowing when the eigenvalues of

G decay rapidly. The reason for the curse of smoothness is that the proposal distri-

butiondiag¹Gº remains static throughout the algorithm, and the probability of each

proposal being accepted becomes smaller and smaller as the diagonaldiag¹G¹8ºº of

the residual shrinks. An additional weakness ofRejectionSampleSubmatrix is

that it does not generate the factor matrixL , although it can be assembled inO¹: 2=º

operations if desired.

The acceleratedRPCholesky defeats the curse of smoothness by updating the

proposal distribution after every1 proposals. The cost of the algorithm is at most

O¹: 2= ¸ :1 2º operations and¹: ¸ 1º= ¸ :1 2 entry accesses–

only slightly more than standardRPCholesky provided the block size1 is not large.

Moreover, acceleratedRPCholesky is designed so that most of the operations

are performed in a block-wise fashion, making it 5� to 40� faster than standard

RPCholesky in practice.

Ultimately,RejectionSampleSubmatrix (or a block version of it) is a useful algo-

rithm for certain scenarios, namely for applyingRPCholesky to matrices with slow

spectral decay or for extremely large or in�nite-dimensional problems. Accelerated

RPCholesky, by contrast, is excellent forgeneral-purpose use, and I recommend

the algorithm for deployment in practice.

Picking the block size.An advantage of the acceleratedRPCholesky algorithm

over the blockRPCholesky algorithm is that it can accommodate a very large

block size while maintaining approximation quality, as the rejection sampling step

helps �lter any redundant pivots. When the number of pivots: is set by the user in
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advance, I recommend1 = : •10 or even1 = : •3 as a good default value for the

block size.

One can also set the block size automatically to avoid additional algorithmic pa-

rameters. Here is one procedure I have used in my code. Initialize the block size

1 at some default value. Each round of the algorithm, time both the rejection step

(i.e., sampling proposalsS0, forming the submatrixG¹8º ¹S0–S0º, and runningRe-

jectionSampleSubmatrix ) and the processing step (reading columnsG¹:–Tº and

updatingL ). LetCr andCp be the respective runtimes. We may assume for simplicity

that the runtimes of these steps satisfy the proportionality relations

Cr � 2r12 and Cp � 2p1• (8.5)

for appropriate constants2r and 2p. It is reasonable want the rejection step to

comprise a modest fraction of the total runtime, say, 20%. SettingCr = 0•25Cp and

solving (8.5) suggests choosing the next block size as1 = Cp•¹ 4Crº. To make this

procedure robust, we make sure that the block size does not change too much from

iteration to iteration, and weset a maximum block size1max (e.g.,1max = : •3 if : is

known in advance). The resulting update rule is

1  max
�
min

�
Cp
4Cr

� 1–d1•51e– 1max

�
–
�
1
3

��
•

Analysis. One can show that the acceleratedRPCholesky algorithm achieves the

¹A– Yº-guarantee using a limited number ofproposals. Speci�cally, we have the

following result [ETW25, Thm. 4.1]:

Theorem 8.3(Accelerated randomly pivoted Cholesky). Let A � 1 be an integer,

Y ¡ 0 be a real number, andG 2 K=� = be a psd matrix. Introduce the relative error

of the best rank-Aapproximation:

[ := tr¹G � È GÉAº•tr¹Gº•

Fix a number of roundsCand a number of proposals per round1. Accelerated

randomly pivoted Cholesky produces an¹A– Yº-approximation toG provided that

1C�
A
Y

¸ ¹ A¸ 1º log
�

1
Y[

�
• (8.6)

We omit the proof, which is a more involved version of the standardRPCholesky

analysis (Theorem 4.1). The similarity between the blockRPCholesky guarantee
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Figure 8.1: Error ratio ((8.7),left) and speedup over standardRPCholesky (right)
for blockRPCholesky and acceleratedRPCholesky on a testbed of 125 psd kernel
matrices. The data is taken from [ETW25, Fig. 3].

(8.4) and the acceleratedRPCholesky guarantee (8.6) is no accident. Theorem 8.2

follows as a corollary of Theorem 8.3 under the principle that �Accepting more

pivots can only help the approximation quality.�

8.5 Experiments

In [ETW25, Ÿ3.1], my coauthors and I compared the error and runtime of block

RPCholesky and acceleratedRPCholesky for rank-1000approximation of 125

test matrices with sizes between4 � 104 and 105, including both synthetic and

real data. I reproduce the data from those experiments here in Fig. 8.1. Standard

RPCholesky provides a baseline for both speed and accuracy, and Fig. 8.1 plots

the speedup and error ratio

error ratio:=
algorithm error

standardRPCholesky error
(8.7)

for each matrix in the test suite. The runtimes in this data were computed using the

Python code employed in [CETW25; ETW25], not the MATLAB code provided in

this thesis. The block size was set to1 = 150.

We see that accelerated and blockRPCholesky achieve comparable speed to each

other, with both methods achieving speedups of5� to 40� over standardRP-

Cholesky . These experiments demonstrate the large bene�ts of blocking for the

speed ofRPCholesky-type low-rank approximation algorithms.

These results show that the accuracy of blockRPCholesky and acceleratedRP-
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Relative trace error Runtime (sec)

Block RPCholesky 3.89e-04� 1.40e-04 7.00� 0.63
AcceleratedRPCholesky 4.85e-07� 3.60e-08 7.43� 1.06

RBRP Cholesky 6.62e-07� 1.35e-07 7.53� 0.80

Table 8.1: Runtime and relative error for rank-1000 approximation produced by
three blockedRPCholesky algorithms for the synthetic test matrix of dimension
= = 105 from [ETW25, Fig. 1]. (All methods use block size1 = 120.) The table
shows the mean and standard deviation computed over100trials, and data is taken
from [ETW25, Tab. 3].

Cholesky di�ers signi�cantly. On all test matrices, the acceleratedRPCholesky

method achieves the same error as standardRPCholesky, which makes sense be-

cause both methods produce the same random distribution of outputs. On 100 out

of 125 examples, the error of blockRPCholesky is similar to the other methods,

with an error ratio between 1.00 and 1.16. Because of the redundant pivot problem,

block RPCholesky su�ers signi�cantly higher errors (up to3000� ) than standard

RPCholesky.

Our paper [ETW25] does not provide detailed experiments comparing RBRP

Cholesky to the other blockedRPCholesky algorithms, but it does compare the

algorithms on a single challenging synthetic matrix. We reproduce this table as

Table 8.1. We see that the performance of RBRP Cholesky and acceleratedRP-

Cholesky are similar, with acceleratedRPCholesky being slightly more accurate

and faster. (Notably, the output of acceleratedRPCholesky is alsoless variablethan

RBRP Cholesky, which is curious because the acceleratedRPCholesky algorithm

uses �more randomness� than the RBRP Cholesky does.) The small advantage of

acceleratedRPCholesky over RBRP Cholesky on this example pales in comparison

to the large improvement in accuracy both methods have over blockRPCholesky.

8.6 Comparison of three algorithms

All three blockedRPCholesky algorithms have merits for some use cases.

The blockRPCholesky is simple and fast, and it performs operations on chunks of

data of�xed size=� 1. As such, blockRPCholesky algorithm is ideal for computing

hardware like GPUs that are optimized for repetitive operations on data bu�ers of

�xed size. Additionally, the blockRPCholesky algorithm may be appropriate for

applications where its subpar accuracy can be compensated for by taking a larger

approximation rank: .
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Both acceleratedRPCholesky and RBRP Cholesky algorithms both yield much

better low-rank approximations on tough examples than blockRPCholesky. At

least for the CPU experiments reported in Section 8.5, the cost of using these more-

accurate methods is minimal, as these methods achieve nearly the same speedup

as blockRPCholesky does. For this reason, I would recommend accelerated

eitherRPCholesky or RBRP Cholesky as a natural choice for most applications of

RPCholesky. The merits of these methods over blockRPCholesky are particularly

pronounced when used for subset selection problems, where it is important not to

select redundant pivots.

The di�erences between RBRP Cholesky and acceleratedRPCholesky are fairly

minor, but there are some reasons to prefer acceleratedRPCholesky:

1. AcceleratedRPCholesky produces the same random pivot distribution as

standardRPCholesky. As such, it inheritsRPCholesky's theoretical guar-

antees (Section 4.3), and it can be used in applications where the precise

distribution of pivots is important (e.g., sampling from a projection DPP,

Section 4.5).

2. In my computational experience, acceleratedRPCholesky sometimes pro-

duces modestly better low-rank approximations on some examples (like the

one in Table 8.1).

Notwithstanding these di�erences, acceleratedRPCholesky and RBRP Cholesky

tend to perform similarly in practice, and both are natural choices for deployment in

software.
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C h a p t e r 9

RANDOMLY PIVOTED QR: LOW-RANK APPROXIMATION OF
GENERAL MATRICES

But the idea of using actual columns and rows of the matrixG [for

low-rank approximation] can be highly attractive. Those vectors have

meaning. They are often sparse and/or nonnegative and they re�ect

useful properties that we wish to preserve in approximatingG.

Gilbert Strang and Cleve Moler,LU andCR Elimination[SM22, Ÿ6]

So far, this thesis has focused on low-rank approximation of psd matrices. Al-

gorithms for this task can achieve remarkable results, producing a near-optimal

low-rank approximation toanypsd matrix after reading a fraction of its entries. The

algorithms we have seen accomplish this goal by forming a column Nyström ap-

proximation to a matrixGusing a judiciously chosen subset of columns. Among the

available algorithms for psd low-rank approximation from limited entry evaluations,

RPCholesky and its variants are among the fastest and most reliable.

The impossibility result Proposition 3.3 shows that producing accurate approxima-

tions to a general matrix is impossible from a small budget of entry evaluations

without additional information. Therefore, to produce a low-rank approximation to

a general matrix, we are generally interested in algorithms that read the full input

matrix, opening up a much larger design space for algorithms. In particular, natural

algorithms include the randomized SVD and its variants (Sections 2.3 and 2.4),

which multiply the input matrixH by a randomized test matrix
 (constructed

independently fromH).

Still, there are reasons in some applications to prefer low-rank approximations toH

spanned by a subset of the columns ofH. This chapter will reviewrandomly pivoted

QR algorithms for constructing such low-rank approximations and describe their

connection toRPCholesky and other methods for psd low-rank approximation.

Sources. The algorithm we call randomly pivotedQR algorithm was originally

proposed as adaptive sampling by Deshpande, Rademacher, Vempala, and Wang

[DRVW06; DV06]. Our treatment follows the papers
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Yifan Chen, Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. �Randomly

Pivoted Cholesky: Practical Approximation of a Kernel Matrix with Few Entry

Evaluations�. In:Communications on Pure and Applied Mathematics78.5 (2025),

pp. 995�1041.doi: 10.1002/cpa.22234

and

Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber.Embrace Rejection: Kernel

Matrix Approximation by Accelerated Randomly Pivoted Cholesky. Apr. 2025.

arXiv: 2410.03969v3.

These papers revisited the randomly pivotedQR algorithm, though their focus

was more onRPCholesky. This chapter's treatment of randomly pivotedQR

is substantially expanded from those papers. It contains new research including

discussion of numerical stability issues.

Outline. Section 9.1 introduces column projection approximations for approxi-

mating a matrix using a subset of their columns and discusses pivoted partialQR

algorithms for computing them. Section 9.2 presents randomly pivotedQR , and

Section 9.3 discuss fast implementations using rejection sampling. Related work

on sketchy pivoting is discussed in Section 9.4, and numerical experiments are pro-

vided in Section 9.5. Finally, Section 9.6 concludes by discussing the history and

connections between randomly pivotedQR and randomly pivoted Cholesky.

9.1 Low-rank approximation via column selection

Recall from Chapter 2 that many of the commonly used low-rank approximations

for general matrices areprojection approximations. Given a matrixH 2 K< � = and

a test matrix
 , the projection approximation toH is

bH := � H
 H = WW� H whereW= Orth ¹H
 º•

Throughout this chapter,� L denotes the orthoprojector ontorange¹L º.

Just as we obtained columnNyströmapproximations from choosing the test matrix


 = I ¹:–Sº to be a column submatrix of the identity matrix, we may obtain column

projectionapproximations in the same way:

De�nition 9.1 (Column projection approximation). Let H 2 K< � = be a matrix and

let S � f 1– • • • – =g be a set ofpivot indices. Thecolumn projection approximation

to H induced byS is
bH := � H¹:–SºH•
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Naturally, the column projection approximation� H¹:–SºH is the projection approx-

imation (De�nition 2.2) to H with test matrix
 = I ¹:–Sº. As column projection

approximations are projection approximations, they enjoy the properties listed in

Proposition 2.3.

Pivoted partial QR decomposition

Just as column Nyström approximations can be computed by pivoted Cholesky

decompositions, column projection approximations can be computed using pivoted

QR decompositions. We collect the low-rank approximation in a factorization
bH = WL� , whereW 2 K< � : and L 2 K=� : . Beginning from initial residual

H¹0º := H , do the following for8= 0–1–2– • • • – :� 1:

ˆ Select a pivot.Choose apivot indexB8 2 f1– • • • – =gassociated with a nonzero

pivot columnb¹8º < 0.

ˆ Update approximation. Setq8 := b¹8º
B8 • kb¹8º

B8 k and f 8 := H� q8. Observe that

q8f �
8 = q8q

�
8H¹8º is the orthogonal projection of the residual matrixH¹8º onto

its B8th column.

ˆ Update residual. De�ne H¹8̧ 1º := H¹8º � q8f �
8 = ¹I � q8q

�
8ºH¹8º.

As written, this procedure is e�ectively a Gram�Schmidt orthogonalization: We suc-

cessively select a pivot column and orthonormalize the remaining columns against

it. Neglecting rounding errors, the matrixW produced by this procedure has or-

thonormal columns. See Program 9.1 for an implementation.

Remark9.2 (Numerical stability of Gram�Schmidt). In fact, the implementation of

pivoted partialQR we described above and presented in Program 9.1 is actually

the modi�ed Gram�Schmidt algorithm. The di�erence between the modi�ed and

classical Gram�Schmidt algorithms in our context is that modi�ed Gram�Schmidt

orthogonalizes the entireH matrix against the selected pivot column, whereas clas-

sical Gram�Schmidt orthogonalizes only on an as-needed basis, forming columns of

H¹8º on an as-needed basis using the formulab¹8º
B = bB�

Í 8
9=1 q9q

�
9bB. The modi�ed

Gram�Schmidt method has dramatically better properties in �nite precision arith-

metic than classical Gram�Schmidt; see [Hig02, Ÿ19.8] for discussion and analysis.

Even using this modi�ed Gram�Schmidt procedure, the columns of the matrixW

produced by this procedure can lose orthogonality in �nite-precision arithmetic.

To ensure one obtains aWmatrix with numerically orthonormal columns, one can

perform pivoted partialQR using Householder re�ectors; see [GV13, Ÿ5.1]. �
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Program 9.1pivpartqr.m . Pivoted partialQR decomposition based on modi�ed
Gram�Schmidt orthogonalization.
function [Q,F] = pivpartqr(B,S)
% Input: Matrix B and set of pivots S
% Output: Factors Q and F defining a rank-k approximation Bhat = Q*F'

[m,n] = size(B);
k = length(S); % Rank = number of pivots
Q = zeros(m,k); % Left factor (orthonormal cols)
F = zeros(n,k); % Right factor

for i = 1:k
s = S(i); % Get selected pivot
Q(:,i) = B(:,s) / norm(B(:,s)); % Normalize column
F(:,i) = B' * Q(:,i); % Column of factor matrix
B = B - Q(:,i) * F(:,i)'; % Modified Gram-Schmidt

end

end

The pivoted partialQR algorithm computes a column projection approximation:

Proposition 9.3(Pivoted partialQR computes a column projection approximation).

Pivoted partialQR decomposition (Program 9.1) with input matrixH and pivot set

S computes a column projection approximation� H¹:–SºH = WL� .

Two factorizations of a column projection approximation

In applications, there are two common ways of representing a column projection

approximation in factored form. The �rst way is a pivoted partialQR decomposition:

� H¹:–SºH = WL� for W= Orth ¹H¹:–Sºº andL � = W� H•

The pivoted partialQR algorithm (Program 9.1) returns this factorization.

Another convenient way of representing the projection approximation is theinter-

polative decomposition(ID, [MT20, Ÿ13]), which takes the form

� H¹:–SºH = H¹:–Sº] � where] � = H¹:–SºyH• (9.1)

Theinterpolation matrix] approximates the columns ofH as linear combinations

of the pivot columnsH¹:–Sº. The pivot columns are represented perfectly by the

interpolative decomposition, and, providedH¹:–Sº is full rank, the pivot columns
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of ] � are] � ¹:–Sº = I . The interpolative decomposition is a key ingredient for

rank-structured matrix computations [Mar11; Wil21] and tensor network algorithms

[OT10; TSL24].

The pivoted partialQR decomposition, as produced by many of the methods in

this chapter, can easily be converted to an interpolative decomposition. Indeed,

L � ¹:–Sº = L ¹S–:º� is an upper-triangular matrix, so

� H¹:–SºH = WL� = WL¹S–:º� L ¹S–:º�� L � = H¹:–Sº»L ¹S–:º�� L � ¼•

Ergo, the interpolation matrix is] = LL ¹S–:º� 1, which can be computed inO¹=: 2º

operations using triangular solves.

To facilitate discussion of other algorithms later in this chapter, let us also introduce

the notion of aninexactinterpolative decomposition.

De�nition 9.4 (Exact and inexact interpolative decomposition). An exactinterpola-

tive decomposition is a decomposition of the form (9.1). Aninexact interpolative

decompositionis any low-rank approximation of the form

bH = H¹:–Sº b] � •

We say a randomized algorithm for computing an inexact ID isnear-optimalif it is

guaranteed to produce an output satisfying

kH � H¹:–Sº b] � k2
F � const�




 H � � H¹:–SºH




 2

F

with 90% probability foranymatrix H and pivot setS.

The Gram correspondence: Equivalence between Cholesky andQR

The Gram correspondence (Theorem 2.12) establishes a link between column pro-

jection approximation and column Nyström approximation and, consequently, a

link between the pivoted partialQR and Cholesky algorithms. The general Gram

correspondence theorem (Theorem 2.12) yields the following corollary:

Corollary 9.5 (QR and Cholesky). Let G be a psd matrix and letH beanyGram

square root ofG (that is, G = H� H). Let Wand L be factors produced by pivoted

partial QR applied toH with pivot setS. The following conclusions hold.

(a) Same factor.The pivoted partial Cholesky onGwith pivot setS produces the

factor matrixL , up to a possible scaling of the columns by elementsl 2 K of

unit modulus.
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(b) Connection between low-rank approximations.The low-rank approximation
bH = WL� produced by pivoted partialQR is a Gram square root of the

approximationbG = LL � produced by pivoted partial Cholesky,

bG = bH� bH–

(c) Same errors.For any ? � 1, the approximation errors are related

kG� bGkS?
= kH � bHk2

S2?
•

Here,k�kS?
denotes the Schatten?-norm.

(d) Connection between residuals.At every step8, the8-stepQR residualH¹8º :=

H� W¹:–1 : 8ºL ¹:–1 : 8º� is a Gram square root of the8-step Cholesky residual

G¹8º := G� L ¹:–1 : 8ºL ¹:–1 : 8º� .

(e) Diagonals and squared column norms.At each step8, the squared column

norms ofH¹8º are the diagonal entries ofG¹8º.

As we shall see, this result allows us to to seamlessly convert Cholesky-based

algorithms for psd low-rank approximation toQR-based algorithms for computing

column projection approximations to a general matrix. We restate the transference

of algorithms principle below:

Gram correspondence: Transference of algorithms. Every algorithm

producing a projection approximation to a general matrix should have an

analogous algorithm that produces a Nyström approximation to a psd matrix.

9.2 Randomly pivotedQR

Under the transference of algorithms, theRPCholesky procedure has an analog

for computing projection approximations to a general matrix usingQR decomposi-

tion. We will call this algorithmrandomly pivotedQR (RPQR) [DRVW06; DV06;

CETW25]; its history will be discussed later in Section 9.6.

The randomly pivotedQR algorithm is straighforward: Execute a pivoted partial

QR decomposition, drawing a random pivot column at each iteration

B8̧ 1 � scn¹H¹8ºº•
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Program 9.2 rpqr.m . A modi�ed Gram�Schmidt-based implementation of the
randomly pivotedQR algorithm for computing a column projection approximation.
Subroutinesqcolnorms is de�ned in Program F.4.
function [Q,F,S] = rpqr(B,k)
% Input: Matrix B and rank k
% Output: Factors Q and F defining rank-k approximation Bhat = Q*F',
% set of pivots S

[m,n] = size(B);
Q = zeros(m,k); % Left factor (orthonormal cols)
F = zeros(n,k); % Right factor
S = zeros(k,1); % Pivots

for i = 1:k
% Random sample using current diagonal as sampling weights
[~,s] = datasample(1:n,1,"Weights",sqcolnorms(B));
S(i) = s; % Set pivot
Q(:,i) = B(:,s) / norm(B(:,s)); % Normalize column
F(:,i) = B' * Q(:,i); % Column of factor matrix
B = B - Q(:,i) * F(:,i)'; % Modified Gram-Schmidt

end

end

sampled according to thesquaredcolumn norms of the current residual matrix

H¹8º. The squared column norm distribution is the natural analog of the diagonal

samplingB8̧ 1 � diag¹G¹8ºº used inRPCholesky in view of Corollary 9.5(e). See

Program 9.2 for an implementation.

Theoretical results

Under the Gram correspondence, theoretical results forRPCholesky immediately

lead to results for RPQR. In particular, we have the following:

Corollary 9.6 (Randomly pivotedQR). Let H 2 K< � = be a matrix, and �xA � 1

andY � 0. Introduce the squared relative error of the best rank-Aapproximation:

[ :=




 H � È HÉA




 2

F

kHk2
F

• (9.2)

Randomly pivotedQR produces an approximationbH satisfying

EkH � bHk2
F � ¹ 1 ¸ YºkH � È HAÉk2

F•
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provided the number of steps satis�es

: �
A
Y

¸ Alog
�

1
Y[

�
• (9.3)

More concisely, RPQR produces an¹A– Y•2–2º-approximation after (9.3) steps.

(Recall De�nition 3.6 and the Lyapunov inequalityEkH � bHkF � ¹ EkH � bHk2
Fº1•2.)

Implementation

We will not spend too much time on the implementation of the standard RPQR

algorithm, as we mainly advocate theacceleratedRPQR algorithm for practical

computations, which will be introduced in the next section. Therefore, we describe

only a few implementation details for RPQR.

The implementation of RPQR in Program 9.2 is based on a modi�ed Gram�Schmidt

procedure; see Remark 9.2 for discussion. This implementation is numerically stable

enough for most use cases, but it may be worth using an implementation based on

Householder re�ectors if obtaining aWmatrix that has orthonormal columns up to

machine accuracy is necessary.

A second potential implementation issue is hardware e�ciency. As we described

in the previous chapter, the fastest matrix algorithms are based on block matrix

computations; the implementation of RPQR provided in Program 9.2 is inherently

sequential, selecting a column and orthogonalizing the entire matrix against it at

every iteration. This de�cit will be addressed using rejection sampling with the

accelerated RPQR algorithm, but there are other �xes that have been proposed for

pivotedQR decomposition with deterministic greedy pivoting that are worth men-

tioning. For fully deterministic implementations, the state of the art is provided

by theLAPACK routinexGEQP3. Quoting from theLAPACK manual, this routine

�only updates one column and one row of the rest of the matrix (information neces-

sary for the next pivoting phase) and delays the update of the rest of the matrix until

a block of columns has been processed� [ABBB+99, Ÿ2.4.2.3]. This modi�cation

improves the e�ciency of pivotedQR decompositions signi�cantly and reorganizes

computations so a signi�cant fraction of them utilize block matrix operations. A

second more recent idea is to use randomized dimensionality reduction, applying the

slow sequential pivotedQR algorithm to the matrixH after it has been compressed

using randomized dimensionality reduction; see [MBMD+25] for details.
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Block randomly pivoted QR

For historical reasons, we also mention that there is a straightforward block imple-

mentation of RPQR, analogous to blockRPCholesky (Section 8.2). For most use

cases, robust block random pivoting [DCMP24] or accelerated RPQR (introduced

next section) provide a better alternative.

9.3 Accelerated randomly pivotedQR

The acceleratedRPCholesky method (introduced in Section 8.4) uses rejection

sampling to simulate the performance of the originalRPCholesky algorithm. It

is much faster than the standardRPCholesky algorithm in practice due to runtime

e�ciencies from block-wise computations, and it produces thesamerandomout-

put as ordinaryRPCholesky. Under the Gram correspondence, the accelerated

RPCholesky algorithm has an analog, accelerated RPQR, that simulates the per-

formance of the RPQR algorithm while running much raster due to block-matrix

arithmetic.

Description of algorithm.One �round� of the accelerated RPQR algorithm may be

described as follows. Suppose we have already generated pivotsB1– • • • – B8sampled

from the RPQR distribution, and, for each9, denote the residual as

H¹ 9º := H � W¹ 9º �
W¹ 9º� � H for W¹ 9º = Orth ¹H¹:–f B1– • • • – B9gºº•

We wish to generate new pivotsB8̧ 1– • • • – B8̧ � generated from the RPQR distribution

B8̧ 9 � scn¹H¹8̧ 9ºº•

To do so,we �x a block size1 � 1 and draw a collectionS0 = f B0
1– • • • – B0

1g iid with

replacementfrom the squared column norm distribution ofH¹8º

B0
1– • • • – B0

1
iid� scn¹H¹8ºº•

Then, we �lter the proposalsT � S0 using rejection sampling, which can be

accomplished using theRejectionSampleSubmatrix subroutine (Program 8.5) on

N = »H¹8º ¹:–S0º¼� H¹8º ¹:–S0º with u = diag¹Nº; see Section 8.4 for details on

RejectionSampleSubmatrix . Once the new pivotsB8̧ 1– • • • – B8̧ � are inducted, we

updateW¹8̧ � º, columns of the factor matrixL , and residualH¹8̧ � º as needed.

Below, we describe two implementations of accelerated RPQR using di�erent types

of orthogonalization. The �rst implementation (Program 9.3) is based on block

Gram�Schmidt orthogonalization, and the second (Program 9.4) employs House-

holder re�ectors.
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Program 9.3 acc_rpqr_bgs.m . Block Gram�Schmidt-based implementation of
accelerated RPQR algorithm for computing a column projection approximation to
a general matrix. Subroutinesrejection_sample_submatrix andsqcolnorms
are provided in Programs 8.5 and F.4.
function [Q,F,S] = acc_rpqr_bgs(B,k,b)
% Input: Matrix B, rank k, block size b
% Output: Factors Q and F defining rank-k approximation Bhat = Q*F',
% set of pivots S

[m,n] = size(B);
Q = zeros(m,k); % Left (orthonormal) factor
F = zeros(n,k); % Right factor
S = zeros(k,1); % Pivots
i = 0; % Index to store current position
while i < k

% Random sample using squared column norms as sampling weights
Sp = datasample(1:n,b,"Weights",sqcolnorms(B),"Replace",true);
H = B(:,Sp)'*B(:,Sp); % Gram matrix of residual
T = rejection_sample_submatrix(H,diag(H),k-i);
T = Sp(T); % Get selected pivots
l = length(T); % Number of pivots
S(i+1:i+l) = T; % Update pivots
[Q(:,i+1:i+l),~] = qr(B(:,T),"econ"); % Orthonormalize selection
F(:,i+1:i+l) = B'*Q(:,i+1:i+l); % Update factor
B = B - Q(:,i+1:i+l)*F(:,i+1:i+l)'; % Update residual
B = B - Q(:,i+1:i+l)*(Q(:,i+1:i+l)'*B);% Orthogonalize twice
i = i + l; % Update index

end

end

Implementation #1: Block Gram�Schmidt.Our �rst implementation of acceler-

ated RPQR is shown in Program 9.3 and uses block Gram�Schmidt to perform

orthogonalization. It is a fairly direct extension of the modi�ed Gram�Schmidt im-

plementation of standard RPQR in Program 9.2. Throughout the algorithm,Bstores

the current residual, the columns of the left orthonormal factorWare obtained by

computing aQR decomposition of selected columns ofB, and the factor matrix is

computed using the handy formulaL ¹:– 8̧ 1 : 8¸ � º = ¹H¹8ºº� W¹:– 8̧ 1 : 8¸ � º. Fol-

lowing best practices [GLRE05], we orthonormalize the residual matrixH against

the newly orthonormalized columnsW¹:– 8̧ 1 : 8¸ � º twice to improve numerical

stability. This implementation has worse stability properties than the Householder

re�ector-based implementation in Program 9.4.
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Implementation #2: HouseholderQR. A more numerically robust implementation

of accelerated RPQR can be obtained using Householder re�ectors. Rather than

storing the orthonormal factorW directly, we representW implicitly as the �rst :

columns of a productN1 � � � N : of Householder re�ector matricesN8, each of which

takes the formN8 = I � 2u8u
�
8 for a unit vectoru8. This representation remains

storage-e�cient, as we only need to store the unit vectorsu8. See [GV13, ŸŸ5.1 &

5.2] for more on Householder re�ectors andQR factorization.

The advantage of a Householder re�ector-based implementation over a Gram�

Schmidt-based implementation is that HouseholderQR methods are guaranteed

to produce aW matrix whose columns are orthonormal up to machine precision

[Hig02, Ÿ19.3]. Gram�Schmidt-type methods do not possess such a guarantee

[Hig02, Ÿ19.8].

Program 9.4 provides a Householder-re�ector based implementation of accelerated

RPQR. This implementation uses compact representations of the HouseholderQR

decomposition and carefully updates aQR decomposition of the matrixH¹:–Sº

throughout the algorithm, even as the pivot setS increases in size. See Appendix A

for discussion.

9.4 Related work: Sketchy pivoting

Per-Gunnar Martinsson and collaborators have pioneered a di�erent family of meth-

ods for column subset selection calledsketchy pivoting methods[VM17; DM23b;

DCMP24]. For completeness, we provide a brief introduction to the idea.

Fast random embeddings

The starting point for these methods is a type of matrix that we will call afast

random embeddingor fast sketching matrix. Informally, a fast random embedding

Y 2 K< � 3 is a random matrix satisfying the following two properties:

ˆ Fix an arbitrary: -dimensional subspaceU � K< . With high probability,Y�

preserves the lengths ofall vectors inU up to a constant factor

c1kxk � kY� xk � c2kxk for all x 2 U• (9.4)

Here, thec1–c2 � 1 are absolute constants. The embedding dimension3

should be nearly proportional to the subspace dimension,3 = O¹: º or 3 =

O¹: log : º.
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Program 9.4 acc_rpqr.m . Householder re�ector-based implementation of ac-
celerated RPQR algorithm for computing a column projection approximation to a
general matrix. Subroutinesrejection_sample_submatrix , hhqr, apply_Qt ,
get_Q, andsqcolnorms are provided in Programs 8.5, A.1 to A.3 and F.4.
function [Q,F,S] = acc_rpqr(B,k,b)
% Input: Matrix B, rank k, block size b
% Output: Factors Q and F defining rank-k approximation Bhat = Q*F',
% set of pivots S

[m,n] = size(B);
hous = zeros(m,k); tau = zeros(k,1);% Compact Householder QR
S = zeros(k,1); % Pivots
i = 0; % Index to store current position
while i < k

% Random sample using squared column norms as sampling weights
Sp = datasample(1:n,b,"Weights",sqcolnorms(B(i+1:end,:)),...

"Replace",true);
% Form Gram matrix of selected pivots
Bp = B(i+1:end,Sp); % Bottom part of B stores residual
H = Bp'*Bp; % Gram matrix
T = rejection_sample_submatrix(H,diag(H),k-i);
T = Sp(T); % Get selected pivots
l = length(T); % Number of pivots
S(i+1:i+l) = T; % Update pivots
% Update Householder QR factorization
hous(:,i+1:i+l) = B(:,T);
[hous(i+1:end,i+1:i+l),tau(i+1:i+l)]... % Compute Householder

= hhqr(hous(i+1:end,i+1:i+l)); % reflectors
B(i+1:end,:) = apply_Qt(hous(i+1:end,i+1:i+l),... % Update

tau(i+1:i+l),B(i+1:end,:)); % residual
i = i + l;

end

Q = get_Q(hous,tau);
F = B(1:k,:)';

end

ˆ For any matrixH 2 K< � =, the productY� H can be computed in at most

O¹<= log< º operations.

Sketching will play a major role in Part III of this thesis; see that section for formal

de�nitions, constructions of fast random embeddings, and guidance on which type

of embedding to use.
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Sketching pivoting

Suppose we are interested in selecting: columns of a matrixH, where the parameter

: is knownto thealgorithm in advance. Using the sketchy pivoting approach, we

�rst draw a fast random embedding of size, say3 = 2: , and computeY� H. Then, to

select a subset of columns forH, we apply some traditional column subset selection

algorithm, such as a pivoted matrix decomposition, to thesketched matrixY� H. The

key feature of sketchy pivoting is that the traditional matrix decompositions needs

only be applied to the sketched matrixY� H, which is much smaller than the original

matrix H.

One major strength of sketchy pivoting is that the randomized embeddingY� has the

e�ect of regularizingthe matrixH. Empirically, one �nds that one obtains a nearly

optimal set of columns even when one uses a poor column subset selection algorithm

on Y� H such asLU with partial pivoting (applied to the adjoint¹Y� Hº� ) [DM23a].

We will abbreviate the sketchy pivoting with partial-pivotedLU scheme asSkLUPP.

With an appropriate type of embedding (namely, a sparse sign embedding with

constant sparsity parameterZ; see Appendix B.6),SkLUPPrequires justO¹<= ¸

: 2=º operationsto select thecolumnsetS, faster than RPQR and its variants.

Quickly computing an inexact interpolative decomposition

To upgrade a skeleton setS computed by a sketchy pivoting method to anexact

interpolative decomposition (in the sense of De�nition 9.4) requiresO¹:<= º op-

erations, the same asymptotic cost as RPQR and its variants. However, anearly

optimal inexactID (also as in De�nition 9.4) can be obtained rapidly by applying

another level of sketching. The idea is due to [DCMP24] and is calledoversam-

pled sketchy interpolative decomposition. The idea is simple and clever: Generate

another random embedding� 2 K< � 3 and solve the sketched least-squares problem

b] = argmin
b]

k� � H � ¹ � � H¹:–Sºº b] � kF = »¹� � H¹:–Sººy¹� � Hº¼� •

OSID is essentially an instantiation of thesketch-and-solvemethod for computing

an approximate least-squares solution, which will be discussed in Section 21.7.

Theoretical guarantees for sketch-and-solve are discussed in Section 21.7 and Ap-

pendix C, which con�rm that�with appropriate parameter choices�OSID compi-

utes a nearly optimal inexact ID. The cost of sketchy pivoting with OSID may be as

low asO¹<= ¸ : 2=º operations.
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RPQR vs. sketchy pivoting

There are three main advantages of RPQR-based approaches over sketchy pivoting.

First, and least importantly in my opinion, RPQR-based approaches come with

theoretical guarantees of performance. At present, sketchy pivoting lacks such

theoretical guarantees, thought it has been put through extensive numerical testing.

Second, RPQR produces an exact ID, whereas the fastO¹<= ¸ : 2=º version of

SkLUPP produces an inexact ID. One can use the column set fromSkLUPP to

compute an exact ID, but then the total asymptotic cost ofO¹:<= º is the same as

accelerated RPQR. Finally, to be most e�cient, sketchy pivoting methods require

(an upper bound on) the column subset size: to be known in advance. To determine

the number of columns: at runtime may require periodically regenerating the

embedding matrixY� and recomputingY� H with a larger value of3. By contrast,

RPQR methods can be run for a general number of steps: and stopped at whatever

iteration one pleases.

Notwithstanding these limitations, sketchy pivoting methods are asymptotically

faster for subset selection and inexact ID than RPQR methods. I regard both

techniques (and adaptive randomized pivoting methods [CK24]) as e�ective, general

methods for column subset selection and ID computation.

9.5 Experiments

Throughout this section, we use the HouseholderQR-based implementation of

accelerated RPQR (Program 9.4) in all experiments. We also compare pivoted

partialQR with greedy pivoting (often simply calledcolumn-pivotedQR, CPQR in

the numerical literature) andSkLUPP. (Similarly to greedy pivoted Cholesky, CPQR

selects the largest-norm column as pivot at every step ofQR decomposition.) For

SkLUPP, we compute the interpolative decomposition exactly (i.e., not with OSID)

and choose the sketching matrix to be a sparse sign embedding with embedding

dimension3 = 2: ; see Appendix B.6. We use the test matrixH 2 K=� = of

dimension= = 2500with entries

18 9=
1




 x8 � y9




 for every8– 9= 1– • • • – =• (9.5)

Here, pointsf x8g and f y9g are equispaced Cartesian grids on»0–1¼ � »0–1¼and

»1–2¼ � »0–1¼, respectively. Matrices similar to this appear as discretizations of inte-

gral operators, and signi�cant work has gone into developing ways of approximating

them (e.g., by proxy point methods [YXY20]).
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Figure 9.1: Accuracy of RPQR (orange circles), greedy pivotedQR (purple as-
terisks), and sketchy pivoting method (SkLUPP, blue crosses) for computing a
low-rank approximation to the matrix (9.5). Lines shown median of 100 trials, and
shaded regions show 10% and 90% quantiles.

Accuracy. Figure 9.1 presents an accuracy comparison of RPQR, greedy piv-

otedQR, andSkLUPPon this matrix. We see that RPQR consistently achieves

smaller errors than the other methods on this matrix, demonstrating the virtues of

incorporating randomness into pivot selection for computing a pivoted partialQR

decomposition. At rank: = 50 on this example, RPQR is3•0� more accurate than

SkLUPPand4•2� more accurate than greedy pivotedQR.

Speed. Figure 9.2 compares the runtime of the ordinary and accelerated RPQR

algorithms (Programs 9.2 and 9.4). For accelerated RPQR, we set the block size to

1 := maxf : •2–200g. We see that accelerated RPQR is13•5� faster than standard

RPQR when we reach a rank of: = =, at which point we have computed a full

pivoted QR decomposition of the entire matrix. At this point, we can compare

the performance of accelerated RPQR to MATLAB's greedy column-pivotedQR

decomposition, executed as[Q,R,P] = qr(B) . We omit comparisons with sketchy

pivoting as it is not appropriate for computing a full pivotedQR decomposition. We

see that MATLAB's built-in column-pivotedQR decomposition subroutine, calling

appropriateLAPACK routines written in Fortran, is only1•6� faster than accelerated

RPQR, written in MATLAB. I consider these timing results to be promising, and it

suggests that an implementation of accelerated RPQR in a low-level programming

language might be faster than existingLAPACK routines for column-pivotedQR.
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Figure 9.2: Runtime for standard RPQR (blue crosses) and accelerated RPQR
(orange circles) for di�erent approximation ranks: (single execution). The runtime
for MATLAB's (full) greedy pivotedQR (i.e., [Q,R,P] = qr(B) ) is shown as a
purple asterisk.

More experiments.Many further demonstration of the virtues of random pivoting

for approximation of general matrices appear in the paper [DCMP24], including

comparisons of the blocked and unblocked RPQR algorithm and the RBRPQR

algorithm.

9.6 RPCholesky and RPQR: History

In our presentation, we introducedRPCholesky �rst and used the transference of

algorithms principle to derive the RPQR algorithm. Historically, it went the other

way around. Here is the story, as best I can tell it.

Squared column norm sampling.In the late 1990s, theoretical computer scientists

and researchers in adjacent �elds became interested in using randomization to ac-

celerate matrix computations, motivated by applications in data analysis [PTRV98;

FKV98]. As a fast way of constructing a low-rank approximation to a large matrix,

Frieze, Kannan, and Vempala suggested approximating a matrix by low-rank ap-

proximations spanned by columnsB1– • • • – B:
iid� scn¹Hº drawniid from the squared

column norm distribution [FKV98]. Their main result [FKV98, Thm. 2] establishes

the guarantee

E



 H � � H¹:–f B1–•••–B: gºH




 2

F �



 H � È HÉA




 2

F ¸
A
:

kHk2
F for B1– • • • – B:

iid� scn¹Hº•

Here,A� 1 is any �xed target rank. Introducing the squared relative-error of the best
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rank-Aapproximation[ from (9.2), we see that: = O¹A•[ º columns are su�cient

to obtain a low-rank approximation comparable to the best rank-Aapproximation to

H. This analysis is tight:For a worst-caseinput matrix, : = 
 ¹A• [ º columns from

the squared column norm distribution are necessary to obtain this guarantee; see

[CETW25, Thm. C.3(b)].

Randomly pivotedQR introduced as �adaptive sampling�.The Frieze�Kannan�

Vempala algorithm suggests a natural improvement by iteration. Draw a single

column (or a small batch) from the squared column norm distribution, subtract o�

the projection of the matrix onto these column(s), and repeat. This re�nement was

proposed in 2006 by Deshpande, Rademacher, Vempala, and Wang [DRVW06] and

expanded on later that year by Deshpande and Vempala [DV06]; these authors called

their methodadaptive sampling. The algorithms we have called RPQR and block

RPQR are essentially the same as Deshpande et al.'s adaptive sampling algorithm,

up to implementation details. The papers [DRVW06; DV06] also proposedvolume

sampling, which draws a subsetS of : columns ofH with probability proportional

to the squared volumedet»H¹:–Sº� H¹:–Sº¼; in modern language, the: -volume

sampling distribution is the: -DPP distribution on the Gram matrixH� H.

Desphande and coauthors combine their three primitives RPQR, block RPQR, and

volume sampling in creative ways to prove existence results and algorithms for

computing column projection approximations. Underlying these combinations are

two main theoretical results, which we now summarize. The �rst result [DRVW06,

Thm. 1.2] shows that, with a su�ciently large block size, block RPQR produces

accurate low-rank approximations.

Fact 9.7(Block RPQR: Large block size). Let H 2 K< � = be a matrix, and �x target

rankA� 1 and accuracy parameterY 2 ¹0–1º. Set the block size of block RPQR to

be1 � A•Y, and execute the procedure forC(block) steps. Then block RPQR outputs

a low-rank approximationbH satisfying

EkH � bHk2
F � ¹ 1 � Yº� 1kH � È HÉAk2

F ¸ YCkHk2
F•

This result establishes the qualitative conclusion that block RPQR,with a suf� -

ciently large block size, produces an approximation comparable to the best rank-A

approximation after drawing: = O¹Alog¹1• [ ºº columns, where[ is de�ned in

(9.2). This result demonstrates anexponential separationbetween iid squared

column norm sampling and block RPQR in the parameter[ .
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The second result provides a sharp bound on column projection approximations

built from the volume sampling distribution and a very crude bound for the plain

RPQR algorithm:

Fact 9.8 (RPQR and volume sampling). Let H 2 K< � = and construct: -column

projection approximationsbHvol and bH'%&' using volume sampling and RPQR (with

block size1), respectively. Then

EkH � bHvolk2
F � ¹ : ¸ 1º




 H � È HÉ:




 2

F– (9.6)

E



 H � bH'%&'




 2

F � ¹ : ¸ 1º!



 H � È HÉ:




 2

F• (9.7)

The volume sampling bound is [DRVW06, Thm 1.3], and the RPQR bound is

[DV06, Prop. 2]. The volume sampling bound (9.6) is optimal in the sense that no

method can achieve a prefactor smaller than: ¸ 1 (which follows by Theorem 3.12

and the Gram correspondence). By contrast, the bound (9.7) is quite weak, and

seems to suggest that the unblocked versions of RPQR produce approximations

of extremely low quality. Using the weak bound (9.7), Deshpande and Vempala

produce algorithms with accuracy guarantees by combiningAsteps of RPQR with

multiple rounds of block RPQR with a large block size1 = 
 ¹Aº. The very weak

bound (9.6) is the only analysis of RPQR with block size1 = 1 established by

Deshpande et al.

Empirical evaluation of adaptive sampling/RPQR.In the years following the pub-

lication of Deshpande and coauthors work, there were various e�orts to analyze the

empirical performance of adaptive sampling/RPQR-type algorithms and compare

them to alternatives. There was particular interest in using variants of the adaptive

sampling idea for Nyström approximation of psd matrices. A comparison of column

Nyström methods by Kumar, Mohri, and Talwalkar concluded [KMT12, p. 989] that

adaptive sampling �requires a full pass through [the kernel matrix]Qat each iteration

and is thus ine�cient for largeQ�. As solution, the papers [KMT12; WZ13] pro-

posed cheaper, approximate versions of adaptive sampling that were more tractable.

Despite its appealing properties and attempts to address the method's weaknesses,

the adaptive sampling algorithm has not seen wide use for applied computation

in the 2010s and early 2020s; indeed, the algorithm is not mentioned in a recent

comparison of popular methods for column selection [DM23a].

Randomly pivoted Cholesky.In 2017, Musco and Woodru� considered the problem

of computing a low-rank approximation to a psd matrix from a small number of
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entry accesses [MW17]. Their goal was to produce a low-rank approximationbG

to G that is competitive with the best rank-Aapproximation when measured in the

Frobeniusnorm:

kG� bGk2
F � ¹ 1 ¸ Yº




 G � È GÉA




 2

F with rank¹ bGº � poly¹A–1•Yº• (9.8)

Producing a low-rank approximation of this quality from a small number of entry

accesses is a stringent requirement; see Section 11.2 for more discussion.

To motivate why psd low-rank approximation is evenpossiblewithout reading the

whole input matrix, Musco and Woodru� use what we have called the transference

of algorithms principle to extend adaptive sampling to an algorithm for psd low-rank

approximation. They write:

SinceG1•2G1•2 = G, the entry08 9is just the dot product between the

8th and 9th columns ofG1•2. So with G in hand, the dot products

have been `precomputed' and [adaptive sampling] yields a low-rank

approximation algorithm forG1•2 running in just= � poly¹: •Yº time.

Note that, aligning with our initial intuition that reading the diagonal

entries of G is necessary to avoid thennz¹Gº time lower bound for

general matrices [i.e., Proposition 3.3], the diagonal entries ofGare the

column norms ofG1•2, and hence their values are critical to computing

the adaptive sampling probabilities.

The algorithm Musco and Woodru� describe is, in its essence,RPCholesky.

The discussion ofRPCholesky in Musco and Woodru�'s work is brief, serving to

motivate the development of more sophisticated algorithms with stronger theoretical

guarantees. The original paper of Musco and Woodru� does not provide pseu-

docode forRPCholesky, document an implementation of the algorithm, or report

any numerical experiments. (I have since learned from Cameron and Christopher

Musco that numerical experiments were done and not published.) Also, given the

brief treatment, some the subtleties of the adaptive sampling in Desphande and

coauthor's work go unmentioned, such as the speci�c mixtures of unblocked and

blocked adaptive sampling that Deshpande and Vempala use to obtain algorithms

with relative error guarantees [DV06, Ÿ3.2]. To the best of my knowledge, Musco

and Woodru�'s work is the sole mention of theRPCholesky algorithm for psd

low-rank approximation in the literature prior to our work. (As mentioned in Sec-
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tion 4.5, Poulson [Pou20] also uses the same computational steps asRPCholesky

for projection DPP sampling.)

Our paper [CETW25], originally released as a preprint in 2022, revisited theRP-

Cholesky algorithm, reinterpreted the procedure as a partial Cholesky decomposi-

tion, and suggested the namerandomly pivoted Cholesky. To simply the algorithm

and remove the large block size limitation in Fact 9.7, we established new theoretical

results ensuring thatRPCholesky produces near-optimal low-rank approximations

with block size1 = 1. (Our subsequent work [ETW25] extends this to general

block sizes.) This paper provided numerical experiments comparingRPCholesky

to other algorithms for column Nyström and usingRPCholesky to accelerate kernel

computations in scienti�c machine learning.

From adaptive sampling to randomly pivotedQR. After we released our paper on

RPCholesky, we were surprised by the amount of interest our colleagues had in

the QR version of the procedure, even though it requires signi�cantly more com-

putational work thanRPCholesky (O¹:=2º operations versusO¹: 2=º operations).

This feedback, as well as input from anonymous referees during peer review, led us

to devote more attention to the column projection approximations for general ma-

trices in revisions of ourRPCholesky manuscript [CETW25] and in its followup

[ETW25]; I have tried to add further details in this thesis.

Let me summarize our contributions and proposals for RPQR. First, we reinterpreted

the adaptive sampling procedure of Deshpande and coauthors as a pivoted partial

QR decomposition with a random pivoting rule, and suggested the namerandomly

pivotedQR. We hope the new name will make this algorithm more transparent to

researchers in numerical analysis and scienti�c computing and help to di�erentiate

between theQR and Cholesky versions of the adaptive sampling idea. Second,

we proved new theoretical results [CETW25, Cor. 5.2] and [ETW25, Cor. 5.2].

These results demonstrate thatRPCholesky and RPQR produce approximations

comparable to the best rank-A approximation when the block size1 is set to any

value between1andO¹Aº. In particular, these results justify the use of the algorithm

without the multistep procedures and large block sizes used in Deshpande et al.'s

existing work. Third, we developed accelerated block implementations of RPQR

(Section 9.3). Finally, in this thesis, I discussed stable numerical implementations

using modi�ed Gram�Schmidt and Householder re�ectors; related ideas appear in

[CK24].
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C h a p t e r 10

CUR DECOMPOSITIONS

Thus,I and/or X can be used in place of the eigencolumns and

eigenrows, but since they consist of actual data elements they will be

interpretable in terms of the �eld from which the data are drawn (to the

extent that the original data points and/or features are interpretable).

Michael W. Mahoney and Petros Drineas,CUR matrix decompositions

for improved data analysis[MD09]

A CUR decomposition orCUR approximation refers to a low-rank approximation

of a matrixH of the form

H � I[X whereI = H¹:–Sº andX = H¹T–:º•

The matrixH is approximated by a low-rank approximation spanned by a subset

of both its rows and columns. TheCUR decomposition is valued for its increased

interpretabilityover other types of low-rank approximations like the SVD [MD09].

The CUR decomposition is also favored in certain contexts because theI and X

matrices inherit structural properties like sparsity from the matrixH or because,

in some cases,CUR decompositions can be constructed without looking at the

entire input matrix (see Remark 3.5). This section reviews the theory ofCUR

decompositions and discussed algorithms for computing them based on random

pivoting.

Sources. This chapter presents original research that has not previously been

published. The references [MD09; PN25] have been helpful in shaping this chapter.

Outline. TheCUR decomposition does not �t into our existing taxonomy of ran-

domized low-rank approximation algorithms from Chapter 2, and it is not evident

how we should pick the middle factor[ . To remedy this de�cit, we shall begin

by brie�y reviewing two additional types of low-rank approximation: two-sided

projection approximations (Section 10.1) and generalized Nyström approximations

(Section 10.2). These two classes yield twoinequivalent types ofCUR approxi-

mations, which we will refer to asCUR projection approximations andCUR cross

approximations. Section 10.3 discusses numerically stable representation ofCUR
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approximations, and Section 10.4 discusses random pivoting algorithms for com-

putingCUR decompositions. Finally, Section 10.5 reviews the Mahoney�Drineas

algorithm for computingCUR decompositions and Section 10.6 presents a numer-

ical comparison.

10.1 Two-sided andCUR projection approximation

Given a test matrix
 2 K=� : , the projection approximation is the Frobenius-

norm optimal approximation to a matrixH 2 K< � = in the column span ofH
 .

Given a second test matrix	 2 K< � � , it is natural to de�ne atwo-sidedprojection

approximation as the Frobenius-norm optimal approximation toH that both lies in

the column span ofH
 and lies in the row span of	 � H. To this end, we have the

following result [Ste99, Ÿ4].

Proposition 10.1 (Optimal two-sided approximation). Fix matrices H 2 K< � =,

_ 2 K< � : , and` 2 K=� � . Then the approximation

bH := � _ H� ` = _[` � for [ := _ yH` y�

is the unique Frobenius-norm optimal approximation toH whose columns are

spanned by the columns of_ and whose rows are spanned by the rows of` � .

Proof. Consider the space of all approximations

S := f_Z` � : Z 2 K : � � g•

Geometrically, we are interested in characterizing the unique pointH¢ 2 S that is

closest toH. The vectorization operationvec : ¹K< � =–k�kFº ! ¹ K<=–k�kº is a

linear isometry, so we can equivalently �nd the pointvec¹H¢º closest tovec¹Hº in

vec¹Sº = f vec¹_Z` � º : Z 2 K : � � g = f¹ ` 
 _ ºt : t = vec¹Zº 2 K :� g•

The second equality is the vec�Kronecker product identity. Thus, we have

vec¹H¢º = � ` 
 _ ¹vec¹Hºº = ¹` 
 _ º¹` 
 _ ºy vec¹Hº

= ¹` 
 _ º¹`
y


 _ yº vec¹Hº = vec¹__ yH` y� ` � º•

In the penultimate identity, we used the fact that the pseudoinverse of a Kronecker

product is the Kroncker product of the pseudoinverses, which follows by the SVD

and the mixed product property for the Kronecker product. In the last equality, we

applied the vec�Kronecker product identity twice. Ergo,H¢ = __ yH` y� ` � , as

promised.
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This result motivates the following de�nition:

De�nition 10.2 (Two-sided projection approximation andCUR projection approx-

imation). Given test matrices
 2 K=� : and	 2 K< � � , the two-sided projection

approximationto H 2 K< � = is

bH := � H
 H� H� 	 •

If 
 = I ¹:–Sº and	 = I ¹:–Tº are column submatrices of the identity matrix, the

resulting then the two-sided projection approximation is called aCUR projection

approximation. It takes the form

bH = I[X whereI = H¹:–Sº, X := H¹T–:º, and[ = I yHXy•

This de�nition provides the �rst natural choice[ = I yHXy for the core matrix

in a CUR decomposition. As a consequence of Proposition 10.1, this type of

approximation yields the smallest Frobenius norm error for any middle factor in a

CUR approximation. In view of this property, Park and Nakatsukasa [PN25] call

this type ofCUR approximation aCUR best approximation. For this thesis, we

will use the termCUR projection approximationto emphasize the connection with

(two-sided) projection approximations. It is important to emphasize that aCUR

projection approximation achieves the lowest possible Frobenius norm errorfor a

givenchoiceof I and X; with a bad choice of columns and rows, the accuracy of

this �best approximation� can be quite poor.

Remark10.3 (Decomposition or approximation). In the literature, the term �decom-

position� is often used to describe the factored approximationbH = I[X � H. I

prefer the termCUR approximation, as one typically hasbH < H in applications.

Conditions for exactness of theCUR approximation are provided in [HH20]. �

Before going forward, we catalog the following useful and standard (for example,

see [MD09; SE16; DM23a; CK24]) result:

Proposition 10.4(One-sided to two-sided). Fix matricesH 2 K< � =, _ 2 K< � : ,

and ` 2 K=� � . In any unitarily invariant normjjj�jjj, we have

jjjH � � H
 H� H� 	 jjj � jjjH � � H
 Hjjj ¸ jjjH � H� H� 	 jjj•

Proof. Apply the triangle inequality:

jjjH � � H
 H� H� 	 jjj � jjjH � � H
 Hjjj ¸ jjj� H
 ¹H � H� H� 	 ºjjj•
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By the operator ideal propertyjjjLMjjj � kL k � jjjMjjj, the second term may be

bounded as

jjj� H
 ¹H � H� H� 	 ºjjj � k� H
 k � jjjH � H� H� 	 jjj = jjjH � H� H� 	 jjj•

This completes the proof.

10.2 Generalized Nyström approximation andCUR cross approximation

The generalized Nyström approximation is a powerful low-rank approximation for-

mat that encompasses both projection approximations and Nyström approximations

as special cases. They also lead to another useful, inequalivant way of constructing

the middle factor forCUR approximations.

De�nition 10.5 (Generalized Nyström approximation andCUR cross approxima-

tion). Given test matrices
 2 K=� : and 	 2 K< � � , the generalized Nyström

approximationto H 2 K< � = is

Hh
 –	 i := ¹H
 º¹	 � H
 ºy¹	 � Hº•

If 
 = I ¹:–Sº and	 = I ¹:–Tº are column submatrices of the identity matrix, then

the generalized Nyström approximation is called aCUR cross approximation. It

takes the form

HhS–Ti := I[X whereI = H¹:–Sº, X := H¹T–:º, and[ = H¹T–Sºy•

Generalized Nyström approximation includes projection approximation and classi-

cal Nyström approximation as the special cases	 = I and	 = 
 .

The generalized Nyström approximation isinterpolatory. Consider the case when

: � � and	 � H
 is full-rank. Then

Hh
 –	 i � 
 = H
 ¹	 � H
 ºy¹	 � H
 º = H
 •

Consequently, ifjSj � j Tj andH¹S–Tº has full rank, thenbH := HhS–Ti agrees with

the matrixH in the selected columns:H¹:–Sº = bH¹:–Sº. Analogous statements

hold in the opposite case (: � � ).

CUR projection approximation[ = I yHXy andCUR cross approximation[ =

H¹S–Tºy are both natural. The former enjoys the optimality result Proposition 10.1,

and the latter satis�es the interpolatory property just discussed. TheCUR cross
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approximation is particularly attractive for approximating very large matrices, owing

to the following property:OncetheindexsetsS andT havebeenidenti�ed, forming

theCUR cross approximation only requires accessing<: ¸ =� entries ofH. Thus, the

CUR cross approximation forms the basis for low-rank approximation algorithms

for general matrices that avoid reading the entire matrix (Remark 3.5).

Remark10.6 (History and terminology). The generalized Nyström approximation

has an interesting history. The �rst references in the modern randomized linear

algebra literature are the seemingly independent works of Woolfe, Liberty, Rokhlin,

and Tygert [WLRT08] and of Clarkson and Woodru� [CW09]. An algebraically

equivalent type of approximation appears in [TYUC17b], and they suggest an im-

plementation with improved stability properties. The namegeneralized Nyström

approximationwas suggested by Yuji Nakatsukasa [Nak20], who investigated dif-

ferent stable implementations that zero out small singular values in the core matrix

	 � H
 . Per-Gunnar Martinsson and Alex Townsend trace the origin of this type

of approximation all the way back to the work of Wedderburn [Wed34, p. 69] in

1934, whose writings contain the formula for a rank: = � = 1 generalized Nyström

approximation. The generalization to: = � ¡ 1 appears 45 years later in [CF79];

see the paper [CFG95] for more discussion. An important di�erence between the

premodern usage of generalized Nyström approximation and its contemporary usage

are the settings of the parameters: and� ; the early literature exclusively focused on

the case: = � , whereas the modern literature has exposed bene�ts of oversampling

(e.g.,� = d1•5: eor : = d1•5� e).

The nameCUR cross approximation is taken from [PN25]. The namecross approx-

imationfor theCUR cross approximation is classical [BR03], particularly when the

row and column subset have the same sizejSj = jTj. The name refers to the fact

that the decomposition can be computed from only a subset of columns and rows

of the matrix. If these subsets are contiguous, they form the shape of a cross on the

matrix [GT01]; see Fig. 10.1 for illustration. Earlier literature also uses the term

pseudoskeleton approximations[GTZ97; GZT97; GT01]. �

WeightedCUR cross approximations.One can also consider weighted versions of

theCUR cross approximation.

De�nition 10.7 (WeightedCUR cross approximation). Let S � f 1– • • • – =gbe a set

of : indices andT � f 1– • • • – <g be a subset of� indices, and let] 1 2 K : � : and
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Figure 10.1: Diagram of cross approximation, showing how the entries selected to
form the approximation form a cross.

] 2 2 K� � � be positivedefinite. The weightedCUR cross approximation is

bH := H¹:–Sº] 1¹] 2H¹T–Sº] 1ºy] 2H¹T–:º

= H¹:–Sº[H ¹T–:º for [ = ] 1¹] 2H¹T–Sº] 1ºy] 2•

If the matrixH¹T–Sº has full rank, then only one of the weight matrices plays a role

in the approximation. Indeed, if� � : andH¹T–Sº has full column-rank, then

¹] 2H¹T–Sº] 1ºy = ] � 1
1 � ¹] 2H¹T–Sººy–

and the core matrix only depends on] 2:

[ = ¹] 2H¹T–Sººy] 2•

A similar result holds if: � � . In particular, if : = � and H¹T–Sº is full-rank,

then bH depends on neither weight matrix, andbH is just the ordinaryCUR cross

approximation.

The justi�cation for considering weightedCUR approximations is provided by the

following result.

Theorem 10.8(The value of weighting forCUR approximations). Fix : � 1 and

any < that is divisible by: ¸ 1. There exists a matrixH 2 R< � 2: and a column

subsetS = f 1– • • • –2: gof : elements such that the squaredunweightedCUR cross

approximation error is at least



 H � H¹:–SºH¹T–SºyH¹T–:º




 2

F � 1•5



 H � H¹:–SºH¹:–SºyH¹T–:º




 2

F

unless the row subsetT comprises at least

� � ¹ 3 � 2
p

2º< � 0•172� < elements•

Conversely, for (diagonally)weightedCUR cross approximations, a row subset of

size

� = O¹: log : ¸ : •Yº (10.1)
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is su�cient to obtain the guarantee




 H � H¹:–Sº¹] 2H¹T–Sººy] 2H¹T–:º




 2

F � ¹ 1 ¸ Yº



 H � H¹:–SºH¹:–SºyH¹T–:º




 2

F•

The proof is somewhat lengthy, so we defer it to Appendix D.2. I believe that the

dependence of� in (10.1) can be reduced to� = O¹: •Yº by extending the results of

[CP19] to least-squares problems with multiple right-hand sides.

This result establishes a fundamental separation between the approximation capa-

bilities of weighted and unweightedCUR approximations. In short, the conclusion

of Theorem 10.8 may be summarized as follows.

WeightedCUR cross approximations achieve¹1 ¸ Yº-type approximation

guarantees using a row-subset of size� = O¹: log : ¸ : •Yº, whereas un-

weighted approximations a constant fraction of the matrix rows� = 
 ¹< º to

achieve such a guarantee.

In practice, the examples which demonstrate a separation between the weighted and

unweighted approximations are somewhat pathological, and unweightedCUR cross

approximations are usually �ne for applications.

10.3 Numerically stable representations

Standard implementations ofCUR approximations su�er from issues of numerical

stability, as Martinsson and Tropp explain [MT20, Ÿ13.1]:

A disadvantage of the [CUR cross approximation] is that, when the

singular values ofH decay rapidly, the factorization [HhS–Ti = I[X ]

is typically numerically ill-conditioned. The reason is that, whenever

the factorization is a good representation ofH, the singular values of

H¹T–Sº should approximate the: dominant singular values ofH, so

the singular values of[ end up approximating the inverses of these

singular values. This means that[ will have elements of magnitude

1• f : , which is clearly undesirable whenf : is small. In contrast, the

ID is numerically benign.

(We have modi�ed this quote to have consistent notation with the rest of this chapter.)

The issues identi�ed in this quote show that working with thestandard representa-

tion bH = I[X of theCUR approximation can be numerically problematic.
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To �x this instability, the authors of [ADMM+15] propose representing theCUR

projection approximation using the factorization

bH = W1� W�
2– (10.2)

whereW1 := Orth ¹H¹:–Sºº, W2 := Orth ¹H¹T–:º� º, and � := W�
1HW2. While

this format is stable, it no longer represents the low-rank approximation as aCUR

factorization bH = I[X . In particular, the factorsW1 and W2 no longer inherit

structural properties ofH such as sparsity, andW1 andW2 lack the interpretability

bene�ts of approximatingH using columns and rows.

To remedy the numerical stability issues withCUR approximation while maintaining

a factored representation using selected columns and rows, I propose the following

new way to stably represent theCUR approximation. The observation is that it

can be more numerically stable to work with animplicit representationof the core

matrix [ . Speci�cally, we represent[ as a product

[ = V� 1 � M (10.3)

of a well-conditionedmatrix M and a (possibly ill-conditioned) upper-triangular

matrix V. This representation can be computed in the following ways:

1. ForCUR projection approximations, �rst use a stable algorithm to compute

a row interpolative decomposition

H � ]H ¹T–:º for ] = HH¹T–:ºy•

To compute a stable representation (10.3), we compute aQR decomposition

of the column submatrixH¹:–Sº:

H¹:–Sº = WV

and de�neM := W� ] . The core matrix[ admits the factorization (10.3).

2. For (weighted)CUR cross approximations with� � : and weight matrix] 2,

we compute aQR decomposition

] 2H¹T–Sº = WV•

and de�neM := W� ] 2. The core matrix[ admits the factorization (10.3).
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As we will see in Section 10.6, working withM and V matrices, rather than the

standard core matrix[ , can lead to signi�cant stability improvements to theCUR

approximation while maintaining the core essence of the decompositionH � I[X .

We emphasize that, to reap the numerical stability bene�ts of this approach, it is

critical to store the triangular matrixV, not its inverseV� 1.

Motivation for improved stability. To motivate why the representation (10.3) is

more stable, �rst consider a square matrixH 2 K=� =, and work with the extreme

case whenS = T = f 1– • • • – =g. The standardCUR decompositionH = I[X has

factorsI = X = H and[ = H� 1; in particular, forming[ as a dense array requires

explicit computation of the inverseH� 1. As can be seen in the following MATLAB

code segment, the reconstruction error with thisCUR decomposition can be large:

B = rand_with_evals(logspace(0,-15,1000)); % Condition num = 1e15

norm(B - B*inv(B)*B)/norm(B) % Outputs 9.7e-3

If we instead compute aQR decompositionH = WVand represent the inverse as

H� 1 = V� 1W� , the reconstruction error drops to the level of the machine precision:

[Q,P] = qr(B);

norm(B - B*(P\(Q'*B))/norm(B) % Outputs 1.6e-15

The stability di�erence between these two approaches is consequence of the fact

that, as a way of solving the systemH^ = _ , the procedureinv(B)*y is forward

butnotbackwardstable[DT12], whereasP\(Q'*B) is backward stable. Notions of

forward and backward stability are discussed a great deal in Part III of this thesis.

The above example demonstrates the ine�ectiveness of explicit inversion in storing

and representing the core matrix[ in a CUR decomposition in extreme case when

S = T = f 1– • • • – =g. The same principle�that explicit computation of the inverse

of a matrix is bad�motivates the use of the implicitly represented core matrix

[ = V� 1 � M for storing generalCUR approximations.

Using the stable representation.The stable representation (10.3) of the core matrix

allows theCUR decomposition to be used in a numerically stable way for down-

stream tasks. The approximationbH can be stably reconstituted as a dense array by

the right�left evaluationI ¹V� 1¹MXºº or the left�right evaluation¹¹IV � 1ºMºX; the

mixed evaluation orderI ¹¹V� 1MºXº should be avoided, however. The left�right

and right�left evaluation orders can also be used to e�ciently and stably generate
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submatrices or individual entries ofbH. One can also compute matrix products as

bH � ^ = I ¹V� 1¹M¹X^ ººº or _ � bH = ¹¹¹_ � I ºV� 1ºMºX•

Storing aCUR decomposition with stable representation (10.3) is economical, as

it only requires retaining the two submatricesI = H¹:–Sº and X = H¹T–:º, plus

O¹:� º storage for the factored core matrix (10.3). If the matrix is structured, storing

I and X may be signi�cantly more e�cient then storing general matricesW1 and

W2 in the representation (10.2). In particular, when working with a function matrix

H = b¹X–Yº (De�nition 3.1), the entries ofI = H¹:–Sº andX = H¹T–:º need not

ever be stored all at once, as they can be generated on-the-�y using the dataX and

Y and the functionb.

Remark10.9 (Comparison with [PN25]). Park and Nakatsukasa [PN25] also con-

sider the numerical stability ofCUR approximation, focusing on unweightedCUR

cross approximations. These authors are principally concerned with developing sta-

ble algorithms forreconstructingaCUR cross approximation as a dense array, which

di�ers from our emphasis on �nding a stable way tostorea CUR approximation

while maintaining the traditionalI[X factorization.

To convert theCUR approximationbH = I[X to a dense matrix, Park and Nakat-

sukasa compute an (economy-size) SVDH¹T–Sº = ] � \ � and reconstructionbH

using the formulabH = ¹I\ � � 1º¹] � Xº. (They also mention the possibility of

using aQR decomposition in place of the SVD, which agrees with our approach.)

Park and Nakatsukasa provide a formal proof of stability for their approach, and

discuss a variant where the pseudoinverseH¹T–Sºy is regularized by setting the

small singular values ofH¹T–Sº to zero.

This work extends the insights of Nakatsuksa and Park by proposing theI ¹V� 1MºX

format as a stable way of representing aCUR decomposition ofany type. In

particular, we show how to use this format to stably represent weightedCUR cross

approximations andCUR projection approximations, which is beyond the scope of

[PN25]. My hope is that this new work makes clear that, when appropriate care for

numerical stability is taken, theCUR approximationstorage formatis safe for use

in general-purpose computations, resolving the issues identi�ed by Martinsson and

Tropp in the beginning of this section. �
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Program 10.1 rpcur2.m . Implementation ofRPCUR2for computing aCUR
projection approximation. Subroutinerpqr is provided in Program 9.2.
function [S,T,U,G,C] = rpcur2(B,k,l)
% Input: Matrix B and ranks k and l
% Output: Column and row sets S and T, k*l core matrix U defining CUR
% approximation Bhat = B(:,S) * U * B(T,:), matrices G and R
% defining (more) stable representation U = G / R

[~,F,T] = acc_rpqr(B',l,floor(l/2)); % RPQR approximation B ~ F*Q'
W = F/tril(F(T,:)); % Row interpolation matrix
[Q,F,S] = acc_rpqr(B,k,floor(k/2)); % RPQR approximation B ~ Q*F'
C = tril(F(S,:))'; % R factor for qr(B(:,S))
G = Q'*W; % Well-conditioned matrix
U = C \ G; % Standard core matrix U

end

10.4 Algorithms

AsCUR decompositions require identifying subsetsS andT of the columns and rows

of the matrixH that approximately span the matrix. As demonstrated throughout

this part of the thesis, random pivoting algorithms are well-suited to exactly this task.

There are a wide array of possible strategies for computingCUR decompositions

using the random pivoting approach. This thesis discusses two possible approaches,

which I will call RPCUR2andRPCURLev. The former approach separately applies

RPQR toH and H� , and the latter approach applies RPQR to obtain a low-rank

approximationH � WL� , then applies leverage score sampling toW.

RPCUR2: Running RPQR twice

Our �rst strategy for computing aCUR decomposition is to simply run RPQR twice,

once onH to obtain a column setS and once onH� to obtain a row setT. One

may be then combine these subsets to create aCUR decomposition ofH. While

RPCUR2can be used to create either type ofCUR decomposition, it is most natural

when used for computing aCUR projection approximation. Code is provided in

Program 10.1.

Implementation. RPCUR2requires two separate executions of RPQR, plus addi-

tional post-processing to construct the core matrix. The total runtime isO¹<=¹: ¸ � ºº

operations. For runtime speed and numerical stability, I use the Householder-based

accelerated RPQR implementation (Program 9.4) in my code. (I have found exam-

ples whereRPCUR2fails catastrophically when using the modi�ed Gram�Schmidt
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implementation in Program 9.3.)

Analysis. A priori error bounds for theRPCUR2algorithm can easily be inferred

from the results for RPQR (Corollary 9.6) and Proposition 10.4.

Corollary 10.10 (RPCUR2). Let H 2 K< � = be a matrix, �xA � 1, and introduce

the squared relative error of the best rank-Aapproximation:

[ :=




 H � È HÉA




 2

F

kHk2
F

•

RPCUR2(Program 10.1) produces an approximationbH satisfying

EkH � bHk2
F � 4




 H � È HÉA




 2

F–

provided the parameters: and� satisfy:– � � Alog¹e• [ º.

Automatic rank determination.If one wishes to compute aCUR decomposition

with error controlled by a toleranceg in someunitarily invariant norm, one can

achieve this goal by running each RPQR step with a tolerance ofg•2, in view of

Proposition 10.4.

RPCURLev: Combining RPQR and leverage score sampling

Our second algorithm for computing aCUR decomposition combines RPQR to

compute the column setS with leverage score sampling (De�nition 3.15) to de-

termine the pivot setT. It most naturally outputs a (diagonally)weightedCUR

cross approximation, but it can also be used with to compute aCUR projection

approximation or unweightedCUR cross approximation if desired.

TheRPCURLevalgorithm proceeds as follows. First, run RPQR to obtain a column

projection approximationH � WL� . Recall that, for the matrixWwith orthonormal

columns, its leverage scores, = srn¹Wº are its squared row norms. We then form

T by sampling iid from the leverage score distribution

T = f C1– • • • – C� g whereC1– • • • – C�
iid� , •

We emphasize sampling is to be donewith replacement. For reasons that will soon

become more clear, it is most natural to output a weightedCUR decomposition with

weight matrix] 2 = Diag¹, ¹Tºº� 1•2.

Code is given in Program 10.2. We highlight that this implementation computes the

pseudoinverse numerically using a column-pivotedQR decomposition, discarding
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Program 10.2 rpcur_lev.m . Implementation ofRPCURLev for computing a
weightedCUR cross approximation to a matrix. Subroutinesrpqr andsqrownorms
are provided in Programs 9.2 and F.3.
function [S,T,U,G,P] = rpcur_lev(B,k,l)
% Input: Matrix B and ranks k and l
% Output: Column and row sets S and T, k*l core matrix U defining CUR
% approximation B ~ B(:,S) * U * B(T,:), matrices G and P
% defining (more) stable representation U = P \ G

[Q,~,S] = acc_rpqr(B,k,floor(k/2)); % RPQR approximation B ~ Q*F'
lev = sqrownorms(Q); % Leverage scores of Q
T = datasample(1:size(B,1),l,"Weights",lev); % Leverage score sample
w = lev(T) .^ (-1/2); % Reweight rows
[Q,P,p] = qr(w .* B(T,S),"econ","vector"); % Pivoted QR
dP = abs(diag(P)); % Diagonal of triangular factor
idx = find(dP > 20*eps*max(dP)); % Find large diagonal entries
Q = Q(:,idx); P = P(idx,idx); % Delete negligible values in Q,P
S = S(p(idx)); % Filter pivots
G = Q' .* w.'; % Well-conditioned matrix
U = P \ G; % Standard core matrix U

end

entries from the index setS to ensure thatH¹T–Sº is numerically full-rank. The

use of column pivoting makes this approach robust, even for sparse problems which

could have many zero entries.

Runtime. RPCURLev requires running: steps of RPQR, sampling� elements

from a weighted probability distribution on< items, and doing post-processing on

anO¹:� º matrix. The runtime ofRPCURLevis O¹<=: ¸ : 2� º. I use accelerated

RPQR (Program 9.4) in my implementation. As we will see in Fig. 10.3, the

RPCURLevalgorithm can be meaningfully faster than theRPCUR2algorithm.

Analysis. To analyzeRPCURLev, we can make use of existing results from the

leverage score literature. We shall use the following result:

Fact 10.11(Leverage score sampling for least squares). LetI 2 K< � : be a full-rank

matrix, and letL 2 K< � =. Let , = srn¹Orth ¹I ºº be the leverage scores ofI and

sample an index setT of � elementsiid with replacement from , . Introduce the

diagonal weight matrix] := Diag¹, ¹Tºº� 1•2. Provided

� � 

�
: log : ¸

:
Y

�
–
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it holds with at least 99% probability that




 L � I »]I ¹T–:º¼y»]L ¹T–:º¼






F � ¹ 1 ¸ Yº



 L � II yL






F•

This result is a variant of [CW17, Thm. 7.9], with the version stated here following

straightforwardly from the proof of that result. This result leads immediately to a

error bound forRPCURLev.

Corollary 10.12(RPCURLev). Let H 2 K< � = be a matrix, �xA� 1 andY 2 ¹0–1º,

and introduce the squared relative error of the best rank-Aapproximation:

[ :=




 H � È HÉA




 2

F

kHk2
F

•

With 99% probability, the weightedCUR cross approximationbH produced by

RPCUR2(Program 10.1) produces an approximation satisfying

ESkH � bHk2
F � ¹ 1 ¸ Yº




 H � È HÉA




 2

F–

provided the parameters: and� satisfy

: �
2A
Y

¸ Alog
�

2
[Y

�
– � � 


�
: log : ¸

:
Y

�

Here,ES denotes the expectation over the randomness in the �rst index setS.

The proof is immediate from Corollary 9.6 and Fact 10.11. This result suggests (cor-

rectly) that both oversampling and weighting� ¡ : are necessary forRPCURLev

to produce high-quality approximations in general.

TheRPCURLevprocedure represents only one way of combining RPQR with an

extra step of row sampling to produce a (weighted)CUR cross approximation. In

my experience, it reliably produces high-quality approximationswhenimplemented

with moderately high oversampling � = O¹: log : º; approaches using pivoting

[SE16; PN25; CK24] are more e�ective for small� � : . In place of leverage score

sampling, natural alternatives are volume sampling [DRVW06; DW17; Der18],

adaptive randomized pivoting [CK24], leveraged volume sampling [DH18], the

Chen�Price method [CP19], and pivoting strategies such as the Park�Nakatsukasa

algorithm [PN25, Alg. 3.2].

Parameter settings.On worst-case examples, the logarithmic oversampling� �


 ¹: log : º suggested by Corollary 10.12 is necessary forRPCURLevto succeed.
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We recommend� = d1•5: log : eas a sensible default value. If one wants to control

the error up to a toleranceg in the Frobenius norm, we recommend running RPQR

with a lower tolerance (g•3, say) to allow for the additional error produced by

selection of the row subsetT.

10.5 Related work: Mahoney and Drineas' algorithm

In their in�uential work onCUR decompositions for data analysis, Mahoney and

Drineas [MD09] proposed a pure leverage score sampling-based approach to select

index setsS andT for CUR approximations; see also the follow-up work [DMM08]

which obtains better theoretical results. Up to some small tweaks, their algorithm

works as follows:

1. SVD. Compute an SVDH = [ � \ � .

2. Column sampling. Choose a parameter: 0 � : , and sample: indices

S = f B1– • • • – B: g iid from the leverage score distribution of\ ¹:–1 : : 0º:

B1– • • • – B:
iid� srn¹\ ¹:–1 : : 0ºº•

3. Row sampling. Choose a parameter� 0 � � , and sample� indices T =

f C1– • • • – C� g iid from the leverage score distribution of[ ¹:–1 : � 0º:

C1– • • • – C:
iid� srn¹[ ¹:–1 : � 0ºº•

4. Output. Return theCUR projection approximation with index setsS andT.

To achieve a¹A–1¸ Y–2º-approximation, Mahoney and Drineas suggest choosing: 0 =

� 0 = Aand:– � = O¹¹AlogAº•Y2º. I believe the parameters:– � = O¹A•Y¸ AlogAº

should su�ce with modern proof techniques, but I have not con�rmed this. In

their original algorithm, Drineas and Mahoney suggest including or not including

each element1 � B � = or 1 � C� < in the setsS or T independently with

some probability so that theexpectednumber of accepted indices isE»: ¼–E»� ¼=

O¹¹AlogAº•Y2º; we have modi�ed the algorithm here to pick a �xed number of

indices. In our experiments, we set: 0 = d: •¹ 2 log: ºe and � 0 = d� •¹ 2 log� ºe.

We refer to this algorithm as Mahoney�DrineasCUR (MDCUR) and provide an

implementation in Program 10.3.

Runtime. The dominant cost of theMDCUR algorithm is the SVD computation.

Using a dense SVD, its cost isO¹<= minf <– =gºoperations. We can accelerate the
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Program 10.3 md_cur.m. Implementation ofMDCUR for computing aCUR
projection approximation.
function [S,T,U,G,P] = md_cur(B,k,l,U,V)
% Input: Matrix B, ranks k and l, and top left and right singular
% vectors U and V
% Output: Column and row sets S and T, k*l core matrix U defining CUR
% approximation B ~ B(:,S) * U * B(T,:), matrices G and P
% defining (more) stable representation U = P \ G

[m,n] = size(B);
S = datasample(1:n,k,"Replace",false,"Weights",sqrownorms(V));
T = datasample(1:m,l,"Replace",false,"Weights",sqrownorms(U));
[Q,R] = qr(B(T,:)',"econ");
W = (B*Q)/R'; % Row interpolation matrix
[Q,P] = qr(B(:,S),"econ");
G = Q'*W; % Well-conditioned matrix
U = P \ G; % Standard core matrix U

end

algorithm by using a randomized SVD, reducing the cost toO¹<=¹: 0 ¸ � 0ºº. The

remaining steps of the algorithm incur a post-processing cost ofO¹<: 2 ¸ =�2º.

Further alternatives. Another approach to computingCUR decompositions is

to use sketchy pivoting, discussed in Section 9.4 [DM23b]. The comparison of

randomly pivotedCUR methods to sketchy pivoting methods forCUR is similar

to the comparison of RPQR methods to sketchy pivoting methods for interpolative

decomposition. In particular, sketchy pivoting methods can be faster but generally

require an upper bound on the approximation rank: to be known in advance, which

is a signi�cant limitation for some applications. See Section 9.4 and [DCMP24] for

further discussion on the relative merits of sketchy pivoting and random pivoting.

There are many other algorithms for computingCUR decompositions including

squared row and column norm sampling [DKM06], adaptive cross approximation

[BR03], adaptive randomized pivoting [CK24], and more sophisticated multi-stage

sampling approaches [BW17]. Comparison of the random pivoting algorithms

against these approaches is a natural subject for future work.

10.6 Experiments

To begin exploring the performance of the two randomly pivotedCUR algorithms,

we present some preliminary tests on three di�erent example matrices.



178

Figure 10.2:Left: Relative errorkH � bHkF• kHkF computed by the following meth-
ods: RPCUR2(orange stars),RPCURLevwith (blue circles) and without over-
sampling (yellow squares), andMDCUR (pink crosses). Solid light lines forCUR
algorithms use the stable representation[ = V� 1 � M from Section 10.3, and dashed
dark lines store[ as a dense array. The error for the best rank-: approximation
bH = ÈHÉ: is shown as a dotted black line. We plot the median of 100 trials, with
error bars showing 10% and 90% quantiles.Right: PointsF 9 in column subset
9 2 S selected by random pivoting methods (top) and the Mahoney�Drineas algo-
rithm (bottom) with : = 30.

Experiment #1: Function matrix. First, as a simple test of approximation quality

and numerical stability, we test the two randomly pivotedCUR algorithms of the

previous section on a simple test matrixH 2 C=� = with entries

18 9=
1

I 8 � F 9

The pointsI 8andF 9 are chosen to be equispaced on the complex unit circleT¹Cº:

I 8 := exp
�
2ci �

8� 1
2=

�
– F8 := exp

�
2ci �

= ¸ 8� 1
2=

�
for 8= 1–2– • • • – =–

and we set= := 1000. The pointsI 8trace the portion of the unit circle in the upper half

plane,T¹Cº \ f Im¹I º � 0g, and theF 9 trace the lower half,T¹Cº \ f Im¹I º � 0g.

Matrices similar toH occur in the design of algorithms for structured systems

of linear equations and least-squares problems [CGSX+08; XXG12; XXCB14;

WEB25; BKW25].

Figure 10.2 shows results forRPCUR2, RPCURLev (with oversampling� =

d1•5: log : eand no oversampling� = : ), andMDCUR. As points of comparison, I

also include the optimal rank-: approximation. We note the following conclusions:
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ˆ Near-optimality for random pivoting. On this example,RPCUR2and

RPCURLevwith oversampling both produces approximations of comparable

quality to the optimal rank-: approximation.MDCUR, by contrast, converges

at a slower rate. These results demonstrates the bene�ts of using random

pivoting to select at least one of the row or column subsets.

ˆ Necessity of oversampling forRPCURLev. Comparing the accuracy of the

RPCURLevmethod with and without oversampling, we see that oversampling

� ¡ : is crucial to maintain accuracy of the procedure.

ˆ Stability bene�ts of factored [ matrix representation (10.3). The solid

light curves show the results of theCUR algorithms with the stable represen-

tation (10.3), which eventually achieve machine accuracy and even slightly

beat the optimal rank-: approximationdue to � nite-precision effects. The

dark dashed curves show the results of theCUR algorithms with an explicit

[ matrix. When the accuracy is smaller (¯ D1•2 for the random pivoting

methods), the explicit[ implementations have similar accuracy to the fac-

tored representation. However, while the relative error of the stable methods

improve past this point, the relative error of the unstable implementations

begins toincreasefor large values of: . These results con�rm the signi�cant

numerical issues of the standard implementation of theCUR decomposition

for high-accuracy matrix approximation.

ˆ Visualization of column subsets. Column subsetsS of : = 30 elements

selected by random pivoting methods and the Mahoney�Drineas method are

depicted visually in the right panels of Fig. 10.2. Both methods cluster

landmarks near the edges of the semicircle, with random pivoting methods

producing a more even distribution. Because the Mahoney�Drineas method

samples points iid, its landmark set contains examples of nearly overlapping

landmarks and regions that lack landmarks, which explains the di�erences in

approximation quality with the random pivoting methods.

Example #2: Sparse matrix.As a second example, we evaluate the methods on the

Meszaros/large matrix from the SuiteSparse collection. This example was used

in the recent paper [CK24, Ÿ6.1]. We store this matrix as a dense matrix for the

experiments in this section.

We evaluate the runtime and accuracy ofRPCUR2, RPCURLev(with oversampling

� = d1•5: log : e), andMDCUR on this example. To make theMDCUR competitive
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Figure 10.3: Relative error (left) and runtime (right) for RPCUR2(orange stars),
RPCURLev(blue circles), andMDCUR(pink crosses) onMeszaros/large sparse
matrix. We plot the median of 100 trials, with error bars showing 10% and 90%
quantiles.

in terms of runtime, we use the randomized SVD (Program 2.1) with rank: 0

to approximate the dominant left and right singular vectors ofH. RPCUR2and

MDCUR are implemented without oversampling: = � . Due to the sparsity of

H, the column pivotedQR decomposition in Program 10.2 is necessary for the

algorithm to succeed.

Results are shown in Fig. 10.3. TheMDCUR algorithm is the fastest, andRPCUR2

is the slowest. BothRPCUR2andRPCURLevachieve accuracy comparable to the

optimal rank-: approximation, whereasMDCUR lags behind the other methods,

particularly when: � 300. These results demonstrate how, on di�cult exam-

ples,MDCUR can produce approximations comparable with the best rank-(A Ÿ :)

approximation, whereas the random pivoting approximations empirically produce

approximations comparable to the best rank-: approximation. The need for over-

sampling presents a weakness of pure leverage score sampling based approaches

over random pivoting approaches.
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C h a p t e r 11

RANDOM PIVOTING: OPEN PROBLEMS

We conclude this part of the thesis with two open problems: improved error bounds

for RPCholesky (Section 11.1) and whether there are simple, e�ective algorithms

for approximating a psd matrix from a small number of entry accesses when errors

are measured using the Frobenius norm, rather than the trace (Section 11.2).

11.1 Open problem:RPCholesky error bounds

The bound Theorem 4.1 already provides a useful description of the performance of

RPCholesky, showing that one achieves an¹A– Yº-approximation (De�nition 3.6)

in

: �
A
Y

¸ Alog
�

1
Y[

�
steps• (11.1)

Here,

[ =
tr¹G � È GÉAº

tr¹Gº
is the relative error of the best rank-Aapproximation. The bound Theorem 4.3 pro-

vides weak�but sometimes useful control�related to the spectral norm. There are a

few directions along which one could hope to improve our theoretical understanding

of RPCholesky.

Bounds in the limit [ # 0. As noted in Remark 4.2, the bound (11.1) degenerates

to in�nity in the limit when the relative error[ # 0. At least in some cases,

this bound badly mischaracterizes the performance of theRPCholesky algorithm,

which converges in exactlyAsteps when applied to a matrix withrankG = A.

For cases when[ is small, [CETW25, Thm. 5.1] establishes that the¹A– Yº-guarantee

holds when

: �
A
Y

¸ A¸ max
�
0– A2 log¹2º ¸ Alog¹1•Yº

	
•

This bound is nice because it purges the relative error[ from the bound entirely

On the other hand,: is required to bequadraticin Ato produce an approximation

comparable to the best-Aapproximation�ouch!

R. J. Webber and I conjecture that this bound can be improved as follows.

Conjecture 11.1(Better [ -free RPCholesky bounds). RPCholeskyachieves an

¹A– Yº-approximation to any psd matrix inA•Y¸ O¹ Alog¹A•Yºº operations.
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Here is one concrete approach that could resolve this conjecture. Speci�cally, we

make another conjecture:

Conjecture 11.2(ImprovedA-step bound). For any psd matrixG, theA-stepRP-

CholeskyresidualG¹Aº satis�es

tr¹G � G¹Aºº � � ¹Aº tr¹G � È GÉAº for � ¹Aº = poly¹Aº• (11.2)

Conjecture 11.2 would imply Conjecture 11.1. Unfortunately, we are currently ex-

ponentially far from proving Conjecture 11.2; our best bound [CETW25, Lem. 5.5]

establishes (11.2) with� ¹Aº = 2A.

Spectral-norm bounds.For reasons that will be described in Section 11.2, it is not

possible forRPCholesky or any psd low-rank approximation algorithm that uses

limited entry accesses to produce a relative-error approximation in the spectral norm

(that is, an¹A– Y–1º -approximation) inO¹=poly¹A•Yºº entry access operations.

However, it is reasonable to hope thatRPCholesky produces approximations that

are accurate when measured in the spectral norm once the number of steps is

comparable to thee�ective dimension, de�ned in De�nition 3.16. Indeed, we saw

earlier in Fact 3.17 that ridge leverage score sampling achieves such a bound. We

conjecture thatRPCholesky does equally well.

Conjecture 11.3(RPCholesky: Spectral norm bounds). Let_ � 0. If RPCholesky

is executed for: = O¹de� ¹_º polylog¹de� ¹_º–kGk•_ºº steps, it produces an index

set satisfying

GhSi � G � GhSi ¸ _I

with at least 99% probability. Here,polylogdenotes an unspeci�ed polylogarithmic

function.

If such a result were true, it would provide theoretical support for the empirical

observation thatRPCholesky performs similarly to or better than RLS sampling

for column Nyström preconditioning (Section 6.1). To be conservative, I have

included polylogarithmic factors in the conjecture, but I believe the conjecture will

also be true without them.

11.2 Open problem: Frobenius-norm psd low-rank approximation

The goal of this part of the thesis has been to develop algorithms that evaluate a small

number of entries to compute an¹A– Y–1º-approximation to a psd matrix. Recall
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from De�nition 3.6 that an¹A– Y– ?º-approximation is a random matrixbG such that

EkG� bGkS?
� ¹ 1 ¸ Yº




 G � È GÉA






S?
•

Recall thatk�kS?
is the Schatten?-norm. It is frame the question: Does the psd

low-rank approximation problem admit e�cient algorithms when? ¡ 1?

Many of the algorithms we have considered so far, includingRPCholesky, uniform

column Nyström approximation, greedy pivoted partial Cholesky, and the entire

family of GibbsRPCholesky methods (Section 4.4), arediagonal�column access

algorithms. These methods interact with the matrixGonly by reading the diagonal

and full columns. As we will see, diagonal�column access algorithms have fun-

damental limitations for psd low-rank approximation, and a more general class of

algorithms are needed order to compute¹A– Y– ?º-approximations for? ¡ 1.

The following result establishes establishes limits on both general and diagonal�

column access psd low rank approximation algorithms.

Proposition 11.4(Psd low-rank approximation: Lower bound). Fix ? 2 »1–1¼. On

a worst-case input matrix,

ˆ A diagonal�column access algorithm must read
 ¹=2� 1• ?º entries to guaran-

tee a¹1–c– ?º-approximation.

ˆ Any algorithm must read
 ¹maxf =– =2� 2• ?gºentries to guarantee a¹1–c– ?º-

approximation.

Here,c ¡ 0 is a universal constant.

Proof sketch.Choose= to be large, and construct the matrix

G = V

"
I=�d =1• ?e 0

0 1
d2=1• ?e

1�
d2=1• ?e

#

V� –

whereV is a uniformly random permutation matrix. The optimal rank-one approxi-

mation to this matrix is

ÈGÉ1 = V

"
0 0

0 1
d2=1• ?e

1�
d2=1• ?e

#

V� •
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We compute

kGkS?
=

�
¹= � d 2=1• ?eº �1 ¸ ¹d2=1• ?eº?

� 1• ?
� ¹ 2 ¸ >¹1ºº=1• ?–




 G � È GÉ1






S?
=

�
¹= � d 2=1• ?eº �1

� 1• ?
= ¹1 ¸ >¹1ºº=1• ?•

To produce a nontrivial low-rank approximation requires identifying a nonzero o�-

diagonal entry.

Since each diagonal entry is one, any diagonal�column access algorithm must keep

accessing columns until it �nds a nonzero o�-diagonal entry. Each column access

has ad2=1• ?e•= = ¹2¸ >¹1ºº=1• ?� 1 probability of identifying a nonzero o�-diagonal

entry, so it takes
 ¹=1� 1• ?º column accesses (= 
 ¹=2� 1• ?º entry accesses) to �nd a

nonzero o�-diagonal entry with high probability.

A general psd low-rank approximation algorithm is free to query o�-diagonal entries

one-by-one. Until a nonzero entry is found, each query �nds a nonzero o�-diagonal

entry with probabilityO¹=2• ?� 2º, so it requires
 ¹=2� 2• ?º accesses to �nd a nonzero

o�-diagonal entry with high probability. The fact that it always requires
 ¹=º

accesses to produce a nontrivial low-rank approximation can be established by

considering the matrixe8e
�
8 where8� Unif f 1– • • • – =g.

Proposition 11.4 shows that, forRPCholesky and other diagonal�column access

algorithms, approximating matrices in the trace norm is essentially as good as

one can expect, at least for an algorithm with anO¹=º runtime. However, this

result leaves open the possibility of achieving relative-error approximations in the

Frobenius norm withO¹=º operations using a more general access pattern. Indeed,

suchO¹=º algorithms for producing¹A– Y–2º-approximations do exist. The �rst

such algorithm was discovered by Musco and Woodru� [MW17], which produces

an ¹A– Y–2º in eO¹=A•Y2•5º entry accesses; this was improved toeO¹=A•Yº entries in

[BCW20]. Despite these appealingly low entry access counts, the algorithms of

[MW17; BCW20] are complicated and have large prefactor constants. That leads

us to the open question:

Is there a simple, e�ective, and practically performant algorithm for psd low-

rank approximation that achieves relative error guarantees in the Frobenius

norm?

As Proposition 11.4 shows, such an algorithm must use a more sophisticated access

model than diagonal and column accesses alone. Additionally, even basic existence
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questions are open, as far as I am aware. For instance, does there exist a set

S of poly¹A•Yº pivots de�ning a column Nyström approximationGhSi that is an

¹A– Y–2º approximation? Or must we use more sophisticated low-rank approximation

formats, such as weightedCUR cross approximations, to produce Frobenius-norm

relative-error approximations?



Part II

Leave-one-out randomized matrix

algorithms

Dedicated to my parents Meg and Tom Epperly.
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C h a p t e r 12

MATRIX ATTRIBUTE ESTIMATION PROBLEMS

This kind of structure [sparsity] is readily exploited by the iterative

methods we shall discuss, for these algorithms use a matrix in the form

of ablack box. The iterative algorithm requires nothing more than the

ability to determineGx for anyx, which in a computer program will be

e�ected by a procedure whose internal workings need be of no concern

to the designer of the iterative algorithm.

Lloyd N. Trefethen and David Bau, III,Numerical Linear Algebra

[TB22, p. 244]

Frequently in applications, we encounter problems where we wish to learn infor-

mation about an unknown matrixH 2 C< � = that can only be accessed by matrix�

vector products8 7! H8 and, possibly, matrix�vector products with the adjoint

8 7! H� 8 . As examples, we might be interested in learning the matrix tracetr¹Hº,

the matrix diagonaldiag¹Hº, or individual entries18 9.

In this part of the thesis, I will present a new approach to designing randomized

algorithms for suchmatrix attribute estimationproblems called theleave-one-out

approach. The leave-one-out approach leads to fast, resource-e�cient algorithms

with state-of-the-art accuracy. After introducing the necessary preliminaries in

Chapter 13, we will discuss the leave-one-out approach in Chapter 14. This initial

chapter serves to motivate the problem of estimating attributes of a matrix through

matrix�vector products. We will address the questions �When are we able to access

a matrixH only through matrix�vector products?� and �Which attributes ofH do

we want to estimate in applications?�

Sources.This is an introductory chapter and is not based on any particular research

article. The resources [US17; Pop23] are useful resources for applications of trace

and diagonal estimation algorithms, respectively.

Outline. Section 12.1 discusses matrix attribute estimation problems and the

matrix�vector (�matvec�) model for measuring their computational cost. Sec-

tion 12.2 discusses examples of matrix attribute estimation problems including

trace, diagonal, and row-norm estimation. It also discusses applications.
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12.1 Matrix attribute estimation and the matvec model

Linear algebraic algorithms that access a matrixH through matrix�vector products

(a�ectionately abbreviatedmatvecs) are extremely common. Examples include

power iteration for computing eigenvalues [GV13, Ÿ8.2] as well as Krylov iteration

for solving linear systems [Saa03], computing eigenvalues [Saa11], and applying

matrix functions [Che24]. For these classical iterative methods, the matrixH is

often stored explicitly in memory as either a dense or sparse array, and matvec

algorithms are used due to their computational e�ciency (particularly whenH is

sparse, makingz 7! Hz is cheap to compute).

This thesis focuses on an alternative setting where the matrixH is not stored explicitly

andH canonlybe accessed through matvecs (and possibly matvecs with the adjoint

H� ). This more restrictive setting is motivated by the following examples:

ˆ Products of matrices. The matrixH is a product of several other matrices,

H = I 1I 2 � � � I � . It is expensive to evaluate the matrixH, as it requires form-

ing the product, but matvecs withHcan be computed e�ciently by multiplying

a vector against theI 8 matrices one at a time:H8 = I 1¹I 2¹� � � ¹I � 8 º � � � º.

Important special cases are the Gram matrixH = I � I and powersH = I : .

ˆ Matrix functions. Let I 2 C=� = be a matrix and5 : C ! C be a function

de�ned on the spectrum ofI . SetH := 5¹I º using the standard extension

of scalar functions to matrix inputs [Hig08, Ÿ1.2]. ComputingH = 5¹I º

explicitly is typically costly, but matvecsH8 = 5¹I º8 can often be computed

e�ciently by algorithms such as the Arnoldi method or, ifI is Hermitian, the

Lanczos method [Hig08, Ÿ13.2]. (In particular, for the special case5¹I º = I � 1,

computing productsI � 18 is equivalent to solving linear systems of the form

Iy = 8 , for which there has beenmuchwork [Saa03].)

ˆ Automatic di�erentiation. Given a twice di�erentiable function5 : R= ! R

and an inputx 2 R=, automatic di�erentiation allows one to compute matvecs

� 2 5¹xº � 8 with the Hessian matrix� 2 5¹xº 2 R=� = in a small multiple of

the runtime required to evaluate5¹xº [BR24]. Similarly, given a function

6 : R= ! R< , matvecs�6 ¹xº � 8 with the Jacobian matrix�6 ¹xº 2 R< � =

are also e�ciently computable by automatic di�erentiation.

In all of these settings, matvecs with the adjointH� are typically also available.

These examples motivate thematvecmodel:
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Matvec model. A matrix H 2 R< � = is provided that can only be accessed

through matvecs8 7! H8 and adjoint matvecs8 7! H� 8 . The cost of an

algorithm is measured by the number of matvecs used.

Under the matvec model, the entire matrixH can be recovered one column at a time

by computing the matvecsHe1– • • • –He= with each of the standard basis vectors

e8. Thus, in the matvec model, any problem can be solved at the �trivial cost� of

= matvecs. Thus, in this model, an algorithm is considered �e�cient� if it beats

this trivial cost of= matvecs. In this part of the thesis, we will seek algorithms

that produce approximate solutions but will expend a number of matvecs that is

independentof the dimensions< and= of the matrix.

Problems that are trivial for a matrixH stored in memory become more challenging

when considered in the matvec model. For instance, consider the trace

tr¹Hº =
=Õ

8=1
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of a square matrixH 2 R=� =. If H is stored in memory, the trace can be computed

exactly in O¹=º operations. However, in the matvec model, computing the trace

exactly�by either a deterministic or randomized algorithm�incurs the trivial cost

of = matvecs. This observation motivates the study of algorithms forapproximating

the trace in the matvec model. We will discuss trace estimation in the matvec model

throughout this part of the thesis.

Trace estimation is a member of the family ofmatrix attribute estimation problems:

Matrix attribute estimation problem. Let & ¹Hº denote some attribute of

a matrix such as its tracetr¹Hº or its entry18 9in position¹8– 9º. The matrix

attribute estimation problem is to compute an estimateb& for & ¹Hº. The cost

an algorithm is measured by the number of matvecs, and the quality of the

solution is measured by the errorj b& � & ¹Hºj.

We have written& ¹Hº for a scalar-valued attribute& ¹Hº 2 K, but vector-valued or

matrix-valued attributesq¹Hº 2 K3 or W¹Hº 2 K< 0� =0
are �ne as well. In these

cases, we will measure the error using an appropriate norm.

In a sense, any linear algebra problem is an example of a matrix attribute estimation

problem. In this thesis, we will use this term more narrowly to describe attributes like
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the trace that are linear or quadratic functions of the matrixHand are computationally

challenging only within the matvec model.

As we will see in this part of the thesis, the matvec model provides a convenient

framework for designing and analyzing algorithms. However, like all computational

models, the matvec model is idealized. We note a few weaknesses:

ˆ Post-processing costs.In the matvec model, we measure the cost of an

algorithm only by counting the number of matvecs. However, for problems

where the matvec operations are relatively cheap, the computational cost can

be dominated by post-processing to assemble the collected matvecs into the

estimator. Responding to this weakness, this thesis will focus on algorithms

with fast post-processing. We will even develop improved implementations

of one estimator with up to7� faster post-processing (Remark 14.5).

ˆ Blocking. Another de�cit of measuring algorithm cost through matvec count

is that it ignores the computational bene�ts of blocking. For reasons discussed

in Section 8.1, performing� matvecsH8 1– • • • –H8 � individually can be much

more expensive than performing these matvecs in a batch, i.e., by computing

the matrix�matrix productH»8 1 � � � 8 � ¼. The algorithms in this thesis will

always compute matvecs in batches, so they remain e�cient even accounting

for the bene�ts of blocking.

ˆ Opening the black box. The matvec model treats the matvec subroutine

8 7! H8 as a black box. But, for matrix functionsH = 5¹I º, matvecs5¹I º8

are often computed by the Arnoldi or Lanczos methods, which utilize matvecs

with I . In this context, matvecs withI are the primitive operation that

should be minimized. Tyler Chen and collaborators have productively used

this observation to develop faster �Krylov-aware� matrix attribute estimation

algorithms [CH23; PCM25].

Notwithstanding these limitations, we will use the matvec model in this thesis.

12.2 Examples of matrix attribute estimation problems: Trace, diagonal, and

row-norm estimation

There are several interesting and practically useful matrix attribute estimation prob-

lems, including trace, diagonal, and row-norm estimation.
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Trace estimation

The trace estimation problem is to approximatetr¹Hº in the matrix�vector product

(matvec) model. Trace estimation has a number of applications, some of which

were surveyed in the paper [US17]. Here is a partial list:

ˆ Triangle counting. Counting the number of triangles in a graph is a basic

problem in network science, and it is necessary to compute the clustering

coe�cient [AD18]. This problem is a trace estimation problem, as the number

of triangles in a graph with adjacency matrixG is tr¹G3º•6. This problem

is a natural demonstration of the matvec model, as matvecs withG3 can be

computed by iterated multiplicationG¹G¹G8ºº.

ˆ Log-determinant [MMB21; WPHC+22]. Estimates of the log-determinant

are used in maximum likelihood estimation for Gaussian process methods

(Remark 5.22). This problem can be viewed as a trace estimation problem,

in view of the identitylog det¹Gº = tr log¹Gº. Matvecs withlog¹Gº can be

computed using the Lanczos method.

ˆ Continuous normalizing �ows [CRBD18; GCBS+19; SSKK+21; Now22].

Several machine learning models�such as neural ODEs [CRBD18], FFJORD

[GCBS+19], and di�usion models [SSKK+21]�evolve a random initial value

x¹0º under continuous dynamicsddCx¹Cº = 5¹x¹Cº– Cº. These algorithms must

estimate the instantaneous rate of change of the log-likelihood ofx¹Cº, which

is the negative trace of the Jacobian� tr¹D 5º. Matvecs with the Jacobian can

be computed using automatic di�erentiation.

ˆ Statistical physics.The partition function of a quantum system with Hamil-

tonian G at inverse-temperatureV ¡ 0 is I := tr exp¹� VGº. Other thermo-

dynamics quantities can also be expressed as matrix traces; for instance, the

average energy is4 := I � 1 tr¹Gexp¹� VGºº. Trace-exponentials also appear

in network science as Estrada index centrality measures [Est22].

ˆ Norm estimation. Computing or estimating the norm of a matrix is a ubiq-

uitous task in matrix computations. This computation can be seen as a

trace estimation problem, as the Schatten?-norm iskHkS?
:= tr»¹H� Hº?•2¼.

Matvecs with¹H� Hº?•2 can be computed by iterated multiplication (if? is an

even integer) or by the Lanczos method.
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Diagonal estimation

Given a square matrixH 2 K=� =, the diagonal estimation problem is to estimate

diag¹Hº 2 K=. There are several applications of diagonal estimation algorithms.

ˆ Statistics. The diagonal entries of a covariance matrixGfor a random vector

x 2 K= are the variances of the individual entries088= Var¹G8º. Similarly,

for jointly Gaussian random variables, the reciprocals of the diagonal of

the inverse-covariance matrix (precision matrix)G� 1 store theconditional

variances:

1

G� 1¹8– 8º
= Var¹G8 j G1– • • • – G8� 1– G8̧ 1– • • • – G=º•

ˆ Centrality measures.Many centrality measures for graphs are de�ned using

the diagonal of functions of the graph adjacency matrixG(or related matrices

such as the graph Laplacian). For instance, the number of triangles incident on

vertex8is the8th diagonal entry ofG3•2 [AD18], and thesubgraph centrality

of vertex 8 is the 8th diagonal entry ofexp¹Gº [Est22]. For a survey on

centrality measures, see [BJT23].

ˆ Optimization. The convergence of gradient descent methods can be slow if

the problem is poorly scaled. This issue can be remedied by using the diagonal

of the Hessian matrix to precondition the descent method [YGSM+21]. An-

other application of diagonal estimation to semide�nite programming appears

in [Lin23].

Other applications of diagonal estimation include electronic structure calculations

in materials science [BKS07; LLYC+09], uncertainty quanti�cation for linear re-

gression [Pop23], low-rank matrix approximation algorithms [FL24]. Chapter 16

discusses diagonal estimation algorithms.

Row-norm estimation

The problem of estimating the (squared) row- or column-norms of a matrixH 2

K< � = also has many applications. This problem has received signi�cantly less

attention than trace or diagonal estimation. Assuming matvec access to bothH and

H� , the row- and column-norm problems are equivalent, as column-norm estimation

on H is row-norm estimation onH� . Here are several applications:
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ˆ Leverage scores.As introduced in De�nition 3.15, the leverage scores of

a matrix G are the squared row norms of any orthonormal basis matrix[

for range¹Gº. Row-norm estimation algorithms play a crucial role in fast

algorithms for leverage score estimation [DMMW12]. Related ideas are used

to estimate e�ective resistances in networks [SS08].

ˆ Matrix computations. Many standard linear algebra algorithms require

computation of row norms, and many of these algorithms are robust to those

row norms being computed approximately. For such algorithms, row-norm

estimates can allow for signi�cant acceleration (see, e.g., [FL24]). Many

of the codes in this thesis require row or column norms, and can also be

accelerated using row-norm estimates (see Remark 18.2).

ˆ Electronic structure theory. In electronic structure theory calculations, the

electron density can be obtained from the row norms of an implicit matrix,

making it possible to accelerate the computation using row-norm estimation

algorithms. This application appears in the thesis of Aleksandros Sobczyk

[Sob24].

Row-norm estimation also has close connections to the diagonal estimation problem

(Section 17.2), and many of the most e�ective algorithms for diagonal estimation

for psd matrices proceed through row-norm estimation [MMB21; Lin23; FL24].

See Chapter 17 for more discussion of and algorithms for row-norm estimation.
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C h a p t e r 13

FUNDAMENTAL TOOLS: LOW-RANK AND MONTE CARLO
APPROXIMATIONS

What we are calling a quadratic trace estimator is often called the

Hutchinson's trace estimator, especially whenv is chosen uniformly from

the set of vectors with entries� =� 1•2. However, [Hut89] was not the �rst

use of quadratic trace estimators for the task of approximating the trace

of an implicit matrix; [Hut89] itself cites [Gir87] which addresses the

same task by using samples ofv drawn uniformly from the unit

hypersphere. Algorithms based on the use of random vectors date back

at least to the mid 1970s [ABKS75; WW76; WW77; Dd89].

Tyler Chen,Lanczos-based methods for matrix functions[Che22, Ÿ4.1.1]

This chapter introduces two approaches to matrix attribute estimation�Monte Carlo

approximation and low-rank approximation�which serve as building blocks for ma-

trix attribute estimation algorithms. After introducing these techniques individually,

we will see that they become more powerful when used in combination, as demon-

strated in the famousHutch ++ algorithm. This ideas will be re�ned in the next

section, where we will use them in combination with theleave-one-out approachto

the design of randomized matrix algorithm.

Sources.The main aims of this section are expository, and it is not based on any

particular research article. Section 13.3 discusses variance reduction technique for

matrix attribute estimation andHutch ++ algorithm from the paper [MMMW21b].

The concept of �resphering� matrix attribute estimation algorithms, which we dis-

cuss throughout this section, was �rst introduced in [ETW24].

Outline. Section 13.1 introduces the Monte Carlo approach to matrix attribute

estimation, and it shows how this approach can be used to develop Monte Carlo

estimators of the trace, diagonal, and row norms. This section also discusses choice

of random distribution for such algorithms and introduces the idea of �resphering� a

Monte Carlo estimator for a matrix with a known nullspace. Section 13.2 discusses

the use of low-rank approximation to estimate matrix attributes, and Section 13.3

describes how low-rank approximation can be used as avariance reductiontechnique
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to improve the accuracy of Monte Carlo estimators. This variance technique is

exempli�ed by theHutch ++ algorithm, which is discussed in this section. We

conclude Section 13.3 by discussing weaknesses of theHutch ++ algorithm which

will be addressed by the leave-one-out approach in Chapter 14.

13.1 Monte Carlo approximation

Monte Carlo approximation is a simple yet powerful method for constructing ran-

domized estimators of a matrix attribute. In its basic form, the approach is to design

an unbiased estimatorb@for a quantity of interest@(so thatE»b@¼= @), and then

average several independent copies ofb@to reduce variance [Liu04]. More general

versions of the method also allow for estimators that are not fully independent or

that introduce slight bias.

For matrix computations, many Monte Carlo estimators can be built usingisotropic

random vectors.

De�nition 13.1 (Isotropic random vector). A random vector8 2 K= is isotropicif

it satis�esE»88 � ¼= I.

Examples of isotropic random vectors include standard Gaussian vectors8 �

Normal K ¹0–Iº or vectors8 � Unif ¹
p

=S¹K=ºº drawn uniformly from the sphere

of radius
p

=. Both of these constructions are de�ned in either the �eld of real or

complex numbers,K 2 fR–Cg. Another popular isotropic random distribution is

the random sign distributionUnif f� 1g=.

An isotropic random vector8 gives rise to a rank-one matrix88 � that serves as

an unbiased estimator for to the identity matrix. This estimator can be improved by

forming an averageB� 1 Í B
8=1 8 88

�
8 of independent copies8 1– • • • –8 B

iid� 8 . Using

this observation, one can design unbiased estimates for matrix attributes by intro-

ducing a copy of the identity matrix and replacing it by a stochastic approximation.

In the following examples, we develop several classical Monte Carlo estimators in

matrix computations using this perspective.

Example: Girard�Hutchinson trace estimator

As a �rst example of a Monte Carlo algorithm for matrix attribute estimation, we

consider the trace estimation problem. LetH 2 K=� = be a square matrix. To estimate

tr¹Hº, introduce a copy of the identity matrix

tr¹Hº = tr¹H � I º
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Program 13.1girard_hutchinson.m . Unoptimized MATLAB implementation
of the Girard�Hutchinson estimator (13.1). Therandom_signs subroutine is de-
�ned in Program F.2.
function tr = girard_hutchinson(B,n,s)
% Input: Function B() computing matrix products B(X) = B*X, number
% of rows n, and number of matvecs s
% Output: Estimate tr of trace(B)
tr = 0;
for i = 1:s

om = random_signs(n,1); % Generate vector of random signs
tr = tr + om'*B(om) / s; % Update trace estimate

end

end

and use the stochastic approximationB� 1 Í B
8=1 8 88

�
8 � I , resulting in the estimator

btrGH := tr

 

H �
1
B

BÕ

8=1

8 88
�
8

!

� tr¹H � I º = tr¹Hº•

Invoking the linearity and the cyclic property of the trace, we can rewrite the

estimatorbtrGH in the more computationally useful form

btrGH =
1
B

BÕ

8=1

8 �
8

�
H8 8

�
• (13.1)

The formula (13.1) clearly demonstrates thatbtrGH can be computed usingBmatvecs.

See Program 13.1 for un-optimized MATLAB code.

Estimators of the form (13.1) were used by Girard [Gir87; Gir89] and popularized

by Hutchinson [Hut89], so we will call this approximation theGirard�Hutchinson

estimator. Tyler Chen has conducted an in-depth study of the history of trace

estimation. His analysis identi�es estimators related to (13.1) in work from quantum

physics dating back as early as the 1920s [Che22, Ÿ4.1.1].

Example: BKS diagonal estimator

Another Monte Carlo algorithm for a matrix attribute estimation problem is the BKS

diagonal estimator. Again, we begin with a square matrixH and writeH = H � I .

ReplacingI with the stochastic approximationB� 1 Í B
8=1 8 88

�
8 � I yields the diagonal

estimator

ddiagBKS := diag

 

H �
1
B

BÕ

8=1

8 88
�
8

!

� diag¹Hº• (13.2)
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Program 13.2bks.m. Bekas�Kokiopoulou�Saad estimator for the diagonal of a
matrix. Subroutinerandom_signs is provided in Program F.2.
function d = bks(B,n,s)
% Input: Function B() computing matrix products B(X) = B*X,
% number of columns n and number of matvecs s
% Output: Estimate d of the diagonal of B

Om = random_signs(n,s); % Matrix of random signs
d = mean(B(Om) .* Om,2); % BKS diagonal estimate

end

This estimator can be simpli�ed by means of the identity

diag¹ab� º = a � b for a–b 2 K=• (13.3)

Here, � denotes the entrywise product of vectors, and¹�º denotes the entrywise

complex conjugate. Applying (13.3) and the linearity of the diagonal map yields a

simpler form for the diagonal estimator (13.2):

ddiagBKS =
1
B

BÕ

8=1

¹H8 8º � 8 8• (13.4)

Estimators similar to (13.4) appear to have originally developed by Bekas,

Kokiopoulou, and Saad [BKS07]. In this work, we will callddiagBKS the BKS

diagonal estimator. Code for the BKS diagonal estimator appears in Program 13.2.

We discuss diagonal estimation more thoroughly in Chapter 16.

Example: The Johnson�Lindenstrauss row-norm estimator

As a �nal example, we consider the problem of estimating the row norms of apossi-

bly rectangular matrix H 2 K< � =. Row-norm estimation is an interesting problem

because the row norms arenonlinear functions of the matrix. We shall focus on

developing unbiased estimates for thesquaredrow norms ofH, which we denote

srn¹Hº :=
�
kH¹8–:ºk2 : 1 � 8� <

�
2 R<

¸ • (13.5)

To fashion an estimator forsrn¹Hº, we �rst invoke the identity

srn¹Hº = diag¹HH� º•

Now insert a copy of the identity matrix in the middle of the matrix productHH� =

H � I � H� , and use the stochastic approximationB� 1 Í B
8=1 8 88

�
8 � I , resulting in the
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Program 13.3jl_rownorm.m . Johnson�Lindenstrauss estimator for the (squared)
row norms of a matrix. Subroutinesrandom_signs andsqrownormsre provided
in Programs F.2 and F.3.
function srn = jl_rownorm(B,n,s)
% Input: Function B() computing matrix products B(X) = B*X,
% number of columns n and number of matvecs s
% Output: Estimate srn of the squared row norms of B

Om = random_signs(n,s); % Matrix of random signs
srn = sqrownorms(B(Om))/s; % JL row norm estimate

end

Monte Carlo estimator

csrnJL := diag

 

H �
1
B

BÕ

8=1

8 88
�
8 � H�

!

� srn¹Hº•

This estimator can more conveniently be written as

csrnJL =
1
B

BÕ

8=1

jH8 8j2– (13.6)

where the functionj� j2 denotes the squared modulus, evaluated entrywise for a vector

input. We call this estimator theJohnson�Lindenstrauss row-norm estimator, as it

can be analyzed using the Johnson�Lindenstauss lemma [JL84]. Code is provided

in Program 13.3. We discuss row-norm estimation more in Chapter 17.

Which isotropic vector to use?

Having seen that isotropic random vectors can be used to build Monte Carlo estima-

tors of matrix attributes, we now discuss the choice of which isotropic distribution

to use.

Let us �rst catalog the popular options, many of which have separate de�nitions

over the �eldsK = R andK = C of real and complex numbers:

ˆ Gaussian. A standard Gaussian vector8 � Normal K ¹0–Iº is isotropic.

Its entries are independent and drawn from the real or complex standard

Gaussian distribution. (Recall that a complex standard Gaussian random

variable6 � Normal C¹0–1º takes the form6 = ¹61¸ i62º•
p

2, where61– 62 �

Normal R¹0–1º are independent real standard Gaussians.)
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ˆ Sphere. A random vector8 � Unif ¹
p

=S¹K=ºº is isotropic. One can be

generated by drawing a standard Gaussian vectorg 2 Normal K ¹0–Iº and

scaling it to have constant length8 :=
p

=• kgk � g.

ˆ Random signs.A vector of random signs8 � Unif f� 1g= is isotropic. This

distribution has very low resource requirements, requiring only= independent

uniformly randombits to generate. The random sign distribution is often

called theRademacher distribution.

ˆ Random phases.An analog of the random sign distribution for the complex

�eld is a vector of random phases8 � Unif ¹T¹Cº=º, de�ned to be a random

vector whose entries are independent and drawn uniformly from the complex

unit circleT¹Cº := f q 2 C : jqj = 1g. The random phase distribution is also

called theSteinhaus distribution.

Note that the random signs and random phases distributions can be uni�ed

8 � Unif ¹T¹Kº=º by de�ning the �unit circle� of the real numbers to be

T¹Rº := f q 2 R : jqj = 1g = f� 1g.

ˆ Random coordinate.Last, one can also generate an isotropic random vector

by drawing a random standard basis element8 � Unif f
p

=e8 : 1 � 8 � =g,

appropriately rescaled.

Which of these options should one use? To answer this question with some degree

of precision, we will focus on which of these random vectors to use for estimating

the trace of a real symmetric matrixG 2 R=� = using the Girard�Hutchinson trace

estimator, although the same principles apply for other matrix attribute estimation

problems and algorithms as well.

Recall that the Girard�Hutchinson estimator forG is de�ned as

btrGH :=
1
<

<Õ

8=1

8 �
8G88 for 8 1– • • • –8 <

iid� 8 •

We will compare the accuracy of this estimator with several random isotropic vectors

8 by using the mean-squared errorE¹btrGH � tr¹Gºº2. Because the terms8 �
8G88are

iid and unbiased estimators fortr¹Gº, the mean-squared error is

E¹btrGH � tr¹Gºº2 =
1
<

Var¹8 � G8º• (13.7)



200

In particular, we see that the mean-squared error decays at aO¹1•< º rate regardless

of the choice of isotropic test vector8 . TheO¹1•< º convergence rate in the mean-

squared error is typical of Monte Carlo methods. The quality of a distribution for

trace estimation is quaniti�ed by the prefactorVar¹8 � G8º, which depends on the

choice of test vector8 .

Fact 13.2(Girard�Hutchinson estimator: Variance formulas). Let G 2 R=� = be a

realsymmetric matrix with eigenvalues_1– • • • – _= 2 R. Denote the mean eigenvalue

_ := =� 1 tr¹Gº = =� 1 Í =
8=1 _8 and the mean diagonal element0 := =� 1 Í =

8=1 088. The

following equations give the variance of the basic Girard�Hutchinson estimate

8 � G8 for several choices for the isotropic random vector8 2 C=:

Var¹8 � G8º = CK kGk2
F = CK

=Õ

8=1

_2
8 for 8 � Normal K ¹0–Iº–

Var¹8 � G8º =  K






 G � _I








2

F
=  K

=Õ

8=1

¹_8 � _º2 for 8 � Unif ¹
p

=S¹K=ºº–

Var¹8 � G8º = CK

Õ

8< 9

02
8 9 for 8 � Unif ¹T¹Kº=º–

Var¹8 � G8º = =2
=Õ

8=1

¹088� 0º2 for 8 � Unif f
p

=e8g1� 8� =•

The prefactors areCR = 2, CC = 1,  R = 2=•¹ = ¸ 2º, and C = =•¹ = ¸ 1º. These

equalities become upper bounds for a real nonsymmetric matrix.

These variance formulas are standard, and I have collected the simplest proofs of

these formulas I know in [Epp23b]. The random phase distributionUnif ¹T¹Kº=º

and sphere distributionUnif ¹
p

=S¹K=ºº are known to be optimal in certain senses,

and these optimality results are also discussed in [Epp23b]. We may draw several

conclusions from these formulas:

The Gaussian distribution is dominated.The variance for the Gaussian distribution

8 � Normal K ¹0–Iº is higher than both the sphere and random sign/phase distribu-

tions. Compared to the sphere distribution, the Gaussian distribution has a variance

depending on theaggregate sizeof G's eigenvalues, whereas the sphere distribution

depends only on thespreadof G's eigenvalues. This size/spread distinction can

make a big di�erence for a matrixGwith large eigenvalues that are tightly clustered.

Compared to the random phase distribution, the variance for the Gaussian distribu-

tion depends on Frobenius normkGk2
F =

Í
8– 90

2
8 9, which re�ects the magnitude of
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all of G's entries. By contrast, the variance of the random sign/phase distribution

depends on
Í

8< 902
8 9, which omits the contribution fromG's diagonal entries. This

property makes the random sign/phase distribution especially e�ective for matrices

with a heavy diagonal. I describe the case against Gaussians for stochastic trace

estimation in more detail and provide numerical evidence in [Epp24a].

Sphere vs. signs/phases.The sphere and sign/phase distributions both dominate the

Gaussian distribution, but which should be preferred? Ultimately, both choices of

distribution are e�ective, and we will use both in this thesis. The random sign/phase

distribution has the bene�t that it ignores the in�uence of the diagonal ofG, making

it e�ective for matrices with a heavy diagonal. The random sphere distribution,

however, is known to be (minimax) optimal for matricesG drawn from unitarily

invariant families, such as the class of all symmetric matrices withkGkF � 1.

This optimality result appears to have �rst been discovered in unpublished work of

Richard Kueng [Tro20, Prob. 1.23]; see [Epp23b] for a proof.

Real vs. complex.The variance formulas in Fact 13.2 show that using complex-

valued test vectors8 results in a variance about half that of their real-valued coun-

terparts. However, when applied to real matricesG, this bene�t is typically o�set

by the increased computational cost of using complex arithmetic. Further, existing

codes for evaluating the matvec operation might not be compatible with complex

data. As such, the reduced variance of complex-valued test vectors is usually not

worth the additional cost when the matrixG is real-valued. For a complex-valued

matrix H 2 C=� =, however, it is generally preferable to use complex-valued test

vectors8 .

Coordinate sampling is often dangerous.The variance for trace estimation with

random coordinate vectors is often much higher than alternate approaches. This

can be seen by a simple �back of the envelope� computation: Consider a matrix

G where all the entries are roughly of unit magnitudej08 9j � 1, with a similar

number of positive and negative entries, so that the average of diagonal entries is

small: 0 � 0. Then the variance of the Girard�Hutchinson estimator with random

coordinate sampling has scaling� =3, whereas the other isotropic distributions in

Fact 13.2 have a variance of� =2. Thus, in view of (13.7), the coordinate sampling

distribution may require up to= matvecs to achieve accuracy comparable to what

other estimators can achieve with a single matvec. This is a dismal state of a�airs,

particular since the trace estimation problem can be solved exactly in= matvecs.

Random coordinate vectors do have their uses, particularly in computational models
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more restrictive than the matvec model [BKM22], but they are best avoided except

in special situations.

Resphering: Improved Monte Carlo for rank-de�cient matrices

So far, we have designed Monte Carlo methods for matrix attribute estimation based

on introducing the identity matrixH = H � I and replacingI with an unbiased

stochastic approximation. As we will see shortly, we will have many occasions to

apply Monte Carlo approximations to a rank-de�cient matrixH with a known (right

or left) nullspace. In such cases, we can userespheringto obtain lower variance

Monte Carlo estimators. Here is the main de�nition:

De�nition 13.3 (Isotropic random vector on a subspace). Let U � K= be a subspace

over the real or complex numbers, and let� denote the orthoprojector onU. A

random vector. is said to beisotropic onU if E».. � ¼= � .

For any subspaceU of dimensionB, a uniformly random vector. � Unif ¹
p

BS¹Uºº

from the sphere of radius
p

Bin U is isotropic onU. This will be our only example

of an isotropic vector on a subspace in this thesis.

To see how isotropic random vectors on a subspace can be employed, letH 2 C=� = be

a square matrix and suppose we have access to a matrixW2 C=� : with orthonormal

columns for whichHW= 0. To design a trace estimator forH, write

H = H � � for � := I � WW� •

To approximate� , generate isotropic random vectors. 1– • • • –. B on the subspace

range¹Wº? and introduce the stochastic approximationB� 1 Í B
8=1 . 8.

�
8. This leads to

theresphered Girard�Hutchinson trace estimator

btrSGH := tr

 

H �
1
B

BÕ

8=1

. 8.
�
8

!

=
1
B

BÕ

8=1

. �
8

�
H. 8

�
•

To generate isotropic random vectors

. � Unif
�p

= � : � S¹range¹Wº? º
�

on the subspacerange¹Wº? proceed as follows: Draw a random vector8 from the

normal or sphere distribution, orthogonalize it againstW, and rescale to the proper

norm

. :=

p
= � :

k¹I � WW� º8 k
� ¹I � WW� º8 =

p
= � :

k8 � W¹W� 8 ºk
� ¹8 � W¹W� 8 ºº• (13.8)
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We call the process of replacing8 by . in this wayresphering.

When applied to a rank-de�cient matrixH whose nonzero eigenvalues are clustered,

the resphered Girard�Hutchinson estimator can lead to signi�cantly lower variance

than the standard Girard�Hutchinson estimator. Here is an example result.

Corollary 13.4 (Resphered Girard�Hutchinson estimator: Variance). Let G 2 R=� =

be a symmetric matrix with at mostA nonzero eigenvalues_1– • • • – _A, let _ :=

A� 1 Í A
8=1 _8 denote their average, and let. � Unif ¹

p
A� S¹range¹Gººº be a test

vector. Then the resphered Girard�Hutchinson estimator. � G. has variance

Var¹. � G.º =
2A

A¸ 2

AÕ

8=1

¹_8 � _º2•

Excepting the trivial case when_8 = 0 for all 8, the varianceVar¹. � G.º is always

strictly smaller than for the plain Girard�Hutchinson estimatorVar¹8 � G8º with

8 � Unif ¹
p

= � S¹R=ºº.

The technique now called resphering was �rst introduced in [ETW24], where it

appeared under the name �normalization.� In this thesis, I adopt the more descriptive

term �resphering,� a name suggested to me by Joel Tropp.

13.2 Low-rank approximation

Low-rank approximation provides another paradigm for solving matrix attribute

estimation problems. As we saw in Chapter 2, we can cheaply compute near-

optimal low-rank approximations to a general matrixH using the randomized SVD

(Section 2.3) or to a psd matrixG using Nyström approximation (Section 2.5).

Low-rank approximation gives a natural approach to any matrix attribute estimation

problem. To estimate an attribute& ¹Hº of a matrixH 2 C< � =, simply replaceH by

a low-rank approximationbH and use the& ¹ bHº as an estimator for& ¹Hº. This use

of low-rank approximation in this way was proposed by Saibaba, Alexanderian, and

Ipsen for trace estimation [SAI17].

The quality of the approximation& ¹ bHº � & ¹Hº is dictated by the quality of the

low-rank approximationH � bH and, consequently, the rate of singular value decay

in the matrix H (recall Facts 2.5 and 2.11). For matrices with rapid singular

value decay, low-rank approximation-based estimators can produce highly accurate

results. On the other hand, for matrices with slow singular value decay, plain low-

rank approximation based estimators are often wholly inaccurate. This inconsistent
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performance makes pure low-rank approximation based estimators only situationally

useful.

13.3 Combining Monte Carlo and low-rank approximation

The Monte Carlo and low-rank approximation approaches can be combined to

achieve better and more consistent results than either approach yields by itself.

Let us illustrate by deriving a simpli�ed version of theHutch ++ algorithm for

trace estimation [MMMW21a]. Suppose we wish to estimate the trace of a ma-

trix H 2 C=� = and are given a �xed budget ofBmatvecs to accomplish the task.

Assume, for simplicity, thatBis divisible by3. Begin by running the randomized

SVD (Section 2.3) to compute a matrixW 2 C=�¹ B•3º, which de�nes a rank-¹B•3º

approximationbH = WW� H to H. By linearity, we may decompose the trace ofH:

tr¹Hº = tr¹ bHº ¸ tr¹H � bHº = tr¹WW� Hº ¸ tr¹¹I � WW� ºHº•

The �rst term, tr¹ bHº = tr¹WW� Hº, can be computed exactly by formingW� H.

To estimate the second term, we employ a Monte Carlo method, speci�cally the

Girard�Hutchinson estimator:

tr¹H � bHº �
1

B•3

B•3Õ

8=1

$ �
8

�
¹I � WW� º ¹H$8º

�

Here,$1– • • • –$B•3 denote freshly generated isotropic random vectors, independent

of each other and the random test matrix used to execute the randomized SVD.

Combining the exact computation of the �rst term and the stochastic approximation

of the second yields the (simpli�ed)Hutch ++estimator

btrSH++ := tr¹W¹W� Hºº ¸
1

B•3

B•3Õ

8=1

$ �
8

�
¹I � WW� º ¹H$8º

�
for W= Orth ¹H
 º•

(13.9)

The computational cost of the simpli�edHutch ++ estimator isBmatvecs (2B•3

with H andB•3 with H� ) plusO¹B2=º additional arithmetic operations.

The full Hutch ++estimator contains two optimizations over the simpli�ed version

(13.9):

1. In some contexts, matvecs withH� are expensive or are entirely unavailable.

To avoid matvecs withH� , we use the cyclic property of the trace to write

tr¹ bHº = tr¹W¹W� Hºº = tr¹W� ¹HWºº•
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Program 13.4 hutchpp.m. Hutch ++ algorithm for trace estimation. The
random_signs subroutine is de�ned in Program F.2.
function tr = hutchpp(B,n,s)
% Input: Function B() computing matrix products B(X) = B*X, number
% of rows n, and number of matvecs s
% Output: Estimate tr of trace(B)

k = floor(s/3); % Rank is s/3
Om = randn(n,k); % Random Gaussian matrix
Y = B(Om); % Collect matvecs
[Q,~] = qr(Y,"econ"); % Randomized SVD
BQ = B(Q); % Collect matvecs

k = s-2*k; % Remaining matvecs
Ga = random_signs(n,k); % Random sign vectors
X = Ga - Q*(Q'*Ga); % Orthogonalize against Q
BX = B(X); % Collect matvecs
tr = trace(Q'*BQ) + trace(X'*BX) / k; % Hutch++ estimator

end

The expressiontr¹W� ¹HWºº can be evaluated using only matvecs withH,

removing matvecs withH� from theHutch ++algorithm entirely.

2. The matrixI � WW� is an orthoprojector and thus satis�esI � WW� = ¹I �

WW� º2. Therefore, the residual trace can be written more symmetrically as

tr¹H� bHº = tr¹¹I � WW� ºHº = tr¹¹I � WW� º2Hº = tr¹¹I � WW� ºH¹I � WW� ºº•

The symmetrically projected matrix¹I � WW� ºH¹I � WW� º always has a

smaller Frobenius norm than the one-sided projection¹I � WW� ºH, so we

expect a smaller error in applying the Girard�Hutchinson estimator to the

former matrix rather than the latter (cf. Fact 13.2).

Combining these two optimizations yields the standardHutch ++estimator

btrH++ := tr¹W� ¹HWºº ¸
1

B•3

B•3Õ

8=1

$ �
8

�
¹I � WW� º

�
H

�
¹I � WW� º $8

� � �
– (13.10)

whereW= Orth ¹H
 º. Code is provided in Program 13.4.

The combination of low-rank approximation with Monte Carlo for trace estimation

and related problems was explored prior to the originalHutch ++ paper. Notable
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examples include the works of Gambhir, Stathopoulos, and Originos [GSO17] and

Lin [Lin17]. Meyer, Musco, Musco, and Woodru� [MMMW21a] crystallized these

ideas in theHutch ++ algorithm, provided mathematical analysis, and established

lower bounds on the best-possible accuracy for any trace estimation algorithm.

The Hutch ++ algorithm illustrates the use ofvariance reductionin Monte Carlo

methods [Liu04, Ÿ2.3]. Specialized to trace estimation, the key idea of variance

reduction is to choose a matrixbH, called acontrol variate, that closely approximates

H and whose trace can be computed exactly. Instead of applying a Monte Carlo

estimator to estimatetr¹Hº directly, we instead estimate the trace of the residual

H � bH and add the result totr¹ bHº. This strategy typically yields an estimator with

lower variance. In principle, this variance reduction strategy can be applied using

any type of approximationbH � H, but low-rank approximations have proven the

most e�ective for trace estimation so far.

Theoretical analysis ofHutch ++

Error bounds forHutch ++ can be derived by combining error bounds for the

randomized SVD ((2.5)) with variance bounds for the Girard�Hutchinson estimator

(Fact 13.2). We will state and prove such a bound here, as it will serve as a

useful comparison for the error bounds for theXTrace andXNysTrace estimators

developed in the next section; see Section 15.1.

Theorem 13.5(Hutch ++: mean-squared error). Let H 2 R=� = be a real matrix

and letbtrH++ be theHutch++ estimator(13.11)with a realstandard Gaussian test

matrix 
 2 R=�¹ B•3º and iid $1– • • • –$B•3 2 R= drawn from any of therealisotropic

distributions from Fact 13.2, except the random coordinate distribution. Then

E
�
btrH++ � tr¹Hº

� 2
�

6
B

� min
A� B•3� 2

B� 3
B� 3A� 3

�



 H � È HÉA




 2

F• (13.11)

Proof. Using thereduced matrix

Hred = ¹I � WW� ºH¹I � WW� º–

the error ofHutch ++may be expressed as

btrH++ � tr¹Hº =
1

B•3

B•3Õ

8=1

8 �
8Hred8 8 � tr¹Hredº =

1
B•3

B•3Õ

8=1

¹8 �
8Hred8 8 � tr¹Hredºº•

(13.12)
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The right-hand side of (13.12) is a sum of mean-zero random variables that are iid

conditional onHred. Therefore,

E
�
¹btrH++ � tr¹Hºº2

�
� Hred

�
=

1
B•3

Var
�
8 �

1Hred8 1

�
� Hred

�
•

Applying Fact 13.2, we obtain

E
�
¹btrH++ � tr¹Hºº2

�
� Hred

�
�

6
B

� kHredk
2
F•

Multiplying by an orthoprojector can only reduce the Frobenius norm. Therefore,

kHredkF � k¹I � WW� ºHkF•

Combining the two previous displays and taking the expectation, we obtain

E¹btrH++ � tr¹Hºº2 �
6
B

� Ek¹I � WW� ºHk2
F•

Invoking the randomized SVD error bound (2.5) establishes the desired result.

In Theorem 13.5, we assumed the matrixH was real to use Fact 13.2. Versions of

this result are easy to derive for complex vectors.

The error bound (13.11) shows that the mean-squared error ofHutch ++ is propor-

tional to 1•Btimes the (squared) Frobenius norm error of the best rank-Aapprox-

imation, whereA � B•3. A bound similar to Theorem 13.5 appears in [ETW24,

Thm. 1.1]; see also [Mey21] and [MMMW21b, Ÿ5] in thearXiv version of the

Hutch ++paper.

The bound (13.11) describes the mean-squared error of theHutch ++ method in

practice, but it can be a bit imposing. Therefore, it can be informative to derive

simpli�ed versions of the bound. ChoosingA = B•6 � 1 in the minimum (13.11)

yields

E
�
btrH++ � tr¹Hº

� 2
�

12
B

�





 H � È HÉB•6� 1








2

F
• (13.13)

To further simplify, we can employ a crude bound on the best rank-Aapproximation

error (see, e.g., [GSTV07, Lem. 7], [MMMW21a, Lem. 13], and [ETW24, Fact 5.5]

for versons of this result).

Fact 13.6(Rank-Aapproximation error). For any matrixH 2 K< � = andA� 1,




 H � È HÉA




 �

kHk�

A¸ 1
and




 H � È HÉA






F �
kHk�

2
p

A
•
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Using Fact 13.6, we can further bound (13.13) as

E
�
btrH++ � tr¹Hº

� 2
�

72
B2

� kHk2
� • (13.14)

This result shows that the mean-squared error ofHutch ++is dominated by a quantity

that decays at aO¹1•B2º rate, improving on the Monte CarloO¹1•Bº rate (13.7) of

the Girard�Hutchinson estimator. However, the reader should be aware that this

� O¹1•B2º convergence rate� forHutch ++ is easy to misinterpret; see Section 15.2.

As a �nal simpli�cation, suppose we applyHutch ++ to a psd matrixG. In this

case, the trace norm and the trace are the same, and (13.14) implies that

�
E

�
btrH++ � tr¹Gº

� 2
� 1•2

� Ytr¹Gº whenB�
6
p

2
Y

• (13.15)

We obtain a root-mean-squared error ofYtr¹Gº when the number of matvecsB

is B = O¹1•Yº. Meyer et al. show that theB = O¹1•Yº parameter complexity is

optimal for trace estimation; in particular, no algorithm achieves relative errorY

usingB= O¹1•Y0•999º matvecs for every input matrixG[MMMW21a, Ÿ4] (see also

[Mey24, Ÿ2.3.5]).

Remark13.7 (High probability bounds). It is straightforward to prove error bounds

for Hutch ++that control the errorjbtrH++� tr¹Hºj with high probability by combining

high-probability error bounds for the randomized SVD with the Hanson�Wright

inequality. For the former, see relevant results in [HMT11; MM20; TW23]. For

the latter, see [RV13; Epp22b]. Using this approach, Meyer et al. established the

following result [MMMW21a, Thm. 1.1]:

Fact 13.8 (Hutch ++: High probability error bound). When applied to areal psd

matrix G, Hutch++with random sign vectors achieves the guarantee

jbtrH++ � tr¹Gºj � Ytr¹Gº with probability at least1 � X (13.16)

usingB= O¹Y� 1 �
p

log¹1•Xº ¸ log¹1•Xºº matvecs.

This result establishes that the probability of failing to produce a trace approximation

of relative errorYdecreases exponentially in the number of matvecsB. �

Improving Hutch ++using resphering

In passing, let us observe that we can enhance theHutch ++ algorithm by using

resphering, introduced in Section 13.1. Simply use the resphered Girard�Hutchinson
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Program 13.5 hutchpp_resphere.m . Hutch ++ algorithm with resphering for
trace estimation. Thesqcolnorms subroutine is de�ned in Program F.4.
function tr = hutchpp_resphere(B,n,s)
% Input: Function B() computing matrix products B(X) = B*X, number
% of rows n, and number of matvecs s
% Output: Estimate tr of trace(B)

k = floor(s/3); % Rank is s/3
Om = randn(n,k); % Random Gaussian matrix
Y = B(Om); % Collect matvecs
[Q,~] = qr(Y,"econ"); % Randomized SVD
BQ = B(Q); % Collect matvecs

k2 = s-2*k; % Remaining matvecs
Ga = randn(n,k2); % Gaussian random vectors
X = Ga - Q*(Q'*Ga); % Orthogonalize against Q
X = sqrt(n-k) * X ./ sqcolnorms(X)'.^0.5; % Resphere
BX = B(X); % Collect matvecs
tr = trace(Q'*BQ) + trace(X'*BX) / k2; % Hutch++ estimator

end

estimator rather than the Girard�Hutchinson estimator to estimatetr¹¹I � WW� ºH¹I �

WW� ºº. Code is provided in Program 13.5.

The bene�ts of resphering are demonstrated in Fig. 13.1, which compares the Girard�

Hutchinson estimator to theHutch ++algorithm with and without resphering. I use

input matrix

step := [ Diag¹1– • • • –1
|    {z    }
50 times

–10� 3– • • • –10� 3

|             {z             }
950 times

º[ � 2 R103� 103
• (13.17)

Here,[ is a Haar random orthogonal matrix. The matrixstep has: = 50 large

eigenvalues, after which the spectrum is �at. It takes theHutch ++methods roughly

B � 3: = 150 matvecs to compute a low-rank approximation capturing these

dominant eigenvalues, explaining the substantial drop in the error of theHutch ++

methods atB= 150matvecs. With resphering, the error drops two more orders of

magnitude asBis increased beyond150, owing to the relatively �at distribution of

nonzeroeigenvalues of the projected matrix¹I � WW� ºstep ¹I � WWº. ForB= 300,

Hutch ++ with resphering is 50� more accurate thanHutch ++ without resphering

and 1800� more accurate than the Girard�Hutchinson estimator.
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Figure 13.1: Comparison of Girard�Hutchinson andHutch ++ estimators with and
without resphering on thestep matrix (13.17). Lines show median of 100 trials,
and error bars show 10% and 90% quantiles.

Weaknesses ofHutch ++

TheHutch ++algorithm is an elegant approach for trace estimation, and it achieves

excellent accuracy compared to the Girard�Hutchinson estimator when applied to

matrices with rapidly decaying singular values. Even so, we recognize opportunities

for improvement, which will be realized by theXTrace andXNysTrace estimators

in the next chapter.

Apportionment.In its standard form, theHutch ++ algorithm uses a �xed division

of 2B•3 matvecs for low-rank approximation andB•3 matvecs for residual trace

estimation. For a given matrix, this apportionment need not be optimal. For

matrices with rapidly decaying singular values, the ideal strategy would be to putall

matvecs into low-rank approximation; for matrices with slowly decreasing singular

values, the opposite strategy is warranted. The apportionment problem forHutch ++

can be addressed with an adaptive scheme that apportions matvecs between low-rank

approximation and residual trace estimation, as is done in [PCK22]. TheXTrace

and XNysTrace estimators introduced in next section solve the apportionment

problem by redesigning the estimator to exploit a leave-one-out approach.

Exchangeability.The second weakness ofHutch ++ is more conceptual. We have

the following property of the optimal (i.e., minimum-variance) trace estimator.



211

Exchangeability principle. Consider the class of estimators fortr¹Gº com-

puted using matvecsG81– • • • –G8 : with iid random vectors8 1– • • • –8 : .

Among these methods, the minimum-variance unbiased estimator fortr¹Gº

is apermutation-invariantfunction of8 1– • • • –8 : .

This principle is due to Halmos [Hal46], and it is easy to con�rm. Indeed, the vari-

ance of any estimatorbtr¹8 1– • • • –8 : º is reduced by averaging over all permutations

of the test vectors8 1– • • • –8 : :

Var©
­
«

1
: !

Õ

f 2S:

btr¹8 f ¹1º– • • • –8 f ¹: ºº
ª
®
¬

=
1

¹: !º2

Õ

f–f 02S:

Cov
�
btr¹8 f ¹1º– • • • –8 f ¹: ºº–btr¹8 f 0¹1º– • • • –8 f 0¹: ºº

�

�
1

¹: !º2

Õ

f–f 02S:

h
Var

�
btr¹8 f ¹1º– • • • –8 f ¹: ºº

�
Var

�
btr¹8 f 0¹1º– • • • –8 f 0¹: ºº

� i 1•2

= Var¹btr¹8 1– • • • –8 : ºº•

The �rst identity is sesquilinearity of the covariance, the inequality is Cauchy�

Schwarz for the variance, and the second identity follows from the observation that
btr¹8 f ¹1º– • • • –8 f ¹: ºº has the same distribution for every permutationf .

TheHutch ++estimator is not exchangeable: Half the test vectors are used for low-

rank approximation, while the other half are used for residual trace estimation. As

such, there must be an exchangeable estimator with lower variance thanHutch ++.

One way we could fashion such an estimator is by averaging the value of the

Hutch ++ estimator over all possible splits of test vectors between these two tasks,

as in the derivation above. Unfortunately, computing this symmetrizedHutch ++

estimator is computationally infeasible because there are
�2B•3

B•3

�
� 2B•3 divisions of

2B•3 test vectors into two equal groups. A new, di�erent approach is needed to

obtain an exchangeable, variance-reduced trace estimator. TheXTrace estimator

will remedy this shortcoming ofHutch ++ by using a leave-one-out design, which

is exchangeable by construction.
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C h a p t e r 14

THE LEAVE-ONE-OUT APPROACH AND APPLICATION TO
TRACE ESTIMATION

An idea which can be used only once is a trick. If one can use it more

than once it becomes a method.

George Pólya and Gabor Szeg®,Problems and Theorems in Analysis I

[PS98, p. VIII]

In the previous chapter, we developed our basic tools�randomized Monte Carlo

and low-rank approximations for matrices�and used them to estimate matrix at-

tributes. This discussion culminated with theHutch ++ algorithm, which showed

how combining Monte Carlo estimation and low-rank approximation can lead to

more accurate trace estimates than either approach individually.

In this chapter, we will present the leave-one-out approach for matrix attribute

estimation, a �exibility methodology that combines Monte Carlo and low-rank

approximation in a way that squeezes as much information possible out of every

matvec. When the leave-one-out approach is applied to trace estimation, it results

in the XTrace and XNysTrace algorithms. Each method is an exchangeable

estimator that uses every matvec both for low-rank approximation and for Monte

Carlo estimation. This strategy ameliorates the weaknesses withHutch ++identi�ed

at the end of last chapter.

This chapter presents a tutorial-style introduction to leave-one out randomized ma-

trix algorithm design, focusing on developing trace estimators for general and psd

matrices. The basic idea is simple, but the formulas appearing in the �nal algo-

rithms can be complicated. This chapter will attempt to demystify these expressions

and to provide a clear example of how to derive a leave-one-out randomized matrix

algorithm. Subsequent chapters will present several additional applications of the

leave-one-out approach to matrix attribute estimation.

Sources.Both the leave-one-out approach and theXTrace andXNysTrace algo-

rithms were developed in the paper:

Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. �XTrace: Making the Most
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of Every Sample in Stochastic Trace Estimation�. In:SIAM Journal on Matrix

Analysis and Applications(Mar. 2024), pp. 1�23.doi: 10.1137/23M1548323.

This chapter re�nes the original paper [ETW24] by developing new implementations

of theXNysTrace algorithm with processing costs that are up to7� faster than the

implementations given in the original paper.

Outline. Section 14.1 introduces the leave-one-out approach to matrix attribute es-

timation and uses it to derive theXTrace algorithm for trace estimation. To imple-

ment this algorithm e�ciently, we require a downdating formula for the randomized

SVD, which is developed in Section 14.2. We devise an e�cientXTrace imple-

mentation using this formula in Section 14.3. Section 14.4 presentsXNysTrace ,

an improved version ofXTrace for psd matrices. Sections 14.5 and 14.6 discusses

implementation ofXNysTrace . Section 14.7 contains experimental comparison

of XTrace andXNysTrace to Hutch ++ and the Girard�Hutchinson estimators,

Section 14.8 introduces resphered versions ofXTrace andXNysTrace , and Sec-

tion 14.9 presents an application of trace estimators to computing the Estrada index

of a network. We conclude in Section 14.10 by summarizing the leave-one-out

approach to matrix attribute estimation.

14.1 XTrace : The leave-one-out approach

The leave-one-out approach to matrix attribute estimation consists of �ve steps:

1. Compute a low-rank approximation to the input matrix by multiplying it

against a collection of test vectors.

2. Decompose the quantity of interest into known piece depending on the low-

rank approximation plus a residual.

3. Construct a Monte Carlo estimate of the residual using a single random vector.

4. Downdate the low-rank approximation by recomputing it with a test vector

removed, and use the left-out test vector as the random vector in step 3.

5. Average the estimator from step 4 over all choices of vectors to leave out.

At present, these steps are fairly abstract. To make this program more complete, we

shall deriveXTrace , a leave-one-out algorithm for estimating the trace of a general

square matrixH.
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Step 1: Compute a low-rank approximation to the input matrix by multiplying it

against a collection of test vectors.The �rst step of the leave-one-out approach is

to construct a low-rank approximation of the matrixH. Here, sinceH is a general

square matrix, we employ the randomized SVD (Section 2.3). Let
 2 K=� : be a

random matrix with isotropic columns, compute the productH
 , and orthogonalize,

obtainingW= Orth ¹H
 º. The resulting randomized SVD low-rank approximation

is
bH := WW� H•

Step 2: Decompose the quantity of interest into known piece depending on the low-

rank approximation plus a residual.Next, we decompose the quantity of interest,

tr¹Hº in this case, into a known piece depending on the low-rank approximation and

an unknown residual term. The simplest decomposition exploits the linearity of the

trace:

tr¹Hº = tr¹ bHº ¸ tr¹H � bHº = tr¹W� HWº ¸ tr¹¹I � WW� ºHº•

We saw a better decomposition from our derivation of theHutch ++ algorithm.

Indeed, using the identity¹I � WW� º2 = I � WW� and the cyclic property of the trace,

the residual trace is

tr¹¹I � WW� ºHº = tr¹¹I � WW� º2Hº = tr¹¹I � WW� ºH¹I � WW� ºº•

Thus, inXTrace , we shall also use the following decomposition of the trace:

tr¹Hº = tr¹ bHº ¸ tr¹H � bHº = tr¹W� HWº ¸ tr¹¹I � WW� ºH¹I � WW� ºº•

Step 3: Construct a Monte Carlo estimate of the residual using a single random

vector. Now, we construct a Monte Carlo approximation to the residual trace

tr¹¹I � WW� ºH¹I � WW� ºº using a single random vector8 . Assuming8 is isotropic,

the natural estimator is the single-vector Girard�Hutchinson estimator

8 � ¹I � WW� ºH¹I � WW� º8 � tr¹¹I � WW� ºH¹I � WW� ºº•

One could also use resphering at this step, but we will postone this re�nement to

simplify the presentation. Using the Monte Carlo estimate for the residual, we

obtain the following unbiased trace estimate:

btr := tr¹W� HWº ¸ 8 � ¹I � WW� ºH¹I � WW� º8 • (14.1)

Step 4: Downdate the low-rank approximation by recomputing it with a test vector

removed, and use the left-out test vector as the random vector in step 3.So far,
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the estimate (14.1) is nothing special, basically just a lopsided version ofHutch ++

where only a single vector8 is used to estimate the residual tracetr¹H � bHº. Now,

we employ the core device of the leave-one-out approach. Pick an index1 � 8� : ,

and leave out the8th column of the test matrix
 , resulting in a downdated low-rank

approximation

bH¹8º := W¹8ºW
�
¹8ºH whereW¹8º := Orth ¹H
 � 8º•

Here and elsewhere,
 � 8 denotes
 without its 8th column, and8 8 denotes the

8th column of
 . The downdated low-rank approximationbH¹8º is somewhat less

accurate because it has smaller rank: � 1, but we have freed up an isotropic vector

8 8that isindependentof the low-rank approximationbH¹8º and the orthonormal basis

W¹8º. Introducing the downdated approximationbH¹8º and the left-out vector vector

8 8 in the trace estimate (14.1) from step 3, we obtain a new basic trace estimate:

btr8 := tr¹W�
¹8ºHW¹8ºº ¸ 8 �

8¹I � W¹8ºW
�
¹8ººH¹I � W¹8ºW

�
¹8ºº8 8• (14.2)

We call btr8 the 8th basicXTrace estimator. It is an unbiased estimate fortr¹Hº,

owing to the independence of8 8 from W¹8º.

Step 5: Average the estimator from step 4 over all choices of vectors to leave out.

Each basicXTrace estimatorbtr8 can individually be a poor estimate of the trace,

but we can reduce variance by averaging all of them:

btrX :=
1
:

:Õ

8=1

btr8• (14.3)

We callbtrX the (full) XTraceestimator, short for the eXchangeableTrace estimator.

Discussion.While it is not obvious yet, theXTrace estimator (14.3) can be com-

puted using only2: matvecs (: to computeG
 , : to computeGW). Equivalently,

a �xed budget ofBmatvecs can accommodate a rank of: = bB•2c. (Henceforth, we

will assumeBis even for simplicity.) Thus, theXTrace estimator takes the form

btrX =
1

B•2

B•2Õ

8=1

h
tr¹W�

¹8ºHW¹8ºº ¸ 8 �
8¹I � W¹8ºW

�
¹8ººH¹I � W¹8ºW

�
¹8ºº8 8

i
• (14.4)

Let us compareXTrace to Hutch ++. With its budget ofBmatvecs,Hutch ++

dedicates2B•3 matvecs to generate a low-rank approximationbH = WW� H and

B•3 matvecs to forming an estimate of the residual tracetr¹H � bHº. XTrace , in
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e�ect, uses the same pool ofB•2 matvecs both to generate afamily of low-rank

approximationsbH¹8º and to estimate all of the residual tracestr¹H � bH¹8ºº. In

this sense,XTraceuses all of its multipications with isotropic random test vectors

both for low-rank approximation and for Monte Carlo estimation.XTrace also

expends an additionalB•2 matvecs to computeHW, which is necessary to evaluate

the expressionstr¹W�
¹8ºHW¹8ºº.

XTrace �xes both weaknesses ofHutch ++that we identi�ed in Section 13.3. First,

XTrace is exchangeable, being a symmetric function of all the matvecsH8 8 col-

lected in the �rst phase of the algorithm. Second, and more importantly,XTrace is

based on a rank-¹B•2º approximation toH, which is more powerful thanHutch ++'s

rank-¹B•3º approximation. Thus,XTrace can be signi�cantly more accurate than

Hutch ++ for matricesH with rapid singular value decay, while maintaining accu-

racy for matrices with slow singular value decay. Moreover,XTrace achieves this

increased accuracy automatically through an exchangeable, leave-one-out design;

it does not require manually or adaptively apportioning matvecs between the low-

rank approximation and Monte Carlo estimation roles, as in the adaptiveHutch ++

algorithm [PCK22]. (See Section 15.5 for discussion.)

14.2 Leave-one-out formula for the randomized SVD

To implementXTrace , we need a way of e�ciently evaluating theXTrace estimator

(14.4). For the purpose of error estimation (Section 15.3), we will also need to

form each of the individual estimatorsbtr8 de�ned in (14.2). To develop e�cient

implementations, we can use the followingdowndating formulafor the randomized

SVD:

Theorem 14.1(Downdating the randomized SVD). Let H 2 K=� = and 
 2 K=� :

be matrices, and assumeH
 is full-rank. Compute the matrixW de�ning the

randomized SVD approximationbH = WW� H by an economy-sizeQR decomposition

H
 = WX. The downdated matricesW¹8º = Orth ¹H
 � 8º admit the representation

W¹8ºW
�
¹8º = W¹I � s8s

�
8ºW� for 8= 1–2– • • • – :• (14.5)

The vectorss8are equal to the columns ofX�� , scaled to have unit norm.

This result was developed by myself and collaborators in [ET24; ETW24].

I �nd this result to be quite surprising. To compute the randomized SVD, we

must orthogonalize the matrixH
 , which is conventionally accomplished using
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a QR decompositionH
 = WX. Theorem 14.1 demonstrates that the matrixX,

a useless byproduct in most randomized SVD implementations, contains all the

information needed to extract all: downdated approximationsbH¹8º = W¹8ºW
�
¹8ºH.

These downdated approximations can be represented implicitly using the formula

(14.5), and the arithmetic cost is onlyO¹: 3º operations to compute thes8 vectors.

In particular, the cost is independent of both dimensions of the original matrixH!

Proof of Theorem 14.1.Fix an index8. To computeW¹8º, we to form aQR decom-

position ofH
 � 8. The decompositionH
 � 8 = WX� 8 is nearly aQR decomposition,

but the matrixX� 8 is no longer triangular when8 Ÿ : because its8th column has

been deleted. To restore triangularity, we take a (full)QR decomposition ofX� 8,

which we partition as

X� 8 =
h
eW eq

i
"
eX

0

#

for eW2 K : �¹ : � 1º–eX 2 K ¹: � 1º�¹ : � 1º–eq 2 K : •

Using this factorization, we obtain aQR decomposition ofH
 � 8, namely

H
 � 8 = WX� 8 = ¹WeWº eX•

In particular,W¹8º := WeW is an orthonormal basis for the column space ofH
 � 8.

Therefore, the outer product ofW¹8º with itself is

W¹8ºW
�
¹8º = W¹ eWeW� ºW� •

Since
h
eW eq

i
is unitary, the parenthesized term may be written as

eWeW� =
h
eW eq

i h
eW eq

i �
� eq eq� = I � eq eq� •

Combining the two previous displays yields

W¹8ºW
�
¹8º = W¹I � eq eq� ºW� •

To establish the desired result, it remains to show that the unit vectoreq is proportional

to the8th column ofX�� . By construction,eq is orthogonal to the column space of

X� 8. That is,X�
� 8eq = 0. Restoring the deleted8th column toX and recalling thatX

is nonsingular, we conclude thatX� eq = U� e8 for some nonzero scalarU. Therefore,

eq = U� X�� e8 is proportional to the8th column ofX�� .
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14.3 ImplementingXTrace e�ciently

Having established Theorem 14.1, we can use it to calculate the basicXTrace

estimatesbtr8, de�ned in (14.2). This section begins with a derivation for an e�ciently

computable formula for thebtr8's, after which implementation is discussed.

Formula for the basic XTrace estimates: Derivation

The easiest way to derive e�cient formulas for a leave-one-out algorithm, in my

experience, is to proceed methodically and introduce variables to represent inter-

mediate matrices that arise during the derivation. Let me demonstrate as we derive

an e�cient XTrace implementation.

We begin with the randomized SVD step. First, generate a random matrix
 2

K=�¹ B•2º with isotropic random columns. Next, form the product

_ := H
 (14.6)

and obtain its (economy-size)QR decomposition

_ = WX• (14.7)

Then, to use the randomized SVD downdating formula (14.5), generate the matrix

Y (with columnss8) by buildingX�� and recaling each of its columns to have norm

one. Finally, compute

` := HW• (14.8)

The matrices_ , W, Y, andWwill be used later in our derivation.

Next, we turn to the basicXTrace estimatorsbtr8, which were de�ned in (14.2). To

use the randomized SVD downdating formula (14.5), invoke the cyclic property of

the trace and write:

btr8 = tr¹HW¹8ºW
�
¹8ºº ¸ 8 �

8¹I � W¹8ºW
�
¹8ººH¹I � W¹8ºW

�
¹8ºº8 8•

Now, invoke the downdating formula (14.5):

btr8 = tr¹HW¹I � s8s
�
8ºW� º

|                    {z                    }
AO

¸ 8 �
8¹I � W¹I � s8s

�
8ºW� ºH¹I � W¹I � s8s

�
8ºW� º8 8

|                                                           {z                                                           }
BO

•

(14.9)

The result is a sum of two terms,AO and BO, which we will treat separately.

Begin with AO. Use the cyclic property of the trace and (14.8) to rewrite

AO = tr¹W� HW¹I � s8s
�
8ºº = tr¹W� ` ¹I � s8s

�
8ºº•
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To evaluate this expression, compute

N := W� ` • (14.10)

The expressionAO now simpli�es as

AO = tr¹Nº � s�
8Ns8• (14.11)

This formula constitutes our �nal expression forAO.

Now, we treatBO. Begin by forming the matrix

] := W� 
 – (14.12)

from which we may de�ne a matrix̂ 2 K ¹B•2º�¹ B•2º with columns

x8 := ¹I � s8s
�
8ºW� 8 8 = w8 � s8 � s�

8w8• (14.13)

With this de�nition, BO can be written as

BO = 8 �
8¹I � WW� ¸ Ws8s

�
8W� ºH¹8 8 � Wx8º

= ¹8 �
8¹I � WW� º ¸ w�

8s8 � s�
8W� º¹y8 � `x 8º•

Since_ = H
 = WXis aQR decomposition,

¹I � WW� ºy8 = 0 and W� y8 = r8•

Therefore,
BO = � 8 �

8¹I � WW� º`x 8¸ w�
8s8 � s�

8¹r8 � Nx8º•

To simplify further, introduce and form the matrix

Z := ` � 
 • (14.14)

Now, we may simplifyBO as

BO = � t�8x8¸ w�
8Nx8¸ w�

8s8 � s�
8¹r8 � Nx8º•

Finally, using the de�nition (14.13) of the vectorsx8, we simplify

BO = � t�8x8¸ x�
8Nx8¸ w�

8s8 � s�
8r8•

Combining this expression forBO with the expression (14.11) forAO, we obtain our

�nal expression forbtr8:

btr8 = tr¹Nº � s�
8Ns8 � t�8x8¸ x�

8Nx8¸ w�
8s8 � s�

8r8• (14.15)
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Program 14.1diagprod.m . E�cient implementation of thediagprod operation
(14.16).
function d = diagprod(F,G)
% Input: Matrices F and G of the same size
% Output: The diagonal of the product d = diag(F'*G)

d = sum(conj(F).*G,1).';

end

Formula for the basic XTrace estimates: Implementation

We now discuss a few implementation details for evaluating the formula (14.15) for

the basic trace estimatesbtr8.

Diagonal entries of products. The formula (14.15) contains many expressions

such asf �
8g8, which constitute the diagonal entries of the matrix productL � M for

L –M 2 K31� 32. We denote the vector of allf �
8g8using thediagprod operation:

diagprod¹L –Mº := diag¹L � Mº = ¹ f �
8g8 : 1 � 8� 32º• (14.16)

One way of evaluating thediagprod operation would be to form the matrix product

L � M and extract its diagonal; this approach expendsO¹32
132º operations. How-

ever, computing these expressions directly is cheaper, requiring just justO¹3132º

operations to evaluatef �
8g8 for each8. Code is given in Program 14.1

The vectorsx8. The vectorsx8 de�ned in (14.13) can be packaged into a matrix^

with formula

^ = ] � Y � Diag¹diagprod¹Y–] ºº• (14.17)

Recall thatDiag¹aº denotes the diagonal matrix with diagonal entries08. In MAT-

LAB, expressionY � Diag¹aº can be evaluated rapidly asS .* a.' .

XTrace implementation. Using all of the formulas we've developed, the vector
btr = ¹btr8 : 1 � 8� B•2º of basicXTrace estimators (14.15) is

btr = tr¹Nº1 � diagprod¹Y–NYº � diagprod¹Z–^ º ¸ diagprod¹^ –N^ º

¸ diagprod¹] –Yº � diagprod¹Y–Xº• (14.18)

TheXTrace estimator (14.4) is merely the mean of the entries of this vector; the

variance of the entries will be used for error estimation in Section 15.3. To evaluate
btr , we evaluate the equations (14.6) to (14.8), (14.10), (14.12), (14.14), (14.17)
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Program 14.2xtrace.m . E�cient implementation of theXTrace estimator. Sub-
routinesdiagprod , random_signs, and cnormc appear in Programs 14.1, F.1
and F.2.
function [tr, est] = xtrace(B,n,s)
% Input: Function B() computing matrix products B(X) = B*X, number
% of rows n, and number of matvecs s
% Output: Estimate tr of trace(B), estimate est of the error
% abs(tr - trace(B))

% Define test matrix
k = floor(s/2); % Approximation rank is s/2
Om = random_signs(n,k); % Matrix of random signs

% Randomized SVD and downdate
Y = B(Om); % Collect matvecs
[Q,R] = qr(Y,"econ"); % Randomized SVD
S = cnormc(inv(R')); % Downdate RSVD, cnormc normalizes columns

% Compute other necessary matrices
Z = B(Q); % Collect matvecs
H = Q'*Z;
W = Q'*Om;
T = Z'*Om;
X = W - S .* diagprod(W,S).';

% Compute estimator, output
tr_vec = trace(H) * ones(k,1) - diagprod(S,H*S) - diagprod(T,X)...

+ diagprod(X,H*X) + diagprod(W, S) .* diagprod(S, R);
tr = mean(tr_vec); % Trace estimate
est = std(tr_vec) / sqrt(k); % Error estimate

end

and (14.18). Stringing these formulas together produces a daunting and mysterious

looking program, but this program is nothing complicated�just matrix algebra.

An implementation ofXTrace is provided in Program 14.2. This implementation

outputs the trace estimatorbtrX as �rst outputtr ; it also outputs an error estimate

est , which will be discussed in Section 15.3.

14.4 XNysTrace : Trace estimation for psd matrices

XTrace is an e�ective trace estimator for general square matrices, but it can be

made even more e�cient for psd matrices. This section will deriveXNysTrace ,

an optimized trace estimator for psd matrices using the leave-one-out approach. We
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uncover the algorithm by following the �ve-step process for deriving a leave-one-out

randomized matrix algorithm, similar to our derivation ofXTrace in Section 14.1.

Sections 14.5 and 14.6 will discuss e�cient implementation. Throughout this

section, and the following sections,G 2 K=� = denotes a psd matrix.

Step 1: Compute a low-rank approximation to the input matrix by multiplying it

against a collection of test vectors.Since the matrixG is psd, we have a more rich

set of low-rank approximation algorithms available to us. Here, we will employ the

single pass Nyström approximation

bG := Gh
 i

associated with a test matrix
 2 K=� Bwith independent, isotropic random columns

(Section 2.5). An advantage of the single-pass Nyström approximation is that we

can form a rank-Bapproximation using onlyBmatvecs, whereasBmatvecs only

allow us to obtan a rank-¹B•2º approximation with the randomized SVD.

Step 2: Decompose the quantity of interest into known piece depending on the

low-rank approximation plus a residual.We decompose the trace by employing

the simplest possible approach

tr¹Gº = tr¹ bGº ¸ tr¹G � bGº•

Step 3: Construct a Monte Carlo estimate of the residual using a single random

vector. To estimate the residual tracetr¹G � bGº using a single random vector, we

employ the single-vector Girard�Hutchinson estimator

8 � ¹G � bGº8 � tr¹G � bGº–

which leads to the trace estimate

btr := tr¹ bGº ¸ 8 � ¹G � bGº8 • (14.19)

Step 4: Downdate the low-rank approximation by recomputing it with a test vector

removed, and use the left-out test vector as the random vector in step 3.Now, we

invoke the leave-one-out trick. De�ne the downdated the Nyström approximation

by leaving out column8of the test matrix
 ,

bG¹8º := Gh
 � 8i •
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Using the left-out vector8 8as the test vector8 in (14.19) gives the family of basic

XNysTrace estimators

btr8 := tr¹ bG¹8ºº ¸ 8 �
8¹G � bG¹8ºº8 8 for 8= 1– • • • – B• (14.20)

Step 5: Average the estimator from step 4 over all choices of vectors to leave out.

Averaging the basicXNysTrace estimatorsbtr8gives the fullXNysTrace estimator

btrXN :=
1
B

BÕ

8=1

btr8 =
1
B

BÕ

8=1

�
tr¹ bG¹8ºº ¸ 8 �

8¹G � bG¹8ºº8 8

�
• (14.21)

Discussion.As we will show in Sections 14.5 and 14.6, the estimatorXNysTrace

estimator (14.21) can be computed using only theBmatvecs composingG
 . XNys-

Trace is exchangeable and dedicates all matvecs both to low-rank approximation

and to Monte Carlo estimation of the residual trace.

The use of Nyström approximation for variance reduction in trace estimation was

originally proposed by Persson, Cortinovis, and Kressner [PCK22], who devel-

oped aHutch ++-style algorithm using Nys�trom approximation calledNyström ++.

The XNysTrace algorithm improves onNyström ++ by using an exchangeable,

variance-reduced design.

The main di�erence betweenHutch ++, XTrace , andXNysTrace is the rank of

the matrix approximation. Given a �xed budget ofBmatvecs,Hutch ++uses a rank-

¹B•3º approximation,XTrace uses a rank-¹B•2º approximation, andXNysTrace

uses a rank-Bapproximation. This disparity results in signi�cant di�erences among

these estimatorswhenappliedto a matrix with rapidly decaying eigenvalues. As an

example, consider a psd matrixG whose eigenvalues decay at an exponential rate

_8¹Gº � U8 for U 2 ¹0–1º. As we will show in Section 15.1,Hutch ++, XTrace ,

andXNysTrace satisfy error bounds of the form

�
E

�
�btrH++ � tr¹Gº

�
�2

� 1•2
� � 1¹Uº UB•3;

�
E

�
�btrX � tr¹Gº

�
�2

� 1•2
�

p
B � 2¹Uº UB•2;

�
E

�
�btrXN � tr¹Gº

�
�2

� 1•2
� B � 3¹Uº UB•

(14.22)

Here, � 8¹Uº denote prefactors depending only onU. For this matrix, the rate of

convergence ofXTrace is 3•2� faster thanHutch ++, and the convergence rate of

XNysTrace is 3� faster thanHutch ++.
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14.5 Leave-one-out formula for randomized Nyström approximation

Just as the randomized SVD downdating formula (Theorem 14.1) was the main

ingredient in making an e�cientXTrace implementation, a fast Nyström approxi-

mation downdating formula will support a fastXNysTrace implementation. This

formula will also be useful in deriving other leave-one-out algorithms based on

randomized Nyström approximation.

Theorem 14.2(Downdating randomized Nyström approximation). Let G 2 K=� =

be psd and let
 2 K=� : be a matrix, and assumeG
 is full-rank. Denote

N := 
 � ¹G
 º. Then, the downdated Nyström approximationbG¹8º := Gh
 � 8i has

the representation

bG¹8º = ¹G
 º
�
N � 1 �

N � 1¹:– 8ºN � 1¹8–:º

N � 1¹8– 8º

�
¹G
 º� (14.23a)

= bG�
¹G
 N � 1¹:– 8ºº¹G
 N � 1¹:– 8ºº�

N � 1¹8– 8º
• (14.23b)

The proof of this result relies on a consequence of the Banachiewicz inversion

formula. Here, we restate the version of this formula given in [PS05, eq. (0.7.2)].

Fact 14.3 (Banachiewicz inversion formula). Let V 2 K31� 31–W 2 K31� 32–X 2

K32� 31–Y 2 K32� 32 with V nonsingular. Then the block matrix

S :=

"
V W

X Y

#

is invertible if and only if theSchur complementS • V := Y � XV� 1Wis invertible,

in which case

S � 1 =

"
V W

X Y

#� 1

=

"
V� 1 ¸ V� 1W¹S • Vº� 1XV� 1 � V� 1W¹S • Vº� 1

�¹ S • Vº� 1XV� 1 ¹S • Vº� 1

#

(14.24a)

=

"
V� 1 0

0 0

#

¸

"
� V� 1W

I

#

¹S • Vº� 1
h
� XV� 1 I

i
• (14.24b)

As a consequence, we obtain a formula relating the inverse of a matrix to the inverse

of a submatrix.

Corollary 14.4 (Downdating the inverse). Instate the notation and assumptions of

Fact 14.3, and denoteE := f 31 ¸ 1– • • • – 31 ¸ 32g. Then
"
V� 1 0

0 0

#

= S � 1 � S � 1¹:–Eº»S � 1¹E–Eº¼� 1S � 1¹E–:º•
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Proof. Rewrite (14.24b) as

S � 1 =

"
V� 1 0

0 0

#

¸

"
� V� 1W¹S • Vº� 1

¹S • Vº� 1

#

¹S • Vº
h
�¹ S • Vº� 1XV� 1 ¹S • Vº� 1

i
–

and use (14.24a) to recognize the factors of the second term as submatrices ofS � 1:
"
� V� 1W¹S • Vº� 1

¹S • Vº� 1

#

= S � 1¹:–Eº–
h
�¹ S • Vº� 1XV� 1 ¹S • Vº� 1

i
= S � 1¹E–:º•

Finally observe thatS • V = »S � 1¹E–Eº¼� 1 is the inverse of the block-¹2–2º entry

of S � 1. Combining these observations yields the desired result.

With this formula and its corollary in hand, the proof of Theorem 14.2 is immediate.

Proof of Theorem 14.2.The Nyström approximationGh
 i is invariant to permuta-

tion of the columns of
 (Proposition 2.9(b)). As such, we can assume without loss

of generality that8= : by permuting the8th column of
 to appear last.

The downdated Nyström approximationbG¹: º takes the form

bG¹: º = G
 � :

�
N ¹: º

� � 1
 �
� : G = G


"
N � 1

¹: º 0

0� 0

#


 � G•

Invoking Corollary 14.4 and repackaging
 � G = ¹G
 º� yields the stated result.

Using the formula (14.23)

The Nyström downdating formula (14.23) can be combined with the stable Nyström

implementation from (2.11). We treat the shift` as zero for the following discussion.

In practice, the shift̀ given by (2.11a) should be used.

We compute the Nyström approximation in outer product formbG = LL � using the

stable implementation in (2.11). First, we compute the matrix product_ = G
 .

Then, we obtain a Cholesky decomposition
 � G
 = X� X. Finally, we construct

the factor matrixL = _ X � 1. Using these matrices, the downdating formula (14.23)

may be written
bG¹8º = LL � � z8z

�
8 for 8= 1–2– • • • – : (14.25a)

where

` := LX �� � Diag
�
srn

�
X� 1� � � 1•2

• (14.25b)

The matrix` contains all of the information needed to do Nyström downdating.
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14.6 ImplementingXNysTrace e�ciently

We can use Theorem 14.2 to form theXNysTrace estimator rapidly. This section

begins with a derivation of an e�cient formula for the basicXNysTrace estimates

(14.20). Then, we will discuss how to implement this formula.

Formula for the basic XNysTrace estimates: Derivation

Begin by generating a matrix
 with isotropic columns, compute the Nyström
bG = LL � via (2.11), and form` from (14.25b). Then, substitute the Nyström

downdating formula (14.23a) in the de�nition (14.20) of the basicXNysTrace

estimators:
btr8 = tr¹LL � � z8z

�
8º ¸ 8 �

8¹G � bG¸ z8z
�
8º8 8• (14.26)

By Proposition 2.9(d), the Nyström approximationbG satis�es theinterpolation

condition bG88 = G88. Using this interpolation property, the cyclic property of the

trace, and the identitykL k2
F = tr¹L � L º, the formula (14.26) simpli�es as

btr8 = kL k2
F � kz8k2 ¸ j z�

88 8j2•

More concisely, the vector of trace estimatestr = ¹btr8 : 1 � 8� Bº is

btr = kL k2
F � 1 � srn¹` º ¸ j diagprod¹` –
 º j2•

Formula for the basic XNysTrace estimates: Implementation

In practice, we use the shift` given by formula (2.11a) to ensure numerical stability

and success of the Cholesky decomposition (2.11d). As a result, theXNysTrace

estimator produces an unbiased estimate of theshifted matrixG¸ ` I . To correct for

the shift, we remove the trace of the correctiontr¹` I º = =` from each trace estimate,

resulting in the alternative formula

btr = kL k2
F � 1 � srn¹` º ¸ j diagprod¹` –
 º j2 � =` � 1•

We use this formula in our code. Code forXNysTrace is provided in Program 14.3,

which outputs theXNysTrace estimatorbtrXN astr and an error estimateest ; see

Section 15.3 for discussion.

Remark14.5 (Comparison toXNysTrace implementation in [ETW24]). Our orig-

inal paper onXNysTrace [ETW24] uses a distnctive implementation based on a

QR decomposition of_ . The implementation in Program 14.3 is signi�cantly faster.

When applied to a problem of dimension= = 105 with B= 103 matvecs, the pro-

cessing time (that is, the total runtime minus the time required to perform matvecs)

for Program 14.3 was 7� faster than the implementation give in [ETW24]. �
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Program 14.3xnystrace.m . E�cient and stable implementation ofXNysTrace
estimator. Subroutinesnystrom anddiagprod appear in Programs 2.3 and 14.1.
function [tr,est] = xnystrace(A,n,s)
% Input: Function A() computing matrix products A(X) = A*X, number
% of rows n, and number of matvecs s
% Output: Estimate tr of trace(A), estimate est of the error
% abs(tr - trace(A))

[F,mu,Om,R] = nystrom(A,n,s); % Nystrom approx in outer product form
Z = (F/R') .* (sqrownorms(inv(R)) .^ (-1/2))'; % Downdate it

% Compute vector of estimates
tr_vec = norm(F,"fro")^2 * ones(s,1) - sqcolnorms(Z) ...

+ abs(diagprod(Z,Om)) .^ 2 - mu * n * ones(s,1);
tr = mean(tr_vec); % Trace estimate
est = std(tr_vec) / sqrt(s); % Error estimate

end

14.7 Synthetic Experiments

To compare theXTrace andXNysTrace algorithms toHutch ++ and the Girard�

Hutchinson estimator, we evaluate on four test matrices with di�erent spectra:

flat := [ 1 Diag¹linspace ¹1–3– =ºº[ �
1– (14.27a)

poly := [ 2 Diag¹8� 2 : 8= 1– • • • – =º[ �
2– (14.27b)

exp := [ 3 Diag¹0•78 : 8= 0– • • • – =� 1º[ �
3– (14.27c)

step := [ 4 Diag¹1– • • • –1
|    {z    }
50 times

–10� 3– • • • –10� 3

|             {z             }
=� 50 times

º[ �
4• (14.27d)

Here,[ 8 2 R=� = denote Haar-random orthogonal matrices,linspace ¹1–3– =º de-

notes equally spaced entries between 1 and 3, and= := 103. Each matrix is real and

positive de�nite, although theexp matrix is singular up to numerical precision.

Results are shown in Fig. 14.1. Here are my conclusions:

With spectral decay,XNysTrace ¡ XTrace ¡ Hutch ++ � Girard�Hutchinson.

For matrices with eigenvalues decaying at a steady, and su�ciently rapid, rate

(e.g., thepoly andexp examples), the ranking of methods is clear:XNysTrace ,

XTrace , Hutch ++, then Girard�Hutchinson. This disparity is most visible with

theexp examples, whereXNysTrace converges at a3� faster exponential rate than

Hutch ++andXTrace converges1•5� faster. The Girard�Hutchinson estimator, by

contrast, converges at the much slower Monte Carlo rate� ¹B� 1•2º.
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Figure 14.1: Relative error of trace estimates by Girard�Hutchinson estimator (yel-
low squares),Hutch ++(purple asterisks),XTrace (blue crosses), andXNysTrace
(orange circles) for the four test matrices (14.27) for di�erent numbers of matvecs
B. Lines show median of 1000 trials and error bars show 10% and 90% quantiles.

Without spectral decay, variance reduction by low-rank approximation doesn't

help. TheHutch ++, XTrace , andXNysTrace estimators depend on reducing the

variance of the trace estimate by using a low-rank approximation of the matrix as

a control variate. This technique does not provide any bene�t, and in fact slightly

harms the quality of the estimate, when the matrix has a �at spectrum. This e�ect

is visible with theflat matrix, where the Girard�Hutchinson estimator beats the

Hutch ++, XTrace , andXNysTrace estimators by a small multiple. (Though,

resphering can help improve the variance-reduced estimators on problems like this,

as in Fig. 14.3 below.)

Weakness ofXNysTrace on step matrix. Perhaps the most interesting example of

these four test matrices is thestep matrix. This matrix has: = 50large eigenvalues,

with the remaining= � 50 eigenvalues being much smaller. It takesHutch ++

aboutB= 3: = 150matvecs to produce a low-rank approximation capturing these

dominant eigenvalues, and it takesXTrace aboutB = 2: = 100 matvecs. After

hitting this number of matvecs, the error ofHutch ++ and XTrace drop about

three orders of magnitude (and even more with resphering, see Fig. 14.3 below).

By contrast,XNysTrace begins reaping the bene�ts of low-rank approximation
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at aboutB = 50 matvecs. Yet, the convergence ofXNysTrace for B ¡ 50 is

more gradual than for eitherHutch ++ andXTrace . Consequently,Hutch ++ and

XTrace achieve lower error thanXNysTrace for su�ciently large B.

An explanation for this behavior is visible in the error bounds for the randomized

SVD and the single-pass Nyström approximation provided by Facts 2.5 and 2.11.

For a psd matrix, the error of the single-pass Nyström approximation depends on

thesumof the tail eigenvalues
Í

8§ : _8, whereas the randomized SVD error depends

on the� 2 norm of the tail eigenvalues¹
Í

8§ : _2
8º1•2. On this example, the sum of

tail eigenvalues is larger than the� 2 norm of the tail eigenvalues by a factor of

about
p

=. Thus, the randomized SVD-basedXTrace andHutch ++estimators can

approximate thestep matrix better than the Nyström-basedXNysTrace estimator.

Which method should I use?Unfortunately, the pattern of results in Fig. 14.1 de�es

a truly simple conclusion. Still, I think there are some pretty clear recommendations

that can be gleaned from these experiments.

One can imagine two distinct settings for trace estimation. In the �rst setting,

one is writing general-purpose software, and the trace estimator must be designed

to handle arbitrary input matrices. In the second setting, one is interested in a

speci�c application, and the trace estimator needs only work well for matrices

appearing in that application. For the former setting, I would make the following

recommendation:

For general-purpose use, I would recommendXTrace or, for psd matrices,

eitherXTrace orXNysTrace . Both should be implemented with resphering

(Section 14.8).

While XTrace andXNysTrace are not the best trace estimators for every single

problem, the bene�ts overHutch ++ and the Girard�Hutchinson estimator can be

substantial on some problems. For problems with slow spectral decay (like theflat

matrix), the resphering step (Section 14.8) can substantially improveXNysTrace .

In a speci�c application, the choice of trace estimator can be determined by pro�ling.

As a rule of thumb,XNysTrace is the best estimator for psd matrices withconsistent

spectral decay,XTrace is the best estimate for general matrices with at least some

singular value decay, and the Girard�Hutchinson estimator is the best estimator (by a

small margin) on problems with very little spectral decay. For additional approaches
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Figure 14.2: Comparison of the error ofXNysTrace on exp matrix (14.27c) on
Linux x86 machine (MATLAB Online, orange solid circles) and MacOS Apple
Silicon (Macbook Pro with M3 ARM chip, pink dashed triangles). The error on
the Linux system saturates at 2.7e-16 and the Mac system saturates at 4.6e-13,
1700� higher. Lines show median of 1000 trials and error bars show 10% and 90%
quantiles.

to trace estimation, see Section 15.5. The paper [ETW24] for comparisons of

XTrace with theNyström ++and adaptiveHutch ++algorithms of [PCK22].

Remark14.6 (Platform dependence). Curiously, during the numerical experiments

for this thesis, I observed that the numerical errors forXNysTrace were many

orders of magnitude higher for matrices than in [ETW24]. In [ETW24], the results

showXNysTrace achieving machine precision, whereas the new results showed the

error saturating roughly103� higher. Eventually, I isolated the discrepancy to the

platform; the original experiments in [ETW24] were performed on an Mac computer

with an Intel x86 chip, and the new experiments werre performed on a Mac with

an Apple Silicon ARM chip. I was able to reproduce the numerical behavior in

the original paper [ETW24] on MATLAB Online, which uses x86 Linux machines.

See Fig. 14.2 for a comparison.

I am not aware for an underlying reason for the platform dependence on the nu-

merical accuracy. The distinction between x86 and Apple ARM systems persisted

in every numerical experiment I ran across multiple machines, including multiple

MATLAB versions up to 2024b. To show the best performance for the algorithm,

the experiments in Fig. 14.1 were performed on MATLAB Online (x86). �
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14.8 RespheringXTrace and XNysTrace

We can improve theXTrace andXNysTrace algorithms by using the resphering

technique, discussed at the end of Section 13.1.

RespheringXTrace

To resphereXTrace , we replace8 8by

. 8 :=
p

= � B•2 ¸ 1 �
¹I � W¹8ºW

�
¹8ºº8 8

k¹I � W¹8ºW
�
¹8ºº8 8k

•

The e�ect of this substitution is to scale the factorBO in (14.9) by

U8 :=
= � B•2 ¸ 1

k¹I � W¹8ºW
�
¹8ºº8 8k2

•

Using the^ matrix de�ned in (14.17), we evaluate the denominator to be

k¹I � W¹8ºW
�
¹8ºº8 8k2 = 8 �

8¹I � W¹I � s8s
�
8ºW� º8 8 = k8 8k2 � kx8k2•

Consequently, the vector of scaling factors is

" =
= � B•2 ¸ 1

scn¹
 º � scn¹^ º
•

As usual, division is performed elementwise. With resphering, the vector ofXTrace

vectors is given by

btr = tr¹Nº1 � diagprod¹Y–NYº ¸ " � »� diagprod¹Z–^ º

¸ diagprod¹^ –N^ º ¸ diagprod¹] –Yº � diagprod¹Y–Xº¼•

An implementation ofXTrace with resphering is provided in Program 14.4.

RespheringXNysTrace

To resphereXNysTrace requires a bit more thought. Remember that the basic

XNysTrace estimators take the form

btr8 = tr¹ bG¹8ºº ¸ 8 �
8¹G � bG¹8ºº8 8 wherebG¹8º := Gh
 � 8i •

To resphereXNysTrace , we need to identify a matrixM such that¹G� bG¹8ººM = 0.

Such a matrix is furnished the theinterpolatory propertyof Nyström approximation

(Proposition 2.9(d)), which shows thatM = 
 � 8has this feature:

¹G� bG¹8ºº
 � 8 = 0•
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Program 14.4xtrace_resphere.m . E�cient implementation of XTrace algo-
rithm with resphering. Subroutinesdiagprod andsqcolnorms are provided in
Programs 14.1 and F.4.
function [tr, est] = xtrace_resphere(B,n,s)
% Input: Function B() computing matrix products B(X) = B*X, number
% of rows n, and number of matvecs s
% Output: Estimate tr of trace(B), estimate est of the error
% abs(tr - trace(B))

% Define test matrix
k = floor(s/2); % Approximation rank is s/2
Om = randn(n,k); % Gaussian matrix

% Randomized SVD and downdate
Y = B(Om); % Collect matvecs
[Q,R] = qr(Y,"econ"); % Randomized SVD
S = cnormc(inv(R')); % Downdate RSVD, cnormc normalizes columns

% Compute other necessary matrices
Z = B(Q); % Collect matvecs
H = Q'*Z;
W = Q'*Om;
T = Z'*Om;
X = W - S .* diagprod(W,S).';

% Scaling factor
alpha = (n - k + 1) ./ (sqcolnorms(Om) - sqcolnorms(X));

% Compute estimator, output
tr_vec = trace(H) * ones(k,1) - diagprod(S,H*S)...

+ alpha .* (-diagprod(T,X) + diagprod(X,H*X)...
+ diagprod(W, S) .* diagprod(S, R));

tr = mean(tr_vec); % Trace estimate
est = std(tr_vec) / sqrt(k); % Error estimate

end

Thus, we can resphereXNysTrace by replacing8 8by

. 8 :=
p

= � B¸ 1 �
¹I � W¹8ºW

�
¹8ºº8 8

k¹I � W¹8ºW
�
¹8ºº8 8k

for W¹8º := Orth ¹
 � 8º•

To compute the vectors. 8, we need to orthonormalize the columns of the matrix


after every possible column deletion. Fortunately, the randomized SVD downdating

formulas (Theorem 14.1) are exactly what we need to perform this computation.
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Begin by computing aQR decomposition of
 ,


 = WZ– (14.28)

and form the downdating matrixY by normalizing the columns ofZ �� . The down-

dated orthonormal matricesW¹8º then admit the relation

W¹8ºW
�
¹8º = W¹I � s8s

�
8ºW� •

Using this display, a short computation shows the respheredXNysTrace estimators

with shifting are

btr = kL k2
F � 1 � srn¹` º ¸ " � j diagprod¹` –
 º j2 � =` � 1 (14.29a)

where

" :=
= � B¸ 1

scn¹
 º � scn¹^ º
with ^ := Z � Z �� � Diag¹scn¹Z �� ºº� 1• (14.29b)

An interesting observation is that the respheredXNysTrace estimator (14.29) de-

pends only on the triangular factor of theQR decomposition (14.28). As such,

we can develop an implementation of the respheredXNysTrace estimator that

avoidsQR decomposition entirely, which is bene�cial sinceQR decomposition is

expensive. Indeed, we can instead compute a Cholesky decomposition


 � 
 = Z � Z

of the Gram matrix
 � 
 . Forming the Gram matrix is highly discouraged as

a general practice in matrix computations [Hig22], but it is benign here because

Gaussian random matrices are very well-conditioned (at least if= � B•2) [Tro21,

Ÿ11.2 and p. 166]. An implementation of the respheredXNysTrace estimator is

provided in Program 14.5.

Remark14.7 (Improved respheredXNysTrace implementation). The publicly

available code from [ETW24] uses aQR-based implementation of the resphered

XNysTrace estimator. We have improved it here by introducing the faster Cholesky-

based implementation. �

Experiments

Figure 14.3 compares theHutch ++, XTrace andXNysTrace algorithms and their

resphered versions on the matricesflat andstep de�ned in (14.27). We see that

resphering signi�cantly improves the performance of all estimators on theflat

example and theXTrace andHutch ++estimators on thestep example.
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Program 14.5xnystrace_resphere.m . E�cient implementation ofXNysTrace
algorithm with resphering. Subroutinesdiagprod , sqcolnorms , andsqrownorms
are provided in Programs 14.1, F.3 and F.4.
function [tr,est] = xnystrace_resphere(A,n,s)
% Input: Function A() computing matrix products A(X) = A*X, number
% of rows n, and number of matvecs s
% Output: Estimate tr of trace(A), estimate est of the error
% abs(tr - trace(A))

Om = randn(n,s); % Gaussian random test matrix
Y = A(Om); % Matrix product Y = A*Om
mu = eps*norm(Y,"fro")/sqrt(n); % Compute shift
Y = Y + mu * Om; % Apply shift to Y
H = Om'*Y;
R = chol((H+H')/2); % Explicitly symmetrize H to be safe
F = Y/R; % Triangular substitution

% Downdating
Z = (F/R') .* (sqrownorms(inv(R)) .^ (-1/2))';

% Resphering
T = chol(Om'*Om);
Tinv = inv(T);
X = T - Tinv' / diag(sqcolnorms(Tinv'));
alpha = (n-s+1) ./ (sqcolnorms(Om) - sqcolnorms(X));

% Compute vector of estimates
tr_vec = norm(F,"fro")^2 * ones(s,1) - sqcolnorms(Z) ...

+ alpha .* abs(diagprod(Z,Om)) .^ 2 - mu * n * ones(s,1);
tr = mean(tr_vec); % Trace estimate
est = std(tr_vec) / sqrt(s); % Error estimate

end

14.9 Application: Estrada index

As a running example throughout this part of the thesis, we will apply trace and

diagonal estimators to problems in network science. Given a graph with adjacency

matrix S , the Estrada index[Est22] is de�ned as the trace-exponential of the

adjacency matrix:

estr:= tr¹exp¹S ºº•

The Estrada index is a measure ofcentralizationfor a graph, that is, how �clustered�

or �spread out� its nodes are. This quantity is an ideal candidate for variance-reduced

trace estimators likeXTrace , as the exponential function promotes spectral decay
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Figure 14.3: Comparison ofHutch ++, XTrace andXNysTrace algorithms (light
solid lines) and their resphered versions (dark dashed lines) on theflat ((14.27a),
left) andstep matrices ((14.27d),right). Lines show median of 100 trials, and error
bars on the right panel show 10% and 90% quantiles. (Error bars are omitted on the
left panel for clarity.)

Figure 14.4: Relative error of trace estimates by Girard�Hutchinson estimator (yel-
low squares),Hutch ++(purple asterisks),XTrace (blue crosses), andXNysTrace
(orange circles) for Estrada index problem as a function of the number of matvecs
B. Lines show median of 100 trials, and error bars show 10% and 90% quantiles.

in the matrixG := exp¹S º. The matrixG is psd, allowing us to apply estimators

designed for psd matrices likeXNysTrace .

Figure 14.4 provides a demonstration of various trace estimators applied to the

Estrada index. I test on theyeast network S 2 R2361� 2361 from [BZCX+03];

for this small example, the exact values of the Estrada index can be computed

for reference. To obtain matvecs withG = exp¹S º, I employ forty steps of

the Lanczos algorithm [Che24, Ch. 6], which is su�cient to compute matvecs
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to relative error10� 11. I implemented all trace estimators with resphering. The

conclusions are much the same as in Figs. 14.1 and 14.3, with ranking from best-to-

worstXNysTrace , XTrace , Hutch ++, Girard�Hutchinson. On this example, the

di�erence betweenXNysTrace , XTrace , andHutch ++is comparatively small, and

all of these variance-reduced methods leading to substantial accuracy improvements

over the Girard�Hutchinson estimator.

14.10 The leave-one-out approach: Summary

This chapter descrived the leave-one-out approach to designing randomized algo-

rithms for matrix attribute estimation. At a high level, this approach proceeds in

�ve steps:

1. Compute a low-rank approximation to the input matrix by multiplying it

against a collection of test vectors.

2. Decompose the quantity of interest into known piece depending on the low-

rank approximation plus a residual.

3. Construct a Monte Carlo estimate of the residual using a single random vector.

4. Downdate the low-rank approximation by recomputing it with a test vector

removed, and use the left-out test vector as the random vector in step 3.

5. Average the estimator from step 4 over all choices of vectors to leave out.

We employed this approach to derive theXTrace and XNysTrace estimators,

which improve onHutch ++by using an exchangeable design. These algorithms all

the matrix�vector productsbothfor low-rank approximationandresidual trace esti-

mation. We will see more leave-one-out randomized matrix algorithms in upcoming

chapters.

The leave-one-out approach is simple, but deriving e�cient implementations using it

required some e�ort. To derive fast algorithms, our main tools were the downdating

formulas for the randomized SVD (Theorem 14.1) and randomized Nyström approx-

imation (Theorem 14.2). The resphering technique further improves leave-one-out

estimators, at the cost of some additional complexity.
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C h a p t e r 15

MORE ON TRACE ESTIMATION

From 1987 to 2020, an algorithm called Hutchinson's Estimator was the

state-of-the-art for the trace estimation problem, with analysis giving

matching upper and lower bounds at� ¹1•Y2º Matrix�Vector products.

Notably, this
 ¹1•Y2º lower bound was known only for this estimator,

and was not known to hold in general [WWZ14] We tried to generalize

that lower bound to hold for arbitrary Matrix-Vector algorithms, but that

didn't work. While looking into why, we instead found an algorithm that

only usedO¹1•Yº Matrix-Vector products, calledHutch++.

Raphael A. Meyer

The last chapter introduced the leave-one-out approach for designing randomized

algorithms for matrix computations. As a demonstration of that technique, we saw

theXTrace andXNysTrace algorithms for trace estimation and developed e�cient

implementations using downdating formulas for the randomized SVD and Nyström

approximation.

In this chapter, we will continue our discussion of trace estimation by discussing

a priori error analysis,a posteriori error estimation, adaptive determination of

parameters, and alternatives toXTrace andXNysTrace .

Sources.This chapter is based on theXTrace paper

Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. �XTrace: Making the Most

of Every Sample in Stochastic Trace Estimation�. In:SIAM Journal on Matrix

Analysis and Applications(Mar. 2024), pp. 1�23.doi: 10.1137/23M1548323.

Several aspects of the presentation have been signi�cantly expanded, including

the discussion of how to interpret theXTrace error bounds in Section 15.2, the

discussion of adaptivity in Section 15.4, and the discussion of trace estimation

alternatives in Section 15.5.

Outline. Section 15.1 presentsa priori error bounds forXTrace andXNysTrace ,

and Section 15.2 discusses how to interpret them. Section 15.3 describes how to

estimate the error ofXTrace andXNysTrace a posteriori, and Section 15.4 ex-

plains how these error estimates can be used to implementXTrace andXNysTrace
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adaptively to meet an error tolerance. Finally, Section 15.5 presents alternatives to

XTrace andXNysTrace for trace estimation.

15.1 A priori error bounds

In this section, we introducea priori error bounds forXTrace andXNysTrace ,

analogous to Theorem 13.5 forHutch ++. Versions of these bounds originally

appeared as [ETW24, Thm. 1.1]. The �rst result is the following bound forXTrace :

Theorem 15.1(XTrace : mean-squared error bound). Let H 2 R=� = be a real

square matrix, and consider theXTrace estimator with test vectors8 1– • • • –8 B•2

drawn iid from the standard normalNormal R¹0–I=º or sphere
p

= � S¹R=º. This

estimatorbtrX is an unbiased estimate for the tracetr¹Hº with mean-squared error

Var¹btrXº � min
A� B•2� 4

�
4e2B

¹B•2 � A� 3º2




 H � È HÉA




 2

F ¸
4B

B•2 � A� 3




 H � È HÉA




 2

�
•

(15.1)

In particular, the root-mean-squared error decreases at a rate of at leastO¹B� 1º:

»E¹btrX � tr¹Hºº2¼1•2 �
const

B
� kHk� • (15.2)

An analogous result holds forXNysTrace [ETW24, Thm. 1.1]:

Theorem 15.2(XNysTrace : mean-squared error bound). Let G 2 R=� = be areal

psd matrix and consider theXNysTraceestimator with test vectors8 1– • • • –8 B•2

drawn iid from the standard normalNormal R¹0–I=º or sphere
p

=� S¹R=º distribu-

tions. Then theXNysTraceestimatorbtrXN provicdes an unbiased estimate fortr¹Gº

with root-mean-squared error

Var¹btrXNº1•2 � Bmin
A� B� 6

"
5e2

¹B� A� 5º2




 G � È GÉA






�

¸

p
2

¹B� A� 5º3•2




 G � È GÉA






F ¸

p
8

B� A� 5




 G � È GÉA






#

• (15.3)

In particular, the root-mean-squared error decreases at a rate of at leastO¹B� 1º:

»E¹btrXN � tr¹Gº2¼1•2 �
const

B
� tr¹Gº• (15.4)

These bounds, particularly theHutch ++-style O¹1•Bº �convergence rates� of

XTrace (15.2) andXNysTrace (15.4) are easy to misinterpret; we will elabo-

rate more on what these bounds do and do not mean in Section 15.2.
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For now, let us focus on the main error bounds (15.1) and (15.3), which are more

informative than theO¹1•Bº convergence rate but perhaps harder to interpret. To

help make things simpler, we remind the reader of the comparison (14.22) above.

Let G be a psd matrix with eigenvalues decaying at an exponential rate_8¹Gº � U8

for U 2 ¹0–1º. Then theXTrace (Theorem 15.1,XNysTrace (Theorem 15.2), and

Hutch ++ (Theorem 13.5) theorems imply that the root-mean-squared errors decay

at rates
�
E

�
btrH++ � tr¹Gº

� 2� 1•22
� 21¹Uº UB•3;

�
E

�
btrX � tr¹Gº

� 2� 1•2
� B1•2 22¹Uº UB•2;

�
E

�
btrXN � tr¹Gº

� 2� 1•2
� B 23¹Uº UB•

(15.5)

Here, the prefactors21¹Uº– 22¹Uº– 23¹Uº ¡ 0 depend only onU. We see that

XNysTrace andXTrace converge at3� and1•5� the rate ofHutch ++, respectively.

These theoretically predicted convergence rates are mirrored in theexp example in

Fig. 14.1.

We will prove theXTrace bound (Theorem 15.1) and omit the proof of theXNys-

Trace bound (Theorem 15.2), which is similar. The essence of the theorem is

contained in the following structural bound.

Lemma 15.3(XTrace : Structural bound). Import the setting of Theorem 15.1. The

XTraceestimator is unbiasedE»btrX¼= tr¹Hº and the variance admits the bound

Var¹btrXº �
4
B

� E





 ¹I � W¹1ºW

�
¹1ººH








2

F
¸ 4 E






 ¹I � W¹12ºW

�
¹12ººH








2
•

Here,W¹1º = Orth ¹H
 � 1º andW¹12º = Orth ¹H
 ¹:–3 : B•2ºº.

Before we prove this lemma, let us use it to establish Theorem 15.1.

Proof of Theorem 15.1.Combining theXTrace structural bound Lemma 15.3 and

the randomized SVD bound (Fact 2.5) gives

Var¹btrXº �
4
B

min
A� B•2� 3

B•2 � 2
B•2 � A� 2




 H � È HÉA




 2

F

¸ 4 min
A� B•2� 4

B•2 ¸ A� 3
B•2 � A� 3

� 


 H � È HÉA




 2 ¸

e2

B•2 � A� 2




 H � È HÉA




 2

F

�
•

Simplifying, we obtain (15.1). To prove (15.2), we setA := bB•4c � 4 and invoke

Fact 13.6.
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We now prove the lemma:

Proof of Lemma 15.3.The unbiasedness of theXTrace estimator follows form its

construction; see [ETW24, p. 18] for a detailed proof.

By bilinearity of the variance and since every pair¹btr8–btr9º has the same distribution,

we have

Var¹btrXº =
2
B

� Var¹btr1º ¸
�
1 �

2
B

�
Cov¹btr1–btr2º• (15.6)

We will bound the varianceVar¹btr1º and the covarianceCov¹btr1–btr2º separately.

To evaluateVar¹btr1º, use the chain rule for the variance:

Var¹btr1º = E»Var¹btr1 j 
 � 1º¼ ¸Var¹E»btr1 j 
 � 1¼º• (15.7)

To compute the second term in (15.7), we observe thatE»btr1 j 
 � 1¼= tr¹Hº. That

is, even conditional on the other test vectors8 2– • • • –8 B•2, the �rst basicXTrace

estimatorbtr1 is unbiased. Thus, the second term in (15.7) is zero. To evaluate the

�rst term of (15.7), we invoke Fact 13.2 to obtain

Var¹btr1 j 
 � 1º = Var¹8 �
8¹I � W¹8ºW

�
¹8ººH¹I � W¹8ºW

�
¹8ºº8 8 j 
 � 1º

� 2





 ¹I � W¹8ºW

�
¹8ººH¹I � W¹8ºW

�
¹8ºº








2

F
•

Thus, we have

Var¹btr1º = E»Var¹btr1 j 
 � 1º¼ � 2





 ¹I � W¹8ºW

�
¹8ººH








2

F
• (15.8)

We have dropped the second projectorI � W¹8ºW
�
¹8º, which can only increase the

Frobenius norm.

Now, we boundCov¹btr1–btr2º. Introduce

^ := ¹I � W¹12ºW
�
¹12ººH¹I � W¹12ºW

�
¹12ºº• (15.9)

This matrix is independent of both8 1 and8 2 by design. Therefore, we may write

Cov¹btr1–btr2º = E»¹btr1 � tr¹Hºº¹btr2 � tr¹Hºº¼

= E»¹btr1 � tr¹Hº ¸ tr¹^ º � 8 �
1^8 1º¹btr2 � tr¹Hºº¼

= E»¹btr1 � tr¹Hº ¸ tr¹^ º � 8 �
1^8 1º¹btr2 � tr¹Hº ¸ tr¹^ º � 8 �

2^8 2º¼•

The second line follows becausebtr2 is unbiased approximation toH, even conditional

on ¹8 8 : 8< 2º. The third line follows because the �rst factor is mean zero, even
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conditionally on¹8 8 : 8< 1º. Now, invoke Cauchy�Schwarz and the fact that the

two factors are identi�cally distributed to obtain

Cov¹btr1–btr2º � E
�
�btr1 � tr¹Hº ¸ tr¹^ º � 8 �

1^8 1

�
�2 (15.10)

Conditional on¹8 8 : 8< 1º, the termstr¹Hº andtr¹^ º are constants and the quantity

in the absolute value signs is mean-zero. Furthermore, the �rst term of

btr1 = tr¹W�
¹1ºHW¹1ºº ¸ 8 �

1¹I � W¹1ºW
�
¹1ººH¹I � W¹1ºW

�
¹1ºº8 1–

is also conditionally constant. Therefore, we obtain,

Cov¹btr1–btr2º � E
h
Var

�
8 �

1»¹I � W¹1ºW
�
¹1ººH¹I � W¹1ºW

�
¹1ºº � ^ ¼8 1 j 
 � 1

� i
•

Using Fact 13.2, we bound the right-hand side as

Cov¹btr1–btr2º � 2E





 ¹I � W¹1ºW

�
¹1ººH¹I � W¹1ºW

�
¹1ºº � ^








2

F
• (15.11)

We now do some wrangling to bound the right-hand side of (15.11). Introduce the

projectors� 1 := W¹1ºW
�
¹1º and� 12 := W¹12ºW

�
¹12º, and note the identity

I � � 1 = ¹I � � 1º¹I � � 12º = ¹I � � 12º¹I � � 1º• (15.12)

We compute

k¹I � � 1ºH¹I � � 1º � ^ k2
F = k¹I � � 1º¹I � � 12ºH¹I � � 12º¹I � � 1º � ^ k2

F

= k¹I � � 1º^ ¹I � � 1º � ^ k2
F

= k¹I � � 1º^ ¹I � � 1º � ¹ I � � 1º^ I � � 1^ k2
F

= k�¹ I � � 1º^ � 1 � � 1^ k2
F

= k¹I � � 1º^ � 1k2
F ¸ k� 1^ k2

F

� k^ � 1k2
F ¸ k� 1^ k2

F

= k^ ¹� 1 � � 12ºk2
F ¸ k¹� 1 � � 12º^ k2

F

= k^ ¹� 1 � � 12ºk2 ¸ k¹� 1 � � 12º^ k2

� 2k^ k2•

The �rst line is the identity (15.12), the second line is the de�nition of^ (15.9), the

�fth line is the Pythagorean theorem, the sixth line is the nonexpansiveness of the

orthoprojectorI � � 1, the seventh line invokes the identitŷ� 12 = 0, the eighth

line observes that̂ ¹� 1 � � 12º is a rank-one matrix, and the �nal line holds again
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because the orthoprojector� 1 � � 12 is nonexpansive. Combining this result with

(15.11) and using the de�nition of̂ , we obtain

Cov¹btr1–btr2º � 4E





 ¹I � W¹12ºW

�
¹12ººH¹I � W¹12ºW

�
¹12ºº








2
•

Substituting this covariance bound and the variance bound (15.8) into the variance

decomposition (15.6) yields the stated result.

15.2 How to interpret the Hutch ++and XTrace error bounds

When theHutch ++paper was released, it generated a large amount of interest, both

among specialists in randomized matrix computations and researchers in adjacent

areas such as machine learning, quantum information, and scienti�c computing. In

my view, part of this interest can be attributed to the theHutch ++ paper showing

that its method isoptimal. Speaking precisely, the paper [MMMW21b] shows that

Hutch ++ is optimal in the following sense:

Optimality of Hutch ++. Hutch ++ produces an approximation to the

trace of apsd matrix G with relative errorY using B = O¹1•Yº matvecs.

Conversely, there is no algorithm that produces a trace estimate up to relative

errorYfor anarbitrary psdinputmatrix in fewer thanB= O¹1•»Ylog¹1•Yº¼º

matvecs.

This lower bound was later improved toB= O¹1•Yº [Mey24], establishing that the

B= O¹1•Yº rate ofHutch ++ is optimaleven up to logarithmic factors. I consider

the matchingO¹1•Yº complexity upper and lower bounds for trace estimation to be

one of the most beautiful results in the �eld of randomized matrix computations.

Given these facts, it is very tempting to invert the relationB � 1•Y to claim that

the convergence ratefor Hutch ++ is Y � 1•B. Based on this analysis, we would

expect that plotting the error versus number of matvecs forHutch ++ on a log�log

plot should result in a curve with a slope of� 1. Figure 15.1 tests this proposition.

Here, we evaluateHutch ++(left) andXTrace (right) on a family of psd matrices of

dimension= = 1000with eigenvalues_8¹Gº = 8� U for each �xedU = 0–0•5– • • • –3.

Darker curves show lower values ofU and lighter curves show higher values. We

report the average relative error over 100 trials. For reference, the curve1•B is

marked as a black dashed line. Perhaps surprisingly, the error-versus-matvec curves

for both Hutch ++ show a number of convergence rates that are both fasterand
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Figure 15.1: Root-mean-squared errors forHutch ++ (left) andXTrace (right) on
the family of psd matrices with eigenvalues_8¹Gº = 8� U for U = 0–0•5– • • • –3.
Higher values ofU are indicated using lighter shades, and the the dashed black line
showsY= 1•B. Root-mean-squared errors are estimated using 100 trials.

slowerthan theerror � 1•Bconvergence rate we predicted fromHutch ++analysis.

What's going on?

Part of the issue is a cultural di�erence between how di�erent researchers talk about

the complexity or rate of convergence of an algorithm.

ˆ Under one view, which might be labeled thecomputational mathematics

view, the performance of an algorithm is determined by itsconvergence rate.

In the context of trace estimate, the convergence rate is the numberV such

that the errorY scales likeBV (or better). Equivalently, the convergence rate

V is gives upper bound on the slope of a log�log plot of the error plotted

against the number of matvecs. Under this interpretation, an algorithm has

a convergence rate of1•Bonly if doubling Bhalves the error (or better). As

Fig. 15.1 shows, the convergence rate ofHutch ++ andXTrace can be both

slower and faster than1•Bfor di�erent input matrices.

ˆ A second perspective, which we might label as thetheoretical computer

science view, is concerned with the amount of computational resources (in

this case, matvecsB) required to achieve an of errorY for a worst-case input

matrix. Under this viewpoint, the complexity of an algorithm isB= O¹1•Yº

if the error-versus-matvec curve isbounded aboveby a curve of the form

� const•B� for all B� =. It is in this second sense in whichHutch ++is optimal

and has a complexity ofB= O¹1•Yº.
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Having understood these two viewpoints, we reconcile the perhaps surprising results

in Fig. 15.1 . The error analysis ofHutch ++ andXTrace doesnot say that their

convergence rateis O¹1•Bº, just that the error-versus-matvec curve is bounded above

by a curve of the form �const•B� for all B � =. Indeed, this is exactly the case in

Fig. 15.1: The error curves for bothHutch ++ andXTrace are bounded above by

3•Bfor each of the seven test matrices.

This understanding of theHutch ++ andXTrace error bounds delivers both good

news and bad news about how these algorithms perform.

The good: Spectral convergence.On the positive side,Hutch ++andXTrace often

convergemuch fasterthan theO¹1•Bº analysis would suggest. In fact, they converge

spectrally, with the trace errors decreasing at a rate proportional to the error of the

best rank-O¹Bº approximation, measured in an appropriate norm. This phenomenon

was demonstrated theoretically in (15.5), which shows that the variance-reduced

trace estimators convergegeometricallywhen the eigenvalues decay geometrically.

Spectral convergence is also demonstrated empirically in Fig. 15.1, where several

curves are seen to decrease signi�cantly more rapidly then the dashedO¹1•Bº rate.

This spectral convergence means that stochastic trace estimators are very e�ective at

estimating the trace of a matrix with rapidly decaying eigenvalues, such a matrix of

the formexp¹� VGº arising from partition function calculations in quantum physics.

The bad: Hutch ++ and XTrace are not always better than Girard�Hutchinson.

The Girard�Hutchinsonconvergesat a rate ofO¹1•B1•2º, in both the �computational

math� and �theoretical computer science� senses. Given theB= O¹1•Yº complexity

of Hutch ++/XTrace and theB = O¹1•Y2º complex of the Girard�Hutchinson

estimator, one might surmise thatHutch ++ or XTrace will always achieve lower

error than the Girard�Hutchinson estimator, except possibly for very small values

of B. Unfortunately, this is not the case.

For problems with su�ciently slow spectral decay, the Girard�Hutchinson

estimator will be (slightly) more accurate thanHutch ++andXTrace .

Let us justify this claim by applying bothHutch ++ and the Girard�Hutchinson

estimator to the identity matrixG = I . To yield generalizable conclusions, we use

Gaussiantest vectors8 � Normal R¹0–Iº�these are a bad choice for computation

in practice, but they su�ce to illustrate the conceptual point. By Fact 13.2, the
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variance of the Girard�Hutchinson estimator for this problem is

Var¹btrGHº =
2
B

kI k2
F =

2=
B

•

Consequently, the root-mean-squaredrelativeerror is
"

E
�
tr¹I º � btrGH

tr¹I º

� 2
#1•2

=

p
2

B1•2
�

1
=1•2

•

Now, let us turn toHutch ++. For the matrixWproduced by theHutch ++algorithm,

the matrix¹I � WW� ºI ¹I � WW� º is a compression of the identity matrix to a uniformly

random subspace of dimension= � B•3. Thus,

Var¹btrH++º =
2

B•3
k¹I � WW� ºI ¹I � WW� ºk2

F =
6¹= � B•3º

B
•

Ergo, the root-mean-squared relative error forHutch ++ is
"

E
�
tr¹I º � btrH++

tr¹I º

� 2
#1•2

=

p
6

B1•2
�

¹= � B•3º1•2

=
•

We observe two things: First, theconvergencerate of Hutch ++ on this example

is 1•B1•2, the same as the Girard�Hutchinson estimator. Second, except for large

valuesB� 3=, the root-mean-squared error forHutch ++ is larger than the Girard�

Hutchinson estimator by about
p

3. This simple computation demonstrates that, for

problems with slow spectral decay, the Girard�Hutchinson estimator can be better

than Hutch ++ by a constant factor. The same qualitative conclusions hold for

XTrace andXNysTrace .

15.3 Posterior error estimation

In the past sections, we studieda priori bounds on the error for trace estimation algo-

rithms. Sharp forms of these error bounds are typically inaccessible in applications,

as they depend on the singular values of the matrixH. As such, it can be helpful

to haveposteriorbounds on the error for trace estimation algorithms. This section

develops posterior error estiamtes for theXTrace andXNysTrace algorithms.

Our approach to error estimation is straightforward. TheXTrace andXNysTrace

algorithms generate afamily of trace estimatesbtr8 for 8 = 1– • • • – �with � = B•2

(XTrace ) or � = B(XNysTrace ). The scaled standard deviation of these estimates

serves as a natural posterior estimate for the errorjbtrX � tr¹Hºj or jbtrXN � tr¹Gºj.

Speci�cally, we de�ne the error estimate

cErr2 :=
1

� ¹� � 1º

�Õ

8=1

jbtr8 � btrj2 wherebtr =
1
�

�Õ

8=1

btr8• (15.13)
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We have the following result:

Proposition 15.4(XTrace andXNysTrace : Posterior error estimate). For both

algorithms, the posterior error estimate(15.13)satis�es

E
�
cErr2

�
=

1 � Cor¹btr1–btr2º

1 ¸ ¹ � � 1º Cor¹btr1–btr2º
� E

�
tr¹Hº � btr

� 2–

whereCoris the correlation. Moreover, ifH is arealsymmetric matrix, the columns

8 1– • • • –8 � are iid standard Gaussian vectors, and the algorithm isXTrace, then

Cor¹btr1–btr2º � 2
Ek¹I � W¹12ºW

�
¹12ººH¹I � W¹12ºW

�
¹12ººk2

Ek¹I � W¹1ºW
�
¹1ººH¹I � W¹1ºW

�
¹1ººk2

F

• (15.14)

Here,W¹1º andW¹12º were de�ned in Lemma 15.3.

See [ETW24, Ÿ5.6] for a proof.

In practice, we �nd that theXTrace andXNysTrace estimates have a small positive

correlation. For example, [ETW24, Ÿ5.6] reports empirical correlations of at most

0•06 on theexp example (14.27c). In this typical setting, Proposition 15.4 shows

that cErr provides a slightunderestimateof the error, on average.

The second result of Proposition 15.4 provides some control on the size of these

correlations in the case whereH is real and symmetric and the test vectors are

Gaussian. In particular, if the matrix has aslow rate of spectral decay, then the

Frobenius norm in the denominator of (15.14) denominates the spectral norm in the

numerator, so the correlations are small.

Figure 15.2 compares the actual error to the error estimate for theXTrace algorithm

applied to the four test matrices (14.27). Across each test matrix for most numbers

of matvecsB, the error estimate closely tracks the true error, agreeing up to a factor

of 1•5� . There are two situations where the error estimate performs somewhat

less e�ectively: The �rst is at the value ofB= 100 matvecs for the step example.

This example confounds the error estimator because there is a large gap between

the eigenvalues_B•2¹Gº and _B•2¸ 1¹Gº, causing the basicXTrace estimators to

become more correlated, underestimating the error by a factor of about0•3. The

second example occurs on theexp example for large values ofB. Here, the trace

estimates are so accurate that the size of rounding errors comes into play, and the

error estimate is less quantitatively sharp. This is a non-issue in practice (in double

precision computation, at least), because the error estimate correctly diagnoses that

the trace has been computed up to �machine accuracy�.
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Figure 15.2: Left-hand axes on each subplot show the error (blue solid crosses) and
the median error estimate (blue dashed crosses) forXTrace on the four test matrices
(14.27). Right-hand axes show the ratio of the median error estimate to the median
error (red dotted). Medians are computed using 1000 trials.

15.4 Adaptivity

TheXTrace orXNysTrace algorithms can be implemented to adaptively determine

the number of matvecs required to achieve an error tolerance. The basic scheme is

simple. Begin by running theXTrace or XNysTrace algorithm with some initial

number of matvecsBand compute the error estimate (15.13). If the error estimate

is below the tolerance, output the estimated trace. Otherwise, collect an additional

� Bmatvecs, setB B¸ � B, and update estimates with the newly collected vectors,

repeating as many times as necessary to achieve the error tolerance.

A basic version of this scheme with� B:= Bwas proposed in [ETW24, Ÿ3.2]. With

this approach, the number of matvecs is doubled every time the error tolerance is

met. This approach can be wasteful, as it may collect roughly twice as many matvecs

as needed. On the other hand, it maintains the postprocessing cost ofO¹B2=º of the

original algorithm, since

B2= ¸ ¹ B•2º2= ¸ ¹ B•4º2= ¸ � � � = O¹B2=º•

A more economical approach is to use a constant increment� B, say,� B= 10. Imple-

mented directly, this approach requires a post-processing cost ofO¹B3=º operations,
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since

B2= ¸ ¹ B� 10º2= ¸ ¹ B� 20º2= ¸ � � � = O¹B3=º•

However, the cost of the algorithm can be reduced toO¹B2=º by carefully updating

the matrix factorizations as new matvecs are collected. In particular,XTrace

requires an incremental version of theQR decomposition, discussed in Appendix A.

An e�cient adaptive version ofXTrace (using thescipy routine qr_update

for the incrementalQR functionality) was developed by Matt Piekenbrock and is

implemented in theprimate software [Pie24].

15.5 Alternatives toXTrace and XNysTrace

XTrace and XNysTrace are very e�ective trace estimators fortruly black-box

trace estimationof matrices enjoyingrapidly decaying singular values. However,

in many applications, we have additional structure or lack decaying singular values.

In such cases, there may be more e�ective trace estimators, which we brie�y review

in this section.

Adaptive Hutch ++

The adaptiveHutch ++algorithm was introduced by Persson, Cortinovis, and Kress-

ner [PCK22] as a way of both solving theapportionmentproblem ofHutch ++(how

should matvecs be allocated between low-rank approximation and residual trace es-

timation?) and determining when to stop the algorithm. The core of their idea

is that the number of matvecs needed to perform trace estimation on the residual

matrix ¹I � WW� ºG¹I � WW� º is determined by the Frobenius norm of that matrix (in

view of Fact 13.2 and related results). Thus, the number of additional residual trace

estimation matvecs can be estimated at runtime using a randomized norm estimator.

The adaptiveHutch ++algorithm gives a natural strategy for improving theHutch ++

algorithm, and it is more straightforward to implement than adaptive versions of

XTrace . However, in experiments reported in [ETW24], we �nd that adaptive

Hutch ++ produces less accurate results thanXTrace does for a �xed budget of

matvecs, with a few exceptions.

Stochastic Lanczos quadrature

Consider the task of computingtr 5¹Gº for a Hermitian matrixG. The starting point

for stochastic Lanczos quadrature is the observation that the trace is an integral

tr¹ 5¹Gºº =
¹

R
5¹Gº d` G¹Gº–
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where` G =
Í =

8=1 X_8¹Gº denotes the (unnormalized)spectral measureof G. Thus,

computing trace-functions ofG can be reformulated as a quadrature problem to

approximate integral with respect to the measure` G.

Our �rst move to solve this problem will be to introduce a stochastic approximation

for ` G. For a vector8 2 K=, we de�ne theeigenvector spectral measureof G and

8 to be

` G–8 =
=Õ

8=1

ju�
88 j2 X_8¹Gº whereG =

=Õ

8=1

_8¹Gºu8u
�
8 is a spectral decomposition•

The eigenvector spectral measure ofG and8 has the property that

8 � 5¹Gº8 =
¹

R
5¹Gº d` G–8 ¹Gº•

Stochastic Lanczos quadrature is based on the following observation: If8 is an

isotropicrandom vector, then therandommeasure` G–8 is an unbiased approxima-

tion to the spectral measure` G, E»̀ G–8 ¼= ` G. (In general, de�ning the expectation

of a random measure requires care; no issues arise here because the measures` G–8

and ` G are both supported on the spectrum ofG, a �nite set.) Thus, given ap-

proximate eigenvector spectral measuresb̀G–8 8 � ` G–8 8 for iid isotropic vectors

8 1– • • • –8 : , we can fashion a Monte Carlo approximation to the spectral measure

` G by averaging,̀ G � : � 1 Í :
8=1 ` G–8 8.

To approximate the eigenvector spectral measure` G–8 of the pair G and 8 , we

can deploy the Lanczos algorithm [Lan50; Che24]. Given an initial vector8 ,

the Lanczos algorithm computes an orthonormal basisW 2 K=� C for the Krylov

subspace

KC¹G–8 º := spanf 8 –G8–G28 – • • • –GC� 18 g

and a Hermitian tridiagonal matrixZ such that

W� GW= Z–

whereW¹:–1º = 8 • k8 k. We have the following amazing fact:

Fact 15.5(Lanczos and quadrature). Introduceb̀G–8 := k8 k2 � ` Z–e1, whereZ is the

tridiagonal matrix produced byCsteps of the Lanczos procedure. Thenb̀G–8 is the

uniqueC-point Gaussian quadrature measure for the eigenvector spectral measure

` G–8 . That is,

8 � ?¹Gº8 =
¹

R
?¹Gº d` G–8 ¹Gº =

¹

R
?¹Gº db̀G–8 ¹Gº

for all polynomial? of degreeŸ 2C.
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See [Che24, Ch. 2�3], [Tro20, Ÿ3], and [GM10] for more details on the Lanczos

method and the proof of this result.

Stochastic Lanczos quadrature consists of two levels of approximation

` G �
1
:

:Õ

8=1

` G–8 8 � b̀G :=
1
:

:Õ

8=1

` Z8–e1•

First, we approximate the spectral measure` G by an average of eigenvector spectral

measures̀ G–8 8 generated by iid isotropic vectors8 8. Second, we approximate each

` G–8 8 by a quadrature approximation` Z8–e1 generated from the tridiagonal matrixZ8

obtained from applying the Lanczos method to each8 8. Once formed, thestochastic

Lanczos quadratureapproximation

b̀G :=
1
:

:Õ

8=1

` Z8–e1 =
:Õ

8=1

CÕ

9=1

ju�
8– 98 8j2

:
X_9¹Z8º � ` G

can be use to compute the trace ofanytrace-function ofG at a minimal additional

cost ofO¹: � Cº operations:

tr¹ 5¹Gºº �
¹

R
5¹Gº db̀G¹Gº =

:Õ

8=1

CÕ

9=1

ju�
8– 98 8j2

:
5¹_9¹Z8ºº•

Here,Z8 =
Í C

9=1 _9¹Z8ºu8– 9u
�
8– 9denotes a spectral decomposition of eachZ8.

To re�ne the stochastic Lanczos quadrature approximation, one must increase both

the number of isotropic vectors: and the number of Lanczos stepsC. The rate of

convergence is Monte Carlo in: , and the rate of convergence inCdepends on the

regularity of the function5. For analytic functions, the convergence is geometric

[CTU25, Ÿ3.2].

Stochastic Lanczos quadrature has advantages and disadvantages for computing

tr¹ 5¹Gºº over variance-reduced trace estimators likeHutch ++ andXTrace . As a

disadvantage, the (root-mean-square) error of stochastic Lanczos quadrature con-

verges at the un-accelerated Monte Carlo rateO¹: � 1•2º, the same as the ordinary

non-variance-reduced Girard�Hutchinson estimator. For problems with decaying

eigenvalues,Hutch ++ and XTrace can converge must faster. As an advantage,

once the stochastic Lanczos quadrature rule has been computed, one can estimate

tr¹ 5¹Gºº for as many di�erent functions5 as desired. This feature contrasts with

Hutch ++andXTrace , which must be applied separately for each function5.
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Krylov-aware stochastic trace estimation

The virtues ofHutch ++ and stochastic Lanczos quadrature are combined in the

Krylov-aware trace estimatorof Chen and Hallman [CH23]. As with stochastic

Lanczos quadrature, their algorithm applies to functions5¹Gº of aHermitianmatrix

G. Fix a block size1, number of Lanczos stepsC, rank : , and number of Girard�

Hutchinson steps< . The Krylov-aware trace estimator begins by applying (roughly)

d: •1e ¸ Cstepsof theblockLanczos method [GU77] to a matrix
 with iid standard

Gaussian columns to build an approximation

5¹Gº � W5¹ZºW� •

This approximation is then truncated to rank: by symmetrically projecting onto the

matrix W: := W¹:–1 : : º containing the �rst: columns ofW:

5¹Gº � S := W: W�
: � W5¹ZºW� � W: W�

: = W: »5¹Zº¼¹1 : :–1 : : ºW�
: •

Then, they estimate the residual tracetr¹ 5¹Gº � S º using the resphered Girard�

Hutchinson estimator, resulting in the estimate

btrKA = tr¹S º ¸
= � :

<

<Õ

8=1

. �
8¹ 5¹Gº. 8º

. �
8. 8

for . 8 = ¹I � W: W�
: º$8–$8

iid� Normal R¹0–Iº•

Matvecs5¹Gº. 8in this display are performed usingCsteps of the Lanczos algorithm.

See [CH23, Ÿ3] for details and [PCM25] for analysis of the approximationS .

The Krylov-aware trace estimator andXTrace accelerate theHutch ++ method

in di�erent ways. The Krylov-aware estimator consolidates the computation of

matrix�vector products5¹Gº
 and 5¹GºW into a single invokation of the block

Lanczos algorithm, but retains the need to perform matrix�vector products5¹Gº. 8

for residual trace estimation.XTrace still needs two batches5¹Gº
 and 5¹GºW

of matvecs to form a low-rank approximation of5¹Gº but removes the need for

additional matvecs for residual trace estimation.

The main advantage of the Krylov-aware trace estimator overXTrace andXNys-

Trace is that it can be used to evaluatetr¹ 5¹Gºº for a family of functions 5 at

minimal additional e�ort. For this reason, the Krylov-aware trace estimator is often

the best algorithm for thetr¹ 5¹Gºº problem.

Probing methods

Another family of methods for trace estimation are based onprobing. Here, is one

version of the idea. We know that the Girard�Hutchinson estimator with random
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sign vectors has a variance depending only on the sum of the o�-diagonal entries:

Var¹8 � G8º = 2
Õ

8< 9

02
8 9 for G 2 R=� = symmetric and8 � Unif f� 1g=•

Let us use this fact to our advantage. Suppose that we are able to partition the index

set f 1– • • • – =g as a disjoint union of a small number of setsS1– • • • –S< with the

property that the o�-diagonal entries of each submatrixG¹S8–S8º are small. Using

such an approximation, we can obtain an accurate approximation to the trace by

applying the Girard�Hutchinson estimator separately to each submatrixG¹S8–S8º

where the random vectors8 are supported on each partitionS8. In particular, we

can de�ne thestochastic probing estimator:

btrSP :=
1
C

<Õ

8=1

CÕ

9=1

8 �
8 9G88 9 with

8>><

>>
:

8 81¹S8º– • • • –8 8C¹S8º
iid� Unif f� 1gS8–

8 81¹S8º = � � � = 8 8C¹S8º = 0•

Here,Cdenotes the number of matvecs per setS8, andS8 := f 1– • • • – =g nS8denotes

the complement of eachS8.

Stochastic probing methods were initially developed in quantum chromodynamics

[MBFJ+11; BBCF+12], and they reached computational mathematics shortly there-

after [ASE14; GSO17]. There are also deterministic versions of probing [TS12].

See the paper [FRS25] for analysis of stochastic probing methods and a literature

review on probing.

Probing methods require a good partitionS1– • • • –S< , which demands prior infor-

mation about the matrixG. In a typical application of probing, one is interested in

evaluating the trace (or diagonal) ofG = 5¹Nº for a sparse matrixN. In this setting,

one can construct a partitioningS1– • • • –S< from a (distance-3) graph coloring of

the adjacency graph ofN, with the hope that5¹Nº possesses decaying entries away

from the sparsity pattern ofN.

Access to a good partitioning is a nontrivial requirement for probing methods.

However, when such an a partitioning is known, probing methods can be very

e�ective [FRS25, Fig. 3].
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C h a p t e r 16

DIAGONAL ESTIMATION

Extracting [the diagonal of the inverse ofG] is considered a challenging

task, in part because the problem cannot be easily expressed in the form

of a system of equations. The problem is usually harder to solve than a

linear system with the same matrixG. So far, not much literature has

been devoted to this topic, whereas the related problem of estimating the

trace ofH [= G� 1] received much more attention.

Jok M. Tang and Yousef Saad,A probing method for computing the

diagonal of a matrix inverse[TS12]

Chapter 14 presented the basic leave-one-out methodology and applied it to the

problem of trace estimation. This section will use the same approach to develop

diagonal estimators,XDiag andXNysDiag, for general and psd matrices. We will

also encounter another approach to matrix attribute estimation based on unbiased

low-rank approximation.

Sources.TheXDiag estimator was developed in theXTrace paper:

Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. �XTrace: Making the Most

of Every Sample in Stochastic Trace Estimation�. In:SIAM Journal on Matrix

Analysis and Applications(Mar. 2024), pp. 1�23.doi: 10.1137/23M1548323.

TheXNysDiag algorithm and the unbiased randomized SVD algorithms are newly

developed in this thesis.

Outline. Section 16.1 introduces existing approaches to diagonal estimation not

using the leave-one-out approach, Section 16.2 presents theXDiag estimator for

the diagonal of a general matrix, Section 16.3 develops theXNysDiag estimator for

the diagonal of a psd matrix, and Sections 16.4 and 16.5 provides an experimental

comparison. We conclude with an alternative approach to matrix attribute estimation

based onunbiased low-rank approximationin Section 16.6. TheXDiag estimator

can also be derived using this approach.
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16.1 The BKS andDiag ++diagonal estimators

To begin this chapter, we brie�y discuss existing approaches to the diagonal estima-

tion problem and propose a few modi�cations. LetH 2 K=� = be a general square

matrix.

In Section 13.1, we reviewed the BKS diagonal estimator (13.4) fordiag¹Hº. Given

iid isotropic vectors8 1– • • • –8 B, we de�ned

ddiagBKS =
1
B

BÕ

8=1

¹H8 8º � 8 8• (16.1)

The BKS estimator is an unbiased Monte Carlo estimator fordiag¹Hº. Given its

similarity to the Girard�Hutchinson trace estimator, this estimator is also sometimes

calledHutchinson's diagonal estimator. Analysis appears in [BN22; DM23a].

Remark16.1 (Original BKS estimator). The original work [BKS07] of Bekas,

Kokiopoulou, and Saad treated the real case8 8 2 R= and considered the estimator

ddiagBKS–orig =

Í B
8=1¹H8 8º � 8 8
Í B

8=1 8 8 � 8 8
• (16.2)

Division is performed entrywise. The original BKS estimator (16.2) and simpli�ed

BKS estimator (16.1) coincide when the vectors8 8 are drawn iid from the random

sign distributionUnif f� 1g=. This thesis will work exclusively with the simpli�ed

BKS estimatorddiagBKS given in (16.1). �

TheHutch ++variance reduction framework extends naturally to the diagonal esti-

mation problem. Given a budget ofBmatvecs, begin by computing the randomized

SVD approximation of rankB•3. In detail, generate a test matrix
 2 K=�¹ B•3º

with isotropic random columns and formW = Orth ¹H
 º. As usual,Wde�nes a

low-rank approximationbH = W¹W� Hº. Now, we decomposediag¹Hº as

diag¹Hº = diag¹ bHº ¸ diag¹H � bHº–

and apply the BKS estimator to estimate the residual diagonal. The resulting

unbiasedDiag++estimatoris

ddiagUD++ := diag¹W¹W� Hºº ¸
1

B•3

B•3Õ

8=1

»¹I � WW� ºH$8¼ � $8• (16.3)

The vectors$1– • • • –$B•3 are chosen to be isotropic and iid. The computational cost

of the unbiasedDiag++ estimator is2B•3 matvecs withH, B•3 matvecs withH� ,

andO¹B2=º additional arithmetic operations. See Program 16.1 for code.
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Program 16.1udiagpp.m. UnbiasedDiag++estimator for the diagonal of a matrix.
Subroutinerandom_signs is provided in Program F.2.
function d = udiagpp(B,Bt,n,s)
% Input: Functions B() and Bt() computing matrix products B(X) =
% B*X and Bt(X) = B'*X, number of rows n, and number of
% matvecs s
% Output: Estimate d of the diagonal of B

% Randomized SVD
k = floor(s/3); % Approximation rank is s/3
Om = random_signs(n,k); % Matrix of random signs
BOm = B(Om); % Matvecs with B
[Q,~] = qr(BOm,"econ"); % Randomized SVD

% Unbiased Diag++ estimator
BtQ = Bt(Q); % Matvecs with B'
k = s - 2*k; % Remaining matvecs
Ga = random_signs(n,k); % More random signs
BGa = B(Ga); % Matvecs with B
d = diagprod(Q',BtQ') + mean((BGa - Q*(Q'*BGa)) .* Ga,2);

end

In the original paper on variance-reduced diagonal estimation [BN22], Baston and

Nakatsukasa use the following alternative de�nition of theDiag++estimator:

ddiagD++ := diag¹WW� ¹HWºW� º ¸
1

B•3

B•3Õ

8=1

»¹I � WW� ºH¹I � WW� º8 8¼ �8 8• (16.4)

This estimator requires only matvecs withHand not its adjointH� , an advantage over

the unbiasedDiag++estimator. In general, the originalDiag++estimator is biased,

although this bias may be small relative to the diagonal if the matrixH has rapid

singular value decay. To distinguish between the two estimators (16.3) and (16.4),

�the Diag++estimator� will always refer to the originalDiag++estimator (16.4).

16.2 XDiag : A leave-one-out diagonal estimator for general matrices

The idea ofXDiag is similar toXTrace . We proceed with a derivation.

Step 1: Compute a low-rank approximation to the input matrix by multiplying it

against a collection of test vectors.We begin by computing a low-rank approxi-

mation toH using the randomized SVD. Let
 2 K=� B•2 be a random matrix with

isotropic columns, form the productH
 , and orthonormalizeW= Orth ¹H
 º. We
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obtain the approximation
bH := WW� H•

Step 2: Decompose the quantity of interest into known piece depending on the

low-rank approximation plus a residual.The diagonal operation is linear. As such,

diag¹Hº = diag¹ bHº ¸ diag¹H � bHº = diag¹WW� Hº ¸ diag¹¹I � WW� ºHº•

Step 3: Construct a Monte Carlo estimate of the residual using a single random

vector. To approximate the residual diagonaldiag¹¹I � WW� ºHº, we employ the

single-vector BKS estimator:

diag¹¹I � WW� ºHº � ¹ I � WW� ºH8 � 8 •

This step leads to the unbiased diagonal estimate

ddiag := diag¹WW� Hº ¸ ¹ I � WW� ºH8 � 8 •

Step 4: Downdate the low-rank approximation by recomputing it with a test vector

removed, and use the left-out test vector as the random vector in step 3.Now,

rather than using a fresh vector8 , we downdate the randomized SVD, obtaining a

new matrixW¹8º = Orth ¹H
 � 8º that is independent from the8th test vector8 8. This

process de�nes a family of basicXDiag estimators

ddiag8 := diag¹W¹8ºW
�
¹8ºHº ¸ ¹ I � W¹8ºW

�
¹8ººH8 8 � 8 8 for 8= 1– • • • – B•2•

Step 5: Average over all choices of vectors to leave out.Finally, we average over

the index8to obtain the fullXDiag estimate

ddiagX :=
1

B•2

B•2Õ

8=1

h
diag¹W¹8ºW

�
¹8ºHº ¸ ¹ I � W¹8ºW

�
¹8ººH8 8 � 8 8

i
• (16.5)

E�cient formula and implementation. To implementXDiag e�ciently, we employ

the randomized SVD downdating formula (14.5). In particular, we form_ = H
 ,

compute theQR decomposition_ = WX, and obtain the downdating matrixY by

normalizing the columns ofX�� . The basicXDiag estimator is then

ddiag8 = diag¹W¹I � s8s
�
8ºW� Hº ¸ ¹ I � WW� ¸ Ws8s

�
8W� ºH8 8 � 8 8•

We can simplify this equation is several ways. First, de�ne and compute

` := H� W•
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Program 16.2xdiag.m . E�cient implementation ofXDiag. Subroutinescnormc
anddiagprod are provided in Programs 14.1 and F.1.
function d = xdiag(B,Bt,n,s)
% Input: Functions B() and Bt() computing matrix products B(X) =
% B*X and Bt(X) = B'*X, number of rows n, and number of
% matvecs s
% Output: Estimate d of the diagonal of B

% Randomized SVD
k = floor(s/2); % Approximation rank is s/2
Om = random_signs(n,k); % Matrix of random signs
Y = B(Om); % Matvecs with B
[Q,R] = qr(Y,"econ"); % Randomized SVD
S = cnormc(inv(R')); % Downdate RSVD, cnormc normalizes cols

% Form estimator
Z = Bt(Q); % Matvecs with B'
d = diagprod(Q',Z') + mean((Q*S)... % XDiag

.* (-conj(Z*S) + conj(Om) .* diagprod(S,R).'),2);

end

Second, observe thatI � WW� annihilatesH8 8 = y8 and W� H8 8 = W� y8 = r8.

Introducing` and these observations, the basicXDiag estimators simplify as

ddiag8 = diagprod¹W� –` � º ¸ Ws8 � ¹� `s 8¸ s�
8r8 � 8 8º•

Averaging, we obtain a formula for the fullXDiag estimator.

ddiagX = diagprod¹W� –` � º ¸
1

B•2
»WY� ¹� `Y ¸ 
 � Diag¹diagprod¹Y–Xººº¼1•

Code is provided in Program 16.2.

Remark16.2 (OriginalXDiag estimator). In our original paper [ETW24], my coau-

thors and I used the original BKS estimator (16.2) for residual trace estimation in

XDiag. However, all of the experiments used the random sign distribution and were

thus insensitive to the choice between the original and unbiased BKS estimators.

I now prefer the version ofXDiag presented in this thesis, because it is unbiased

for any choice of isotropic test vectors. The publicly released code for the paper

[ETW24]�available at https://github.com/eepperly/XTrace �implements

the same version ofXDiag that appears in this thesis. �
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16.3 XNysDiag : A leave-one-out diagonal estimator for psd matrices

We can develop an improved estimatorXNysDiag for the diagonal of a psd matrix by

using Nyström approximation in place of the randomized SVD. The relationship be-

tweenXNysDiag andXDiag is analogous to the relationship betweenXNysTrace

andXTrace .

Having presented many detailed algorithm derivations in the leave-one-out frame-

work, we now proceed more quickly. LetG 2 K=� = be a psd matrix. Begin by

drawing a matrix
 2 K=� B with iid isotropic columns, and de�ne the Nyström

approximation
bG := Gh
 i •

Leaving out each column of
 in turn gives downdated approximations

bG¹8º := Gh
 � 8i for 8= 1–2– • • • – B•

For each8, the diagonal may be decomposed as

diag¹Gº = diag¹ bG¹8ºº ¸ diag¹G� bG¹8ºº•

Estimating the second term using the single-vector BKS diagonal estimator yields

the basicXNysDiag estimators

ddiag8 := diag¹ bG¹8ºº ¸ ¹ G � bG¹8ºº8 8 � 8 8 for 8= 1–2– • • • – B•

Averaging over the index8yields the fullXNysDiag estimate

ddiagXN =
1
B

BÕ

8=1

ddiag8•

E�cient formula and implementation. To implementXNysDiag e�ciently, we

compute the Nyström approximationbG = LL � using (2.11) and form the matrix̀

in (14.25b). The basicXNysDiag estimators are

ddiag8 = diag¹LL � � z8z
�
8º ¸ ¹ G � LL � ¸ z8z

�
8º8 8 � 8 8

In view of the interpolatory property Proposition 2.9(d), we have the identityG88 =

¹LL � º8 8, so this formula simpli�es to

ddiag8 = srn¹L º � j z8j
2 ¸ ¹ z8 � 8 8º � z�

88 8•

Averaging over the index8yields a formula for the fullXNysDiag estimator:

ddiagXN = srn¹L º �
1
B

srn¹` º ¸
1
B

¹` � 
 º � Diag¹diagprod¹` –
 ºº � 1•
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Program 16.3 xnysdiag.m . E�cient and stable implementation ofXNysDiag
estimator. Subroutinenystrom is provided in Program 2.3.
function d = xnysdiag(A,n,s)
% Input: Function A() computing matrix products A(X) = A*X, number
% of rows n, and number of matvecs s
% Output: Estimate d of diag(A)

[F,mu,Om,R] = nystrom(A,n,s); % Nystrom approx
Z = (F/R') .* (sqrownorms(inv(R)) .^ (-1/2))'; % Downdate it
d = sqrownorms(F) + (-sqrownorms(Z) + sum((Z...% Compute estimator

.* conj(Om)) .* diagprod(Z,Om).',2))/s ...
- mu * ones(n,1);

end

For stability, we applyXNysDiag to G ¸ ` I with the shift from (2.11a). We

correct the shift by subtracting̀1 from the diagonal estimate. Code is provided in

Program 16.3.

Remark16.3 (XNysDiag andXNysTrace ). Observe that theXNysTrace estimator

is the sum of the entries of theXNysDiag estimator. In contrast, theXTrace

estimate does not equal to the sum of the entries of theXDiag estimate. �

16.4 Synthetic Experiments

We compare diagonal estimators on two sets of synthetic examples. First, we test

with the four synthetic test matrices from (14.27) with varying spectral properties.

Second, we test on two matrices with similar spectra but very disparate distributions

of diagonal entries.

Tests on matrices with di�erent spectra

Figure 16.1 provides a comparison of the BKS, unbiasedDiag++, XDiag, and

XNysDiag algorithms on the synthetic matrices from (14.27). To quantify the

discrepancy between a diagonal approximationddiag and the true diagonaldiag, we

use the maximum relative error:

maxrelerr= max
1� 8� =

j ddiag8 � diag8j
jdiag8j

• (16.6)

The comparison of diagonal estimators in Fig. 16.1 is similar with the comparison

of trace estimators in Fig. 14.1: TheXNysDiag andXDiag estimators outperform

unbiasedXDiag and the BKS estimator on problems with spectral decay (i.e., the
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Figure 16.1: Maximum relative error of diagonal estimates by the BKS estimator
(yellow squares), unbiasedDiag++ (purple asterisks),XDiag (blue crosses), and
XNysDiag (orange circles) for the four test matrices (14.27) as a function of the
numbers of matvecsB. The error metric is the maximum relative error, de�ned in
(16.6). Lines show the median of 100 trials, and shaded regions range from the 10%
to the 90% quantile.

poly and exp matrices), and the BKS estimator slightly outperforms the other

estimators when the spectrum is �at (i.e., theflat example). Thestep example

demonstrates a dissimilarity between the diagonal estimation and trace estimation

problems: For diagonal estimation, theXNysDiag estimator outperformsXDiag

on this example for any number of matvecsB, whereasXNysTrace does worse than

XTrace on this example for su�ciently large values ofB.

Tests on matrices with similar spectra but di�erent diagonals

A key distinction between diagonal estimation and trace estimation is that the diag-

onal entries may vary across many orders of magnitude. In such cases, it is harder to

estimate all of the diagonal entries up to a small relative error. To demonstrate this

point, we compare the diagonal estimators on two matrices with similar spectra but

very di�erent diagonals: thepoly matrix (14.27b) de�ned above and the following

scaledWishart matrix

scaledWishart := J 1•2M� MJ � 1•2 (16.7)
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Figure 16.2: Maximum relative error of diagonal estimates by the BKS estimator
(yellow squares), unbiasedDiag++ (purple asterisks),XDiag (blue crosses), and
XNysDiag (orange circles) on thepoly matrix ((14.27b),left) andscaledWishart
matrix ((16.7),right). The error metric is the maximum relative error, de�ned in
(16.6). Lines show the median of 100 trials, and shaded regions show the 10% and
90% quantiles.

whereM 2 R2=� = is a matrix with iid (real) standard Gaussian entries andJ :=

Diag¹8� 2 : 8= 1– • • • – =º is a diagonal matrix with entries decaying at an algebraic

rate. We again set= := 103. These two matrices have the following properties:

ˆ Similar eigenvalue decay.Both poly andscaledWishart have polynomi-

ally decreasing eigenvalues spanning a similar range:_max•_min is 1.0e6 for

poly and 5.0e6 forscaledWishart .

ˆ Dustubct diagonal values. Despite their spectral similarities,poly and

scaledWishart have very di�erent diagonals. The diagonal entries ofpoly

are comparable, withmax088•min088 = 6.9e1, while the diagonal entries

of scaledWishart span many orders of magnitude, withmax088•min088=

1.0e6.

Results appear in Fig. 16.2. We see that while theordinal rankingof the algorithms

remains unchanged (XNysDiag > XDiag > unbiasedDiag++> BKS), the maximum

relative error is signi�cantly higher for thescaledWishart example than thepoly

examples. These experiments demonstrate that accurately approximating the small

diagonal entries of a matrix whose diagonal entries span multiple orders of mag-

nitude can be challenging for variance-reduced diagonal estimators. This behavior

makes sense: UnbiasedDiag++, XDiag, andXNysDiag all work by computing a
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Figure 16.3: Maximum relative error of diagonal estimates by the BKS estimator
(yellow squares), unbiasedDiag++ (purple asterisks),XDiag (blue crosses), and
XNysDiag (orange circles) for estimating the subgraph centralities. We show both
the the maximum relative error (left, (16.6)) and the relative� 2 error (right). Lines
show median of 100 trials, and error bars show 10% and 90% quantiles.

low-rank approximation of the input matrix, which naturally capture large matrix

entries better than smaller ones.

16.5 Application: Subgraph centralities

In Section 14.9, we used stochastic trace estimators to compute the Estrada index of

a graph with adjacency matrixS , which is de�ned as

estr:= tr¹exp¹S ºº•

The Estrada index serves as aglobalmeasure of how �centralized� or �clustered� the

nodes of a graph are. Thesubgraph centralities[Est22] provide an analogous notion

of how �central� each node is to a graph. The vectorscof subgraph centralities is

the diagonal ofG = exp¹S º:

sc:= diag¹exp¹S ºº•

Consequently, the sum of the subgraph centralities is the Estrada index.

Figure 16.3 shows estimates of the the subgraph centralities calculated with dif-

ferent diagonal estimation algorithms. As in Fig. 14.4, we use theyeast dataset

[BZCX+03] and perform matvecs withG = exp¹S º by forty steps of the Lanczos

algorithm [Che24, Ch. 6]. The left panel shows the maximum relative error (16.6)

and the right panel shows the� 2 error k ddiag � diagk• kdiagk. We see thatXNys-

Diag clearly outperformsXDiag and unbiasedDiag++, which in turn outperform

the BKS estimator. In absolute terms, the maximum relative error for all methods
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is fairly large, with theXNysDiag estimator achieving a maximum relative error of

0.3 with B = 300 matvecs. The� 2 errors are much smaller for all methods. The

reason for the large discrepancy between the maximum relative error and� 2 error is

that the diagonal entries ofG span many orders of magnitude, similar to the scaled

Wishart example (16.7). Thus, the variance-reduced methods compute the largest

diagonal entries to high-accuracy but struggle to accurately approximate the smaller

entries. We will explore a partial solution to this �small diagonal entries� problem

in Sections 17.2 and 17.7.

16.6 Another view: Unbiased low-rank approximation

In this section, we will develop another way of deriving theXDiag estimator. This

strategy extends naturally to construct estimators for other matrix entries or linear

functionals. So far, we have approached the problem of matrix attribute estimation

by designing purpose-built unbiased estimators that target each particular matrix

attribute. But one could instead form an unbiased estimatebH of the input matrix

H 2 K< � = itself. Given such abH, one can obtain unbiased estimates for anylin-

ear matrix attribute! ¹Hº by computing! ¹ bHº. Here,! : K< � = ! V denotes an

arbitrary linear map. Trace estimation and diagonal estimation are special cases of

this framework with! = tr and! = diag. Other special cases include! ¹Hº = 18 9

(computing a speci�ed entry) or! ¹Hº = tr¹I � Hº (computing the inner product with

another matrixI ).

We can use the leave-one-out approach to develop unbiased low-rank approximation

primitives. We will illustrate by developing an unbiased version of the randomized

SVD. Consider the task of computing an unbiased rank-: approximation to a general

matrix H 2 K< � =. We follow the leave-one-out approach:

Step 1: Compute a low-rank approximation to the input matrix by multiplying it

against a collection of test vectors.Begin by generating a matrix
 2 K=� : with iid

isotropic columns, and form the randomized SVD approximation:W= Orth ¹H
 º

andWW� H � H.

Step 2: Decompose the quantity of interest into known piece depending on the

low-rank approximation plus a residual.The matrixH can decomposed as

H = WW� H ¸ ¹ I � WW� ºH•

Step 3: Construct a Monte Carlo estimate of the residual using a single random

vector. To approximate the residual¹I � WW� ºH, introduce a copy of the identity
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matrix and introduce the unbiased stochastic approximationI � 88 � furnished by

an isotropic vector8 2 K=:

¹I � WW� ºH = ¹I � WW� ºH � I � ¹ I � WW� ºH � 88 � •

This results in a stochastic approximation toH,

H � WW� H ¸ ¹ I � WW� ºH88 � •

Step 4: Downdate the low-rank approximation by recomputing it with a test vector

removed, and use the left-out test vector as the random vector in step 3.For each

8, downdate the randomized SVD approximation to produce a downdated low-rank

approximationW¹8ºW
�
¹8ºH that is independent of8 8. For each8, this procedure yields

an unbiased low-rank approximation

bH8 := W¹8ºW
�
¹8ºH ¸ ¹ I � W¹8ºW

�
¹8ººH8 88

�
8• (16.8)

Step 5: Average over all choices of vectors to leave out.Finally, average (16.8) over

the index8to obtain the unbiased randomized SVD low-rank approximation

bH :=
1
:

:Õ

8=1

h
W¹8ºW

�
¹8ºH ¸ ¹ I � W¹8ºW

�
¹8ººH8 88

�
8

i
• (16.9)

Implementation. To develop an e�cient unbiased randomized SVD implemen-

tation, we substitute the downdating formula (14.5) in (16.9) and simplify alge-

braically, à la Section 14.3. As usual, the derivation is somewhat complicated; we

omit the details. Here is the procedure: First, compute_ := H
 , the (economy-size)

QR decomposition_ = WX, the downdating matrixY in (14.5), and the product

I := H� W. The basic unbiased randomized SVD estimators (16.8) are

bH8 = WI � ¸ Ws8¹� s�
8I � ¸ s�

8r8 � 8 �
8º– (16.10)

and their mean is

bH = W
��

I �
YY�

:

�
I � ¸

1
:

� Y � Diag¹diagprod¹Y–Xºº � 
 �
�

•

An implementation appears in Program 16.4.

Deriving the XDiag estimator from the unbiased randomized SVD.Comparing

theXDiag estimator (16.5) to the unbiased randomized SVD approximation (16.9),
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Program 16.4 usvd.m. Unbiased randomized SVD algorithm for unbiased low-
rank approximation and matrix attribute estimation. Subroutinesdiagprod ,
random_signs, andcnormcare provided in Programs 14.1, F.1 and F.2.
function [U,S,V] = usvd(B,Bt,n,k)
% Input: Functions B() and Bt() computing matrix products B(X) =
% B*X and Bt(X) = B'*X, number of rows n, and number of
% matvecs s
% Output: Unbiased low-rank approximation Bhat to B, presented as an
% economy-size SVD Bhat = U*S*V'

% Define test matrix
Om = random_signs(n,k); % Matrix of random signs
Y = B(Om); % Matvecs with B
[Q,R] = qr(Y,"econ"); % Randomized SVD
S = cnormc(inv(R')); % Downdate randomized SVD
C = Bt(Q); % Matvecs with B'

% Compute unbiased randomized SVD
F = (eye(k) - S*S'/k) * C' + (S .* diagprod(S,R).') * Om' / k;
[UU,S,V] = svd(F,"econ");
U = Q*UU;

end

we see theXDiag estimator is the diagonal of the unbiased randomized SVD

approximation. In this way, the unbiased randomized SVD algorithm (Program 16.4)

gives another way of implementingXDiag: Simply run the unbiased randomized

SVD and formXDiag estimator by the formuladdiag = diagprod¹[ � –� \ � º. This

approach has the advantage that one can reuse the same unbiased randomized SVD

approximation to estimate other entries of the matrix on an as-needed basis via the

formula

18 9� b18 9= [ ¹8–:º� \ ¹ 9–:º� •
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C h a p t e r 17

ROW-NORM ESTIMATION

I often say that when you can measure what you are speaking about, and

express it in numbers, you know something about it; but when you

cannot measure it, when you cannot express it in numbers, your

knowledge is of a meagre and unsatisfactory kind; it may be the

beginning of knowledge, but you have scarcely, in your thoughts,

advanced to the stage of science, whatever the matter may be.

Lord Kelvin [Kel89]

Among matrix attribute estimation problems, the trace estimation and diagonal

estimation problems have received the lion's share of the attention. But there is

another problem of fundamental interest that also merits study: the problem of

estimating therow normsof a matrixH.

This chapter uses the leave-one-out approach to develop algorithms for estimating the

row norms of an implicit matrix. The resultingXRowNorm andXSymRowNorm

estimators are applicable to general and Hermitian matrices, respectively.

Sources.This chapter is based on original research that has not yet been published.

It uses the leave-one-out approach developed in theXTrace paper [ETW24].

Outline. The squared row norms ofH comprise the diagonal ofHH� , so it is

natural to ask: Should we just use diagonal estimators for row-norm estimation? We

answer this question with a de�nitive �no� in Section 17.1. In fact, as we discuss

in Section 17.2, sometimes one can (and should) use row-norm estimators to solve

diagonal estimation problems! With the importance of purpose-built row-norm

estimators established, Section 17.3 describes existing variance-reduced but non-

leave-on-out row-norm estimators, Section 17.4 develops theXRowNorm algorithm

for general matrices, and Section 17.5 introduces theXSymRowNorm algorithm

for Hermitian matrices. Sections 17.6 and 17.7 provide experimental comparisons.

17.1 Is row-norm estimation just diagonal estimation?

Viewed one way, the row-norm estimation problem is a special case of the diagonal

estimation problem, owing to the identitysrn¹Hº = diag¹HH� º. Therefore, the
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row-norm estimation problem can be solved by applying a diagonal estimator, such

asXNysDiag, to HH� .

However, the most accurate algorithms for the row-norm estimation problem do

not proceed via diagonal estimation. To see why, let us compare two estimates of

srn¹Hº = diag¹HH� º: The BKS estimator

csrnBKS =
1
:

:Õ

8=1

H¹H� 8 8º � 8 8 (17.1)

versus the Johnson�Lindenstrauss row-norm estimator

csrnJL =
1
:

:Õ

8=1

jH8 8j2 =
1
:

:Õ

8=1

¹H8 8º � ¹H8 8º• (17.2)

The �rst di�erence between these estimators is their computational cost; to form a

: -term estimate, the BKS estimatorcsrnBKS requires: matvecs withH and: matvecs

with H� . The Johnson�Lindenstrauss estimatecsrnJL requires just: matvecs with

H. Perhaps a more signi�cant di�erence emerges from the error analysis of these

two estimators.

Theorem 17.1(Comparison of Monte Carlo row norm estimates). Let H 2 R< � =

be arealmatrix with rows#�
8, and consider the squared row norm estimates(17.1)

and(17.2)using iid vectors on the sphere
p

=S¹K=º. Then, for each1 � 8� < , we

have the variance bounds

E
�
�
� csrnJL¹8º �




 #8




 2

�
�
�
2

=
1
:

�
= � 1

=
 K �




 #8




 4– (17.3)

E
�
�
� csrnBKS¹8º �




 #8




 2

�
�
�
2

�
1
:

�  K �
<Õ

9=1

j#�
8# 9j

2• (17.4)

The constants are R = 2=•¹ = ¸ 2º and C = =•¹ = ¸ 1º.

This result suggests that the Johnson�Lindenstrauss row-norm estimator (17.2) is

superior to the BKS diagonal estimator applied toHH� (17.1). The error of the

Johnson�Lindenstrauss estimator of the8th row norm depends only on the8th row

norm ofH; by contrast, the bound on the error of the BKS estimator depends on the

magnitude of the inner products of the8th row of H against all of the other rows. For

this exampleH = 1#� , mean-squared error for the Monte Carlo row-norm estimator

(17.3) is roughly a factor of< smaller than the bound (17.4) on the mean-squared

error for the BKS estimator. On this extreme case, the BKS estimator (17.1) is
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essentially worthless as it expends
 ¹< º matvecs to achieve a nontrivial result.

(Recall that any matrix attribute estimation problem can be solved at a trivial cost

of min¹<– =º matvecs.) The Johnson�Lindenstrauss estimator (17.2), by contrast,

computes any row norm of any matrixH to root-mean-squared relative errorY in

just O¹1•Y2º matvecs, independent of the dimensions ofH.

Theorem 17.1 demonstrates that dedicated algorithms for the row-norm estima-

tion problem can signi�cantly outperform diagonal estimators applied to the outer

product matrixHH� . This result justi�es our study of the row-norm estimation

problem as distinct from diagonal estimation, and motivates the development of

purpose-build row-norm estimators.

Proof of Theorem 17.1.Both the BKS and Johnson�Lindenstrauss row-norm esti-

mators (17.1) and (17.2) are averages of: iid copies of a single-vector unbiased

estimator; ergo, the mean-squared error for each is1• : times the variance of the

single-vector estimator.

Begin with the Johnson�Lindenstrauss estimator

csrnJL = jH8 j2–

and restrict attention to the8th coordinatecsrnMC¹8º = j#�
88 j2. We may rewrite

this coordinate in the form of a Girard�Hutchinson trace estimatorcsrnMC¹8º =

8 � ¹#8#
�
8º8 . The matrix has simple eigenvalue




 #8




 2 and a multiple eigenvalue0

with multiplicity = � 1. The average eigenvalue is_ =



 #8




 2•=. Therefore, by

Fact 13.2, we obtain

Var¹ csrnMC¹8ºº =  K

2
6
6
6
6
4

 



 #8




 2 �




 #8




 2

=

! 2

¸ ¹ = � 1º

 


 #8




 2

=

! 23
7
7
7
7
5

=
= � 1

=
 K �




 #8




 4•

Now, we treat the single-vector BKS estimator

csrnBKS = HH� 8 � 8

and restrict attention to the8th coordinatecsrnBKS¹8º = #�
8H� 8 � l 8. Observe that we

can writel 8 = 8 � e1 and#�
8 = e�

8H. Therefore,

csrnBKS¹8º = l 1H¹8–:ºH� 8 = 8 � ¹e8e
�
8HH� º8 •

Invoking Fact 13.2, we obtain

Var¹ csrnBKS¹8ºº �  K



 e8e

�
8HH�




 2

F =  K



 #�

8H�



 2 =  K

<Õ

9=1

j#�
8# 9j

2•
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This completes the proof of the stated results.

Remark17.2 (History). Standard probabilistic proofs of the Johnson�Lindenstrauss

lemma [JL84] show thatcsrnJL approximates each squared row norm ofH up to

a constant factor, provided the number of matvecs is: = O¹log=º. As such, it

is natural to attribute the estimatorcsrnJL to Johnson and Lindenstrauss. However,

despite being an immediate corollary of the Johnson�Lindenstrauss lemma (1984),

I was unable to �nd a reference wherecsrnJL was used to estimate the row norms of

an implicit matrix earlier than Spielman and Srivastava's work in 2008 [SS08]. The

papers [DMMW12; LMP13] also use this technique. The value of purpose-built

row-norm estimators over diagonal estimators is emphasized by Mathur, Moka, and

Botev [MMB21] and in recent works of Michael Lindsey [Lin23; FL24]. �

Numerical demonstration and application: Leverage-score estimation

As an application and a demonstration of Theorem 17.1, we compare the Johnson�

Lindenstrauss row-norm estimator and the BKS andXNysDiag diagonal estimators

for the problem ofleverage-score estimation. Recall that the leverage scores of a

matrix H are the squared row norms ofW:= Orth ¹Hº. Estimating leverage scores

is major application for row-norm estimators. Following [CP19; MMMW+23], we

focus on leverage-score estimation for polynomial regression.

Let G1– • • • – G< denote equally spaced points on»� 1–1¼, and de�ne the polynomial

regression matrixH 2 R< � = with entries18 9= ) 9� 1¹G8º; here,) : denotes the: th

Chebyshev polynomial (of the �rst kind). We set< := 105 and= := 103. Figure 17.1

shows the results of applying the Johnson�Lindenstrauss row-norm estimator toW

and the BKS andXNysDiag diagonal estimators toWW� , whereW= Orth ¹Hº•For

each method, we report the approximation ratio between the true leverage scores

� := srn¹Wº and the approximate leverage scoresb� , calculated as

approximation ratio:= max

(

max

(
b� 8

� 8
–
� 8

b� 8

)

: 8= 1– • • • – =

)

As seen in the left panel, the approximation ratio for the Johnson�Lindenstrauss

row-norm estimator is dramatically lower than for the diagonal estimators. The

diagonal estimators also produce many negative leverage-score estimates, which are

clearly vacuous. The right panel shows the (positive) leverage-score estimates as a

function of the positionG. The Johnson�Lindenstrauss estimates closely track the

true leverage scores, whereas the other estimates carry essentially no information.
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