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ABSTRACT

In recent years, randomized algorithms have established themselves as fundamental
tools in computational linear algebra, with applications in scientific computing,
machine learning, and quantum information science. Many randomized matrix
algorithms proceed by first collecting information about a matrix and then processing
that data to perform some computational task. This thesis addresses the following
question: How can one design algorithms that use this information as efficiently as
possible, reliably achieving the greatest possible speed and accuracy for a limited
data budget? This question is timely, as randomized algorithms are increasingly
being deployed in production software and in applications where accuracy and

reliability is critical.

The first part of this thesis focuses on the problem of low-rank approximation for
positive-semidefinite matrices, motivated by applications to accelerating kernel and
Gaussian process machine learning methods. Here, the goal is to compute an accu-
rate approximation to a matrix after accessing as few entries of the matrix as possible.
This part of the thesis explores the randomly pivoted Cholesky (RPCHOLEsKY) al-
gorithm for this task, which achieves a level of speed and reliability greater than

other methods for the same problem.

The second part of this thesis considers the task of estimating attributes of an implicit
matrix accessible only by matrix—vector products, motivated by applications in
quantum physics, network science, and machine learning. This thesis describes the
leave-one-out approach to developing matrix attribute estimation algorithms, and
develops optimized trace, diagonal, and row-norm estimation algorithms for this

computational model.

The third part of this thesis considers randomized algorithms for overdetermined
linear least squares problems, which arise in statistics and machine learning. Ran-
domized algorithms for linear-least squares problems are asymptotically faster than
any known deterministic algorithm, but recent work of [Meier et al., SIMAX ‘24]
raised questions about the accuracy of these methods when implemented in floating
point arithmetic. This thesis shows these issues are resolvable by developing fast
randomized least-squares problem achieving backward stability, the gold-standard

accuracy and stability guarantee for a numerical algorithm.
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Chapter 1

INTRODUCTION

Our experience suggests that many practitioners of scienti c computing
view randomized algorithms as a desperate and nal resort. Let us
address this concern immediately. Classical Monte Carlo methods are
highly sensitive to the random number generator and typically produce
output with low and uncertain accuracy. In contrast, the algorithms
discussed herein are relatively insensitive to the quality of randomness
and produce highly accurate results.

Nathan Halko, Per-Gunnar Martinsson, and Joel Tréfmding
structure with randomness: Probabilistic algorithms for constructing
matrix decompositiongiMT11]

Randomness has played a fundamental role in digital computation throughout its
history, dating back to von Neumann and Ulam's groundbreaking work in the 1940s
using Monte Carlo to study neutron di usion problem. (See [Eck87] for discussion
of this history.) Despite this, randomized methods have also been traditionally
viewed with great skepticism by many practitioners of scienti c computing. The
belief was that randomized methods could only yield low-accuracy solutions to
computational problems; as such, they were only useful as a desperate and nal
resort, typically for problems of such high dimensions that traditional methods
were doomed to failure.

In modern scienti c computing, this conventional wisdom has been completely up-
ended. Some of the most exciting progress has been for problems in computational
linear algebra, the subject of this thesis. Randomized algorithms have established
them as the most e ective methods for linear algebra problems such as matrix low-
rank approximation [HMT11; MM15; Nak20; TW23] and highly overdetermined
linear least-squares problems [RT08; AMT10]. Randomized algorithms can pro-
duce solutions of high-accuracy (as accurate as the numerical precision, in some
case) and with negligible probability of failure.

The modern eld of randomized matrix computations has its origins around the
turn of the millennium [FKV98; PTRV98], and its historical roots stretch into the
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twentieth century [Lan50; Gir87; KW92]. As such, this is not a new subject, and
many surveys exist to document the eld's successes [HMTL11; Wool4; DM16;
KV17; MT20; TW23; MDME+23; KT24]. Despite this multi-decade history,
this thesis and its aims remain timely. We are in the midst of a migration of
the randomized matrix algorithm from its natural habitat in the SIAM journal or
computer science theory conference to the realm of production software. Now,
more than ever, we need randomized algorithms that are ready for deployment in
practice, making maximally e cient use of computational resources and achieving
the same level of accuracy and reliability as classical deterministic methods, while
maintaining speed. The goal of this thesis is to describe algorithms developed over
the course of my PhD research that meet these criteria.

Many randomized algorithms work by rstollecting informationabout a matrix,

then using this information to produce an (approximate) solution to a linear algebra
problem. A unifying theme of this thesis is the design of algorithms thake

the most of what you havkat is, algorithms that attempt to collect as little
information as possible about the matrix and use the collected information in a
maximally e cient way to achieve the greatest possible accuracy subject to a limited
computational budget. This thesis is divided into three parts, each of which uses the
make the most of what you have principle in a di erent way.

1.1 Partl: Random pivoting

Information collected: Entries of a positive-semide nite matris.

Computational goal:Produce aow-rankapproximationé G.

Kernel and Gaussian process methods in machine learning [SS02; RWO05] re-
main some of the most e ective tools for scienti c machine learning [MCRR20;
BDHO24]. However, these methods face a fundamental limitation called the curse
of kernelization:

Curse of kernelization. Direct implementations of kernel and Gaussia
process methods erdata points requires forming and manipulating-arn=
positive-semide nite kernel matrix. Doing so require®1=2° storage and
0O1=3° gperations.

. v,

The curse of kernelization makes direct implementation of kernel and Gaussian



process methods infeasible for large data sets.

Randomization o ers a path forward: Using randomized algorithms, we can com-
pute alow-rank approximatiorB G to the kernel matrix. By using the low-rank
approximation in place of the kernel matrix, the computational cost of kernel and
Gaussian process methods can be substantially reduced.

In order to maintain computational e ciency, kernel matrix low-rank approximation
algorithms must produce an approximation to the ma®@iafter only accessing a
small number of entries of the matrix; after all, reading the full matrix even a single
time incurs an expensive cost 6f'=2° operations. Is it possible to produce an
accurate approximation to a matrix after looking at a fraction of its entries? And if
S0, what is most economical algorithm?

This thesis advocates for thandomly pivoted Choleskgigorithm as an answer

to these questions. The randomly pivoted Cholesky algorithm producesra
optimal rank= approximation to any positive-semide nite matrix using jast,

1°= entry accesses. Compared to other algorithms for kernel matrix low-rank
approximation, randomly pivoted Cholesky is either faster or more accurate when
applied to challenging instances.

Part | of this thesis introduces the randomly pivoted Cholesky algorithm, describes
its properties, explains how it can be used to accelerate kernel and Gaussian process
machine learning algorithms, and compares it to alternative methods. After a thor-
ough investigation of randomly pivoted Cholesky and positive-semide nite matrix
low-rank approximation, this part also discuss extensions of the random pivoting
approach to approximating general, rectangular matrices.

1.2 Partll: Leave-one-out randomized matrix algorithms

Information collected: Matrix vector productsH8 1— ¢« *H8

Computational goal:Estimate attributes associated to the maktiguch as its
trace, diagonal, or row norms.

In elds ranging from quantum physics to network science to machine learning, we
work with matricesH that are accessible only indirectly. In such settings, we cannot
read the entrie$g directly. Rather, we can access the matrix through matrix vector
products: Given a vect@, we may acceski8.

Under this implicit access model, linear algebra problems that would ordinarily be
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trivial become interesting. For instance, given access to an implicit midfrinow

can we compute its trace? Its diagonal? Its row norms? For all of these questions,
we seek algorithms that are maximally e cient, in the sense of requiring as few
matrix vector products to compute theseatrix attributesto a desired accuracy
level.

Part Il describes thkeave-one-out approado estimating attributes of an implicit
matrix. We will then use the leave-one-out approach to derive optimized estimators
for the trace, diagonal, and row norms of both general and positive-semide nite
matrices. As additional applications of the leave-one-out approach, we will de-
velop error estimates for randomized low-rank approximations like the randomized
SVD and variance estimation techniques for assessing the quality of more general
guantities computed by randomized matrix algorithms.

1.3 Part lll: Sketching, solvers, and stability

Information collected: A sketch of a tall matrix H 2 R* = with < =
de ned to be the producY H of H with a wide matrixY 2 R3 <.

Computational goal: Solve the overdetermined linear least-squares problem
X = argmin,g=kc  Hzk to high numerical accuracy.

One of the major success stories of randomized algorithms in linear algebra is
sketch-and-precondition algorithm [RT08; AMT10] for solving over-determined
linear least-squares problems

X = argmirkc Hzk whereH2R® ~—c2 R"e (1.1)
72R*

Here, k k denotes the vector, norm, and we consider th@ghly overdetermined
settingwhere< =. The idea of sketch-and-precondition is to preprocess the
matrix H by applying a randomized dimensionality reduction map or sketching
matrix Y 2 R3 <, where theembedding dimensioB is a small multiple of the
number of columns=in H, e.g.,3 = 2=. We then compute R decomposition

of the sketched matri¥ H = W Xand solve the least-squares problem (1.1) using
a Krylov iterative method withX as preconditioner. With an appropriate choice of
sketching matrix, this procedure reliably reduces the condition numbereafiow

an absolute constant, leading to convergence to high accuracy in a small number of
Krylov iterations. As a result, sketch-and-precondition runs in rou@tg= , =3¢
operations, a dramatic improvement to thé<=2° cost of classical algorithms for



least squares.

The recent paper [MNTW24] cast doubts ontiuenerical stabilityof this algorithm.

This paper's experiments show that, when implemented using ordinary double-
precision oating point arithmetic, some versions of sketch-and-precondition pro-
duce errors that exceed classical methods by orders of magnitude. Does this mean
the sketch-and-precondition algorithm is too unreliable for practical use?

Part Il critically investigates this question. We will see that, by using careful
initialization and just a single step @érative re nementsketch-and-precondition-

type algorithms can be made just as accurate as classical direct methods, achieving
backward stabilitythe gold-standard notion of accuracy in numerical analysis.

1.4 About this thesis

| have taken non-traditional approach to writing this thesis. As with many theses,
this thesis is primarily based on research papers written during my PhD. However,
rather then collecting these papers and editing them, this thesis contains a new
treatment of this material. As such, this thesis is composed of original writing and
constitutes a deeper dive and re-examination of my PhD research.

Rather than trying to include all of my PhD research, | have elected to focus on the
three topics described above: random pivoting, leave-one-out randomized matrix
algorithms, and numerically stable randomized least-squares algorithms. | have
endeavored to provide a an approachable introduction to these three areas of my
research that | hope will be accessible to younger researchers. As such, | have
included a signi cant amount of discussion of background material and related
work; | have also included open problems at the end of each part of the thesis. This
thesis also contains several new results and algorithms that have not previously been
published.

The contents of this thesis are diagrammed in Fig. 1.1, including dependencies
between chapters. For readers interested primarily in seeing my original research, |
have used symbols to distinguish between chapters based on whether they contain
primarily exposition, research, or open problems. | have endeavored to have all
of the chapters, including the expository ones, present a unique perspective on the
material. Chapters containing research that is newly presented in this thesis are
marked using a star.

Given my focus on a subset of topics, much of my PhD research is not discussed
in this thesis, including my work on quantum eigenvalue algorithms [ELN22;



Figure 1.1: List of chapters in this thesis and dependencies between them. Blue
circles indicate chapters whose content is primarily introductory or expository,
orange squares indicate sections primarily containing research from my PhD, and
green squircles indicate open questions. Starred sections contain new research that

has not previously been published.
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DELZ24], row action methods for large least-squares problems [EGW25], super-
fast non-uniform Fourier transform inversion [WEB25], tensor network methods
[CET25], and uniqueness of tensor decompositions [GEL22]. All of these topics
are near and dear to my heart, and it is will sadness that | do not include them in the
present document.

Taking inspiration from Nick Trefethen's essa@gn Digit AlgorithmgTre05, Y4], |

have elected to present algorithms using code segments rather than pseudocode. As
a numerical linear algebraist at heart, the programming language will be MATLAB;
translation to Python or Julia for those so-inclined will hopefully not be di cult.

1.5 Notation

This thesis will work over the elK of either real or complex numberg, = R or
K = C. Theimaginary unitis denotégdand the complex conjugate® iH= G iH
The nonnegative reals are denokd

Matrices and vectors. The symbol denotes the adjoint, which reduces to the
transpose wheK = R. We identify the set of vectorK~ with the set of= 1
matricesK™ 1: row vectorsb 2 K! = will be denoted as adjoints of column vectors
b2K-.

Matrices will be denoted by bold capital letters (e.g= ), and vectors will be
denoted by bold lowercase letters (ely.8). Entries of matrices and vectors are
denoted using the corresponding italic letter, €lgis the&h entry ofb andl ggis

the8 ¢h entry of . Columns of matrices are denoted using the corresponding bold
lowercase vector, e.g8,gis the&h column of . A matrix with its 8h column
deleted is denoted g(similarly, gdfor two deletions).

The identity matrix id 2 R™.7; its columns are the standard basis vectgra R™.
The vector of all ones i$ = 4, eg and the matrix of zeros 82 R* ~. We will
use subscripte=—1--0< - when necessary to indicate the dimensions.

For our purposes, a matri@ 2 K= ~ is positive semide nitépsd) if it is Hermitian

(G = G)andsatis esthe condition Gx Oforallvectorsx 2 K=. The concept of

a real nonsymmetric psd matrix , valuable in other contexts, will not be considered
in this thesis. The psd orderis de ned so thatG N wheneverG N is psd.

Throughout this thesi¢] 2 K= = will denote a general matrix, which may be square
or rectangular depending on the context. The maBi® K= ~ will always denote
a Hermitian matrix, often psd.
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Sets of integer indices, general arbitrary sets, and vector spaces will be denoted
using sans serif font (e.gS, V). General inner products, when they arise, will be
conjugate linear in th rst coordinate.

We permit matriceH 2 KS T and vectorsx 2 KS to be indexed by arbitrary
nite sets S andT. Given bivariate and univariate functiobs X Y ! K and
5:X! KandsubsetS XandT Y,btS-T°2KS Tand5'S° 2 KS denote
a matrix and vector with element$B—Gind 5B for eachB2 S andC2 T.

We use MATLAB notation to index matrices. $#8—%= 1gqis the8 ¢ entry of

H, H::—8 = bgis the&h column,H®:-S° = 1pbg: 82 S° denotes the submatrix of
H indexed by elements of the sBf etc. We adopt the convention that submatrices
H1S-T° 2 KS T are indexed by the se8&andT rather than by the sefd—« « +jSjg
andfl—eeefTjg S01l,;is still the12-2° entry of the matrixHf 2-3gf 2-59°.

For a square matriid 2 K= =, the trace igrtHe = ! a1 1ss2 K and the diagonal is
diag'H° = 11gg: 1 8 =° 2 K~. The diagonal elements of a matrix prodittL
are denoted

diagprod*L—MP° = diagL MO

Given a vectoib 2 K=, the diagonal matrix with elements is denotedDiag* b°.
The squared row norms and squared column norms of a mMateix=< = are

srntHe ;= kH18=°k?*:1 8 < = diag'HH ° 2K=-
schtHe ;= kHL:—-8?:1 8 = = diagtH H° 2 K=o

The entrywise product of vectoesb 2 KZisa b=10g1g:1 8 =°. Nonlinear
operations are applied to vectors entrywise. For instaace0g: 1 8 =Cis

the entrywise complex conjugate, ajaj® = 1j0g% : 1 8 =°is the entrywise
squared modulus.

The » norm of a vector or spectral norm of a matrix will be denokekli We will
also make use of the Frobenius and trace norms, derodtecdndk k . Schatten
?-norms are denoteklks,,.

We will make frequent use of matrix decompositions. Given a tall mat#i2
K< =, an economy-siz®R decomposition is a factorizatidd = W Xinto a matrix
W 2 K= = with orthonormal columns and an upper triangular mai K= =.
An economy-size SVD is a factorizatidh=[ \ into a matrix] 2 K< = with
orthonormal columns, a nonnegative diagonal matr&k R™ ~, and a unitary matrix



9

\ 2 K= 7. When not otherwise stated, &R decompositions and SVDs will be
assumed to be economy-size. Given a positive de nite mariits (full) Cholesky
decomposition refers to one of two matrix decompositions,|oer triangular
Cholesky decompositio® = RR or theupper triangular Cholesky decomposition
G = X X. Both conventions will be convenient for use in di erent places of this
thesis.

We will use Orth *H° to denote a matrix whose columns form an orthonormal
basisrangé H°. When necessary to yield an unambiguous interpreta@oth of

a full column-rank matrix will be taken to be the output of an economy-siR
decomposition where the triangular factor has positive diagonal entries.

As usual,ranktH® denotes the dimension of the rangetbf We say a matrix is
rank-: if ranktH® . Arank- matrixH 2 K= ~is described by itsompact SVD

where[ 2 K= rakH gnd\ 2 K= "@H have orthonormal columns and 2
1 |0 110 . . . . . . . .
RrankH® rankH o 5 diagonal matrix listing theonzerasingular values. Similarly, a

rank= Hermitian matrixG 2 K= ~ has a compact eigendecomposition
G=[J[

where[ 2 K= @& hag orthonormal columns anll 2 RaWE rank & jg g
diagonal matrix listing the nonzero eigenvalues.

Probability theory. Probabilities and expectations are dend®sghdE. Nonlinear
operations bind before expectations, so & = E1G°, notEG = 1EQ®2. The
covariance is

Covi0-2:=E»0 EQ°11 E1°%

and the variance i¥art0° := Var'0— 0. Note that, unlike other sesquilinear forms
in this thesis, the covariance is conjugate-linear iisecond argument.

We writeG— G-+++ Gand variations thereof to indicate tH@at G-« » are random
variables with the same distribution & The phrase independent and identically
distributed carries its usual abbreviatioid, and we WriteGl—(;}—---iid Gwhen
G- G-+ e areiid copies of5

Given a nonnegativeveight vectorw 2 R~, 8 WI, denotes a random integer
82 f1- -+« +—gselected with probabilitPf8= Q9= F¢ ~_, F.. Wedconolassume
the normaiizetion g, Fg= 1when writing8 w.
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The uniform distributions on a s8tare denotetUnif S. The unit sphere of a vector
(sub)spacdJ is StU°, andUnif StU° denotes the (Haar) uniform distribution on
the sphere. A Gaussian distribution over the &dvith meanm and covariance

matrix is denotedNormal x*m— °. If is nonsingular, its probability density is

1

2

1 Z
? =
1z 12coU2 et 01°2 exp

A random vector8 Normal k*m— © has jointly Gaussian entries with mean
Ex g/F <gandCoV!l g1 =fgg

Rounding error analysis.In Part |11 of this thesis, we will investigate theimerical
stability of randomized least-squares solvers, which will require special notation.
This notation will be introduced in Section 22.1.
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Chapter 2

LOW-RANK APPROXIMATION FOUNDATIONS

Despite decades of research on Lanczos methods, the theory for the
randomized algorithms is more complete and provides strong guarantees
of excellent accuracy, whether or not there exist any gaps between the
singular values.

Huamin Li, George C. Linderman, Arthur Szlam, Kelly P. Stanton,
Yuval Kluger, and Mark TygertAlgorithm 971: An Implementation of a
Randomized Algorithm for Principal Component AnalykisSS+17]

This thesis is nobnly about randomized algorithms for low-rank approximation,
but low-rank approximation will play an important role throughout our discussion.
This introductory chapter reviews two types of low-rank approximation, projection
approximation and Nystrém approximation.

Sources. This chapter is introductory and is not based on any particular research
article. The last section is adapted from the blog post [Epp24c].

Outline. Section 2.1 begins by describing (approximately) low-rank matrices and
how they can be represented. We then go on to discuss two types of low-rank
approximations: projection approximations (Section 2.2) and Nystrom approxima-
tions (Section 2.5). Examples of the former type of approximation is given by the
randomized SVD (Section 2.3), which can be improved using subspace iteration
(Section 2.4). Section 2.6 concludes by describing a connection between projection
approximations and Nystrom approximations | have termed3tsn correspon-
dence The Gram correspondence will be an important tool throughout the rst part
of this thesis.

2.1 Low-rank approximation basics

The term low-rank matrix is an informal one. Colloquially, we say a matrix
H 2 K= = is low-rank if rankH is much smaller than its dimensiors and =.
Low-rank matrices are convenient to work with in computations because a rank-
may be decomposed as an outer product

H=LM (2.1)
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of thin matricesL 2 K= - andM 2 K= *. As such, a low-rank matrixd can
be represented by storing the factor matriteand M, resulting in a signi cant
reduction in storage cosk | =°: <=,

The starting point of this part of the thesis is a beautiful and practically useful
observation: Among the numerous matrices appearing in applications, many of
them possess the property of bewgll-approximated by a low-rank matrix-or

such matricedH 2 K= =, they can be e ciently represented and computed with
by storing a low-rank approximatioﬁ H in factored formR = LM . Provided

this approximation is accurate (i.gjH Rji  jjHjj in an appropriate norm),

an approximately low-rank matrix can be accurately represented by storing a small
number of parameters. Some explanations for the ubiquity of approximately low-
rank matrices in applications are provided in [BT19; UT19].

Given a factored low-rank approximatidh= LM to a matrixH, many computa-
tional problems involvingH become easy:

~ Matrix vector products: Matrix vector productsz 7! Azcan be computed
in Oli< = =0:9 gperations by evaluating the productﬁz: LiM Z2°.

Singular values and vectorsThe low-rank factorizatiod = LM can be
upgraded to a compact svh = [ \ inO  =°:20 gperations. From

this decomposition, one can obtain the singular values and singular vectors
of R. From the SVD, one can also compute other quantities such as unitarily
invariant norms and projectors onto singular subspaces.

Linear systems and least-squareShifted linear systems of the form
1h, “1°x=c¢ for” 2Cnf0g
and regularized least-squares problems

x = argmirkRz ck®, * kzk* for i O
72K=

can both be solved i@i< | =0: 20 gperations (by the Sherman Morrison
Woodbury identity in the former case and a compact SVD in the latter case).

Thus, given both the great prevalence of approximately low-rank matrices in appli-
cations and the great computational bene ts of exploiting low-rank structure, the
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matric low-rank approximation problem is of fundamental interest in computational
mathematics.

The central theoretical result in low-rank approximation is the Schmidt Mirsky
Eckart Young theorem, which characterizes the optimal low-rank approximation
[SS90, Thm. IV.4.18].

Fact 2.1(Optimal low-rank approximationsy.etH =] \ 2 K< =be a matrix
and its SVD, and led : min<—=? be an integer. Measured with respect to

jiH Rji= min jiH 1

rankt| © :

is given by truncating the SVD to level
EHE =[ 2:—1::0 11::-1::9 1-1::0%

In particular, the matrixEHE. is an optimal low-rank approximation with respect
to the trace, Frobenius, and spectral norms. With respect to any of these norms, the
best approximation is unique if and onlyfif 1H° j f . 11HC.

Throughout this thesiHE will denote any optimal low-rank approximation in
the sense of this theorem. As this result highlights, the best approximation may not
be unique.

As Fact 2.1 demonstrates, an optimal rankpproximation to matrixd can be
computed by forming the SVD and truncating to level However, this approach

is computationally expensive, since computing even an economy-size SVD of a
matrix H requiresO <= minf<—=g° operations. Therefore, it is natural to seek
faster methods for obtainingreear-optimallow-rank approximation.

Before moving on, we should say a few words about low-rank approximation of a
psd matrixG. When approximating a psd matrix, it is natural to use a low-rank
approximationé G that is also psd. The factots and M for a psd low-rank
matrix & can always be taken to be the same, yielding the symmetric decomposition

E=LL - (2.2)

The eigendecomposition of a psd matrix induces an SVD, so an optimal rank-
approximation to a psd matrix can be obtained by truncating its eigendecomposition.
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2.2 Projection approximation

How might we construct high-quality low-rank approximations without relying
on the SVD? A natural strategy emerges from a re-examining the optimat rank-
approximatiorEHE. . In Fact 2.1, we computed the optimal rankepproximation

by truncating the SVIH =[ \ . Alternately, we can compute the optimal rank-
approximation using thprojection formula

EHE =WWH forw=[ t-1::° (2.3)

Here, we have projecteH onto the span of its dominant left singular vectors
[ 1:-1::° We remind the reader th&\W acts as an orthoprojector onto the range
of a matrixWwith orthonormal columns.

The projection formula (2.3) motivates the use of projections as general strategy for
constructing low-rank approximations.

De nition 2.2 (Projection approximation)let 2 K= - be a test matrix, and probe
the matrixH by computing the produddl . The projection approximatiorio H
with test matrix is

A= 4 H=WWH® withW=OrthiH o

As we will see, the class of projection approximations contains many good rank-
. approximations to a matri¥d. Indeed, it is simple to verify that the optimal
approximation is, itself, a projection approximation with test matrix \ 1:-1 ::°.

The motivation behind projection approximation is that the rande ofserves as a
good, but cheap to compute, proxy for the span of the dominant left singular vectors
of H. To see this, rst expand via its SVD

mify<—=
H= f gtHOugvg
&1
and consider the product
mifh<—=
H = f gtHouglvg ©e (2.4)
81

The in uence of each left singular vectagis controlled by the size of the singular
valuef gtH® and the productg . In particular,providec thal vg is not small
foreact1 8 :, the productH will have large components in the directions



15

of all of the dominant left singular vectofaig: 1 8 :g Conversely, the
subdominant left singular vectofsig: 8 j : gare scaled by smaller singular values
fgtH° f.1H° soH will have smaller components in these directions. Thus,
projecting onto the range dfi provides a computationally cheap alternative to
projecting onto the span of the dominant singular vectors.

To assess the cost of projection approximation, we can count the nunietrof
vector productgmatvecyneeded to compute one. Forming the proddictrequires
. matvecs withH, one with each column of :

h [
H = H8_‘]_ H8 ®
Building the second produt¥ H expends matvecswith H :
h [
WH=1HW = Haq, Hg. -

Therefore, computing a projection approximation consists ofatvecs withH, :
matvecs withH , and O<: 20 additional arithmetic operations to evaluaté=
OrthH © (via economy-siz€R decomposition).

Projection approximations satisfy a number of enjoyable properties:
Proposition 2.3 (Properties of projection approximationd)et H 2 K< = and
2 K= - be matrices, and consider the projection approximation H. Then
(a) Columnwise orthogonality.The approximation y H and its residuaH

n H are columnwise orthogonal,
1 H|_|01H HH0:1|_| HH01 HHOZO'
Consequently,
1H q H° tH H HO=HH t y HO1 j H°

=HYU  y HoHe

(b) Invariance. The projection approximation is invariant under right multipli-
cation of the test matrix by a nonsingular matrix, y zH= 4 H. In
particular, y His invariant under reordering of the columns of

(c) Monotonicity. The singular values of the approximationy H are mono-
tone increasing under extension of the test matrix:

21 yoHO 2t y Ho for O=» Y,
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Similarly, the singular values of the residull H H are monotone de-
creasing:

21H  yoH° 2'H 4y Ho for 9=»

ConsequentlyjjjH n oHjji  JiiH n Hjjj for any unitarily invariant

(d) Optimality. The projection approximation achieves the lowest Frobenius norm
error among all approximations  H satisfyingrangél © rangéH ©:

kH H HkF: min kH | kF'
rangél ° rangéH °

These properties are all more-or-less standard. We omit the proof.

Remark2.4 (Left versus right) Projection approximations approximate a mattix
by multiplying by an orthoprojector y on the left. One can also de neght
projection approximations/hich apply a projector on the right

H gy for 2K ‘e

Left and right projection approximations are formally equivalent, as a right pro-
jection approximation o is the adjoint of a left projection approximation kb .

We will use right projection approximations in Chapter 17, and we will discuss
two-sided projection approximations in Chapter 10.

2.3 The randomized SVD

The randomized SVD is a simple and popular method for low-rank approximation,
and its output is a projection approximation. At its simplest level, the randomized
SVD approximation can be computed in four steps:

1. Generate a random matrix 2 K= -, constructed without looking at the
matrix H. (E.g., could be a standard Gaussian matrix.)

2. Compute the matrix product=H

3. Form an orthogonal bas®¥= Orth *_° for the column span of , say byQR
factorization = WX

4. Evaluate the projection = H W, de ning the low-rank approximatiof =
WWH = WI represented by facto&andl .
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Program 2.1rsvd.m. Implementation of the randomized SVD with a (standard)
Gaussian test matrix.

function [U,S,V] = rsvd(B,Bt,n,k)

% Input: Functions B() and Bt() computing matrix products B(X) =

% B*X and Bt(X) = B"X, number of columns n, and rank k
% Output: Low-rank approximation Bhat to B, presented as an

% economy-size SVD Bhat = U*S*V'

Om = randn(n,k); % Gaussian random test matrix

Y = B(Om); % Matvecs with B

[Q,~] = agr(Y,"econ"); % Orthogonalize

C = Bt(Q); % Matvecs with B'

[UU,S,V] = svd(C',"econ”); % SVD of factor matrix

U = Q*UU; % Get left singular vectors

end

Written as so, the name randomized SVD is a misnomer for this algorithm, as
it does not output a low-rank approximation in SVD form. If desired, one can
upgrade the approximatiorh = WI to compact SVD form:

5. Compute an economy-size SYD =] b and setb = W] . The low-rank
approximationf = PPV is now expressed in compact SVD form, described
by factorgP, b, and®.

We recognize the outplt = WI = [PPP ofthe randomized SVD as the projection
approximation ofH generated by test matrix. The cost of steps 1 5 is matvecs

with H and: matvecs withH , plus an additionaD?®: 1< | =°° gperations to
compute aQR decomposition of and compute an SVD of . Code for the
randomized SVD is provided in Program 2.1. In this thesis, we will use the name
randomized SVD to refer to the low-rank approximatich] regardless of whether

it is represented al = WI or R = [Pb\b .

The randomized SVD algorithm in its modern form was introduced in the famous
paper of Halko, Martinsson, and Tropp [HMT11]. See [HMT11, Y2] and [TW23,
Y3] for a discussion of the history of this algorithm, including earlier references
featuring algorithms similar to the modern randomized SVD.

The randomized SVD produces an approximation comparable with the begk rank-
approximation, whergis smaller than the parameteused in the randomized SVD
algorithm. Here is an example result [TW23, Thm. 8.7] (see also [HMT11, Y10]):
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Fact 2.5(Randomized SVD error analysidlet 2 R~ - be populated with inde-
pendenrealstandard Gaussian entries, and Btdenote the output of the random-
ized SVD algorithm. Then

1

. N

EkH RiZ min ——=- H EHE, - (2.5)
L AL Lo e s

EkH RK2 min == H E HE, °, — H EHE, 2 «  (2.6)

The rst bound (2.5) shows that the expected Frobenius error of the randomized
SVD is no worse with that of the best raAlapproximation for evenA : 2, up
to a prefactor5':— AR depending on andA The second bound (2.6) demonstrates
that thespedral-normerror of the randomized SVD still depends on Frobenius
normof the best rankapproximation
mifh<—=*
H EHE, 2= f 21Hos (2.7)
&A1

Thus, we see that spectral-norm accuracy of the randomized SVD depends on the
entire tail of singular values. Compare with the optimal approximation, whose error
is just the'A, 1°st singular value:

H EHE, =fa1H

The spectral-norm bound (2.6) demonstrate that the randomized SVD produces a
fairly coarse approximation to a matrbt when its singular values decay at a slow
rate. This coarse approximation is nonetheless useful for many purposes.

2.4 Randomized subspace iteration

The randomized SVD can be improved by using powering to build a better test
matrix . Fixanumber@ O of powering steps, and assume at rst ti@s even.

To build , generate a random matrix2 K= - and apply powering

= 1H He@2 ,

Now, form the projection approximatioh = H H= iy poe2 H, represented
as eitherR = Wi or R = [PbP . We emphasize that the matrix should be
formed by successive matrix multiplications

=HHHMH 1H ©° 00 (2.8)



19

Program 2.2rsi.m . Implementation of the randomized SVD with subspace it-
eration. Warning: This code can be numerically unstable when the ntatnias
rapidly decaying singular values of the number of subspace iteration@iefzge.
function [U,S,V] = rsi(B,Bt,m,n,k,q)

% Input: Functions B() and Bt() computing matrix products B(X) =

% B*X and Bt(X) = B™*X, dimensions m and n, rank k, and
% number of subspace iteration steps q
% Output: Low-rank approximation Bhat to B, presented as an
% economy-size SVD Bhat = U*S*V'
if mod(q,2) == % Odd case
Om = randn(m,k); % Gaussian random test matrix with m rows
Om = Bt(Om); % First subspace iteration step
else % Even case
Om = randn(n,k); % Gaussian random test matrix with n rows
end

for i = 1:floor(g/2)

Om = Bt(B(Om)); % Two subspace iteration steps
end
Y = B(Om); % Matvecs with B
[Q,~] = gr(Y,"econ"); % Orthogonalize
C = Bt(Q); % Matvecs with B'
[UU,S,V] = svd(C',"econ"); % SVD of factor matrix
U = Q*UU, % Get left singular vectors
end

not by explicitly forming and powering the matrid H. When @is odd, the test
matrix is instead de ned as

= 1H H'@®¥2H  forrandom 2K< ‘e

This algorithm for computing low-rank approximations by powered test matrices
is calledrandomized subspace iteratiar the randomized SVD with subspace
iteration [RST10; HMT11; Gul5; TW23]. Code is given in Program 2.2. The cost
of randomized subspace iteratiort @ 2°: matvecs, split roughly evenly between
matvecs wittH andH , plusO: 1< | =°° additional operations fdPRs and SVDs.

Remark.6 (Counting subspace iteration stepale have chosen to count the number
of steps of subspace iterati@py the total numbers of matrix products withor H
required to form . Be warned! Some authors use a di erent convention, counting
number of multiplications wittH H.
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To gain intuition for why subspace iteration helps, consider an exparsion
analogous to (2.4):
mifh<—=
H = f gtHo@luglvg © for @even
&1
We see that subspace iteration has the e ect of powering the singular values, boosting
the gap betweenthe large singular valufeg H°— ¢ « « —f1H° and the small singular
valuesf gtH° for 8 j : . The name subspace iteration is derived from {h@ver
iteration method, which computes the dominant eigenvector or singular vector of a
matrix by repeatedly multiplying by a matrid (and possibly its adjoint ). The
process (2.8) is referred to agbspace iteratiobecause powering is performed on
a matrix rather than a single vector. In subspace iteration, the object of interest is
not really the powered matrix itself but the subspaaangé °.

Subspace iteration, even with a random initialization, is a classical approach in ma-
trix computations [Par98, Ch. 14]. The modern randomized algorithms literature
has sharpened our understanding of subspace iteration by providing sharp proba-
bilistic analysis and emphasizing the computational bene ts of using a large block
size: with a small numbe@of subspace iteration steps.

The basic implementation of subspace iteration we've described can be numerically
unstable, as the powered matrixgiven by (2.8) can become singular up to numer-
ical precision. This issue can be addressed by using intermediate orthogonalization
during the powering process. That is, instead of using the plain iteration

HH ° repeated®2times-
as in Program 2.2, orthonormalize after each step:
Orth1H tH ©°° repeated®?2times

(Being even more aggressive, one could even use the update rule
Orth*H Orth1H ©°) In exaci arithmetic subspace iteration with and without
intermediate orthogonalization produce the same projection approximation as out-
put, in view of the invariance property Proposition 2.3(b). In oating-point arith-
metic, intermediate orthogonalization can signi cantly improve the quality of the
computed projection approximation.

Error bounds for randomized subspace iteration, analogous to Fact 2.5, are well-
established. See [HMT11; Gul5; TW23].
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Remark2.7 (Block Krylov iteration) An even more powerful type of projection
approximation is given by block Krylov iteration, where one uses the entire family

of powered approxir?]ations to de ne the test matrixi.e.,
[

= 1H He 1H He@2  for @ever
References on randomized block Krylov iteration include [RST10; MM15; TW23].
The weaker approximations produced by the randomized SVD, possibly with a few
steps of subspace iteration, will su ce for the purpose of this thesis.

2.5 Nystrom approximation
To approximate a psd matri® 2 K= =, we have access to a more e cient class of
low-rank approximations known as Nystrom approximations.

De nition 2.8 (Nystrom approximation)Let G 2 K= ~ be a psd matrix, and let
2 K= - be atest matrix. The Nystrém approximation®as

B=Ghi=G 1 G %1G ©. (2.9)

Here is the Moore Penrose pseudoinverse, which agrees with the ordinary inverse
for nonsingular matrices.

Observe that the only access to the mat@xneeded to compute the Nystrom
approximationGh i is the ability to form the single matrix product

=G o (2.10)

From_, the approximatior@ may be assembled using the formula

é: 1 oy o

This single-pass property of the Nystrom approximation is an advantage over
projection approximations, which require two passes over the méatr{gne to
computeH , a second to comput&/ H).

To motivate the form of the Nystrém approximation (2.9), observe that any approx-
imation & satisfyingrangééo =rangé G ° must take the form

B=1G °S1G ©°+

The choiceS =1 G % enforces that the matriG and the approximatior@
agree when multiplied by , & =G . Indeed, provided G is nonsingular,
S=1 G %=1 G ° listheuniquechoice ofS satisfying this condition.

The randomized NystrOm approximation enjoys many nice properties:
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Proposition 2.9 (Properties of the Nystrom approximtioret G 2 K= ~ be psd,
let 2K~ - be amatrix, and consider the projection approximati®h i. Then

() Psd.The Nystrom approximatio®h i and its residualcG Gh i are psd.

(b) Invariance. The Nystrom approximation is invariant under right multiplica-
tion of the test matrix by a nonsingular matriXZ, Gh Zi = Gh i. In
particular, Gh i is invariant to reordering of the columns of.

(c) Monotonicity. The Nystrom approximation is monotone increasing with re-
spect to the psd order under enlargement of the matrix

Gh» YW Gh ie
Recall denotes the psd order on Hermitian matrices. Consequently,
iG Gh» W jjG Gh ij

norms.

(d) Interpolatory. The matrixG and its Nystrom approximatio®h i have the
same actionon . Thatis,G =Gh i

(e) Optimality. Among all Hermitian approximationS satisfyingrangé S °
rangé G °with apsdresidualG S, theresidualcG Gh i isthe smallest
in the psd order:

G & G s-

ConsequenthyjjjG Gh ijj JjG S jjforallsuchS and for any unitarily

These properties have all been used, implicitly or explicitly, throughout the literature.
The rst four properties all have relatively straightforward proofs, and the last
property relies on variational properties of Schur complements [And05, Thm. 5.3];
see [Epp22a] for an exposition.

Remark2.10 (Hermitian inde nite matrices)While it is most naturally justi ed
for psd matrices, the Nystrom approximation can also be used to approximate any
Hermitian matrixG. A potential issue is that, for an inde nite matri@ (i.e., a
matrix for which neitheiGor Gis psd), the core matrix G can be singular (or
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nearly singular) even if the input matr@and test matrix are both full-rank. This
near-singularity issue can cause degradations in the accuracy of the approximation
Gh i G. Thisissue is addressed by Nakatsukasa and Park [NP23], who suggest
oversamplingdy using a larger test matrix of size 2 K= 2*, then regularizing the
Nystrém approximation by truncating the small eigenvalues of the core matrix

8=G E G PiG ©

They suggest possible values 15 and2 = 2. This strategy appears to resolve the
numerical issues of applying the ordinary, un-regularized Nystrém approximation
to Hermitian inde nite matrices, though only partial theoretical explanation for the
success of this strategy is available [NP23, Thm. 3.1]. Adisadvantage of this strategy
it increases the cost of computing a rankystrom approximation t@: matvecs,
comparable to the cost of a randomized S\ZD (natvecs) or generalized Nystrom
approximation ( 2¢5: matvecs); both of these approximatiohs G are not
Hermitian by default, but can be made Hermitian by symmetriﬁng 1h, R ce2,

| believe there is more left to be understood about what the right algorithm is for
approximation of Hermitian inde nite matrices.

Choice of test matrix Analogous to the randomized SVD, a simple way of invoking
the Nystrom approximation is to choose to be a random matrix independent
from G such as a standard Gaussian matrix. We will call this version of Nystrom
approximation aingle-pass Nystrém approximatiaince it requires only one pass
over the matrix to compute. Alternatively, one can use subspace iteration [RST10;
HMT11; Gul5]

- G@
or block Krylov iteration [RST10; MM15; TW23]

h i
= G G® -

both of which require additional passes over the matrix. All of the warnings
about numerical stability and reorthogonalization from Section 2.4 remain in force
when randomized subspace iteration (or block Krylov iteration) is combined with
Nystrom approximation. Part | of this thesis will explore a special class of Nystrom
approximations where the matrix is a column submatrix of the identity matrix.

Stable implementationComputing the Nystrom approximation must be done with
care to ensure accurate results in oating-point arithmetic. Here, we present a



24

variant of the stable Nystrom implementation developed in [TYUC17a] (based on
ideas introduced in [LLSS+17]). The idea is to compute a Nystrom approximation

B =1G, 'I°h |

of a shifted matrixG, "I, where' is a small shift parameter. Begin by computing
the matrix_ in (2.10), and de ne the shift

Y= = %k kDo (2.11a)

Here,Ddenotes the unit roundo , of sizB 10 6 in double-precision arithmetic.
The shift (2.11a) di ers from the one proposed in [TYUC17a] and was introduced
in [ETW24] to obtain a stable shift of the minimum possible size while avoiding
computing the spectral norm of Now, apply the shift to , obtaining

= a - (2.11b)

and form the matrix
N = ‘e (2.11c)

Next, compute a Cholesky decomposition

N=X X (2.11d)
and use triangular substitution to form

L= X % (2.11e)

The factor matrixL gives rise to the shifted Nystrom approximati@n = LL .

Code is provided in Program 2.3. In order to reuse this code later in the thesis, we
have written itto use amatrix ~ Uniff 1g~ - of random 1 values and to return

the shift™ , test matrix , and Cholesky factoX as optional outputs.

For many purposes, the shifted Nystrém approximaﬁ)n: LL is a perfectly
good substitute for the unshifted approximatién as the shift parameter is

tiny on the order of the unit roundo. To achieve the most accurate results,
however, we can attempt to correct for the shift. For some problems, we will have
means to correct the shift exactly ; see Section 14.6 for an example of such a
scenario. Alternately, we can upgrade the outer product represen&tienLL

to an eigendecomposition representatBn =[J [ via economy-size SVD
L=[ \ withJ: = 2. Then,de ne the shift-corrected Nystrém approximation

Bsc = [J] ford =maxJ- 1-Og
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Program 2.3 nystrom.m. Stable implementation of the single-pass Nystrom ap-
proximation. Low-rank approximation is outputted in the fotln  and computed
using shifting. Theandom_signs subroutine is de ned in Program F.2.

function [F,mu,Om,R] = nystrom(A,n,k)

% Input: Function A() computing matrix products A(X) = A*X, number

% of rows n, rank k

% Output: Shifted Nystrom approximation Ahat = F*F' represented by

% factor F, shift mu, test matrix Om, triangular factor R
Om = random_signs(n,k); % Test matrix of random signs
Y = A(Om); % Matrix product Y = A*Om

mu = eps*norm(Y,"fro")/sqrt(n); % Compute shift

Y=Y+ mu?* Om; % Apply shift to Y

H = Om™Y;

R = chol(H);

F = Y/IR; % Triangular substitution

end

Program 2.4 nystrom_shiftcor.m . Stable implementation of the single-pass
Nystrom approximatiofJ[ using shift correction. Thaystrom subroutine is
de ned in Program 2.3.

function [U,D] = nystrom_shiftcor(A,n,k)

% Input: Function A() computing matrix products A(X) = A*X, number

% of rows n, rank k

% Output: Shift-corrected Nystrom approximation Ahat = U*D*U’,

% represented by orthonormal factor U and nonnegative

% diagonal factor D

[F,mu] = nystrom(A,n,k); % Compute (shifted) Nystrom approximation
[U,S,~] = svd(F,"econ™); % Economy-size SVD
D = max(S.”2 - mu, 0); % Apply shift correction

end

The maximum is taken entrywise. The shift-corrected Nystrom approxim&d;@n
is not exactly equal to the original Nystrom approximatién but it is typically
more accurate then the uncorrected approxim@onCode for the shift-corrected
Nystrém approximation (with a standard Gaussian test matdixs provided in
Program 2.4.

Nystrom versus projection approximatiomMeasured using the Frobenius norm, the
projection approximation ¢ Gis more accurate than the Nystrém approximation
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Gh i,
kG o Gk= kG Gh ikee (2.12)

This conclusion follows from the optimality property Proposition 2.3(d) of the pro-
jection approximations. However, this comparison is not really a fair one since the
Nystrém approximatiorGh i can be computed usingmatvecs and a single pass
over the matrix, whereas the projection approximatiof G requires2: matvecs

and two passes. Therefore, the fair comparison is between the projection approx-
imation g G and Nystrom approximation computed with one step of subspace
iteration GhG i. In this case, a result of Tropp and Webber [TW23, Lem. 5.2]
ensures the Nystrom approximation is always more accurate:

iG GhG ijj jiG ¢ Gij (2.13)
for any unitarily invariant norm.

Error analysis. Analogous to Fact 2.5, we have error bounds for the single-pass
Nystrém approximation [TW23, Cor. 8.8]:

Fact 2.11(Single-pass Nystrom error analysitet 2 R™ - be populated with
independent (real) standard Gaussian entries, andBetlenote the single-pass
Nystrom approximation with test matrix. Then

1

EKG Bk min — = G EGE, - | (2.14)
ee B2 Y2 min 2 G EoE . St i 2.15
oM a1 Ap, P - (219

|

p_ .

12 LA 1 Lo 3¢ s

2 i -2 - °

EKG Bk min —=—— G EGE, , —; G EGE, (2.16)

With these error bounds, we can again consider the question: Which is more
accurate, the randomized SVD (a projection approximation) or the single-pass ran-
domized Nystrom approximation? Recall that the error of the randomized SVD,
measured in both the Frobenius and spectral norms, depends dmothenius
norm of the best ranlA approximation (2.7). By contrast, the error of the single-
pass Nystrom approximation measured in either the trace, Frobenius, or spectral
norm depends on thetrace normof the best ranlAapproximation
o €;
G ECE, = _gtGPe
&A1
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The trace norm is always larger than the Frobenius norm. Therefore, when single-
pass Nystrom approximation and the randomized SVD are both used to produce
a rank: approximation to a psd matri&, the randomized SVD is usually more
accurate. However, measured in matvecs, randomized Nystrém approximation (
matvecs) is cheaper than the randomized S¥Dnfatvecs). Thus, for a xed budget

of Bmatvecs, one can either compute a r@&mkndomized Nystrom approximation

or a rank!B 2° randomized SVD; because of the higher approximation rank, the
former is often preferable to the latter. The consequences of this comparison will
be explored in Part Il of this thesis.

2.6 The Gram correspondence
The Gram correspondencis a powerful fact that links projection approximations
and Nystrom approximations.

Theorem 2.12(Gram correspondencelet G 2 K= ~ be a psd matrix, and let
H 2 K= = beany matrix for whichG = H H. For a given test matrix 2 K= -,
instantiate the projection approximatidﬂ = y Hand Nystrém approximation
8 = Gh i. These approximations are relat&i= R R.

Proof. SinceG = H H, the Nystrom approximation is
G =H »H 0114 o 1H ooylH 0 14

Observe that the bracketed matrix is a formula for the projecigr, which equals
its square. Therefore,

G =H 2 H=1 y H ! y H=Hhh
We have obtained the advertised conclusion. O
The Gram correspondence has an interesting history, which we will describe later

in this section. Early references in the randomized matrix computations literature
include [BW09a; Git11].

The Gram correspondence can be stated more concisely by using the following
de nitions.

De nition 2.13 (Gram matrix and Gram square rootlet G 2 K~ ~ be a psd
matrix. Anymatrix H 2 K< =for which H H = Gis called aGram square roobf
G. Similarly, the matrixG = H H is called theGram matrixof H.
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The Gram matrix,G = H H = tbgh¢’; g_9=, Nnamed after Jgrgen Pedersen Gram
of Gram Schmidt fame, tabulates the pairwise inner products of a metrikvery
psd matrixG has many Gram square roots, including the outpuif a (pivoted)
Cholesky factorization and the positive-semide nite matrix square @¥ot.

Using De nition 2.13, the Gram correspondence may be rewritten:

{ 3

Gram correspondence (rephrased)If His a Gram square root @, the
projection approximatio#ﬂ = n HisaGram square root of the Nystrom
approximationé = Gh i. (Just as well, the Nystrém approximati&ﬂs
the Gram matrix of the projection approximatiBh)

. 7

Several important observations are special cases of the Gram correspondence, in-
cluding the equivalence of single-pass Nystrom approximation and the randomized
SVD and the equivalence of column-pivot&@R and Cholesky decompositions.

The latter equivalence will play an important role in Part | of this thesis.

The Gram correspondence has important implications for algorithm design. At a
high-level, the principle is as follows:

Gram correspondence: Transference of algorithms. Every algorithm
producing a projection approximation to a general matrix should have fan
analogous algorithm that produces a Nystrom approximation to a psd matix.

An elementary example of a pair of algorithms are the randomized SVD for approx-
imating a general matrix and the single-pass Nystrém approximation for approxi-
mating a psd matrix. More sophisticated examples of this principle will be explored
in Part | of thesis, most particularly in Chapter 9.

The Gram correspondence also has a consequence for error analysis of algorithms:

Corollary 2.14 (Gram correspondence: Transference of error bourdd=)H 2
K< = be a Gram square root of a psd matri@ 2 K= =, and x a test matrix

2 K= -. Thenthe errors for the Nystrom approximatién: Gh i and projection
approximationh = y Harerelated: Forany? 1, we have

kG 8ks,=kH RK3 - (2.17)

Here,k ks, denotes the Schattéinorm, of which the trace, Frobenius, and spectral
norms are the special cas@s= 1, ? = 2,and? = 1. The special case® = 1 and
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?=1 in(2.17)yield the useful relations

kG €k =tr1G & =kH Rk
kG Bk =kH RK2

Proof. By the columnwise orthogonality property Proposition 2.3(a),
IH RP1H RP=HH RRA=G &

Take Schatter?-norms of both sides, and invoke the identidy | ks, = K k%z?
to obtain (2.17). ]

This for any given (random) test matrix, one only has to analyze the error
kH  n ks,, orkG Gh ikg, once, with a bound on the other quantity coming
for free. We will use fact several times in this thesis. As an example we have already
seen, the pair of bounds (2.5) and (2.14) can be derived from each other in this way.

Remark2.15 (History) The Gram correspondence is implicit in much of the lit-
erature on low-rank approximation and pivoted matrix decompositions [Hig90;
BWO09a; Gitll; GS12; GM13; MW17; TW23; PBK25]. The equivalence between
Cholesky andQR decompositions, a consequence of the Gram correspondence, is
classical [Hig90]. Transferring algorithms and analysis between a mitaxd

its Gram matrixG = H H has been a standard technique for column-based ma-
trix decompositions and approximations over many years [Hig90; BW09a; GS12;
CK24]; see Chapter 9 for examples and discussion. A version of the Gram cor-
respondence for the particular Gram square tdat G2 appears in works of
Gittens [Git11; GM13] starting in 2011, and this analytical approach is used to ob-
tain sharp bounds for single-pass Nystrom approximations in [TYUC17a]. Musco
and Woodru [MW17] provide a clear statement of the transference of algorithms
principle. Some aspects of the Gram correspondence are highlighted by Derezi«ski,
Khanna, and Mahoney in [DKM20, Rem. 2], who draw attention to algorithmic
implications in the work of Belabbas and Wolfe [B\WW09a]. The connection between
the randomized SVD and randomized Nystrém approximation has been used in a
very explicit and direct way in recent papers [TW23; PBK25]. In an e ort to make
Theorem 2.12 and its consequences known beyond the community of experts famil-
iar with it, | described the principle in a general way and suggested the Gaame
correspondencan the blog post [Epp24c].
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Chapter 3

LOW-RANK APPROXIMATION OF PSD MATRICES

Symmetric positive de niteness is one of the highest accolades to which
a matrix can aspire.

Nicholas J. HighamAccuracy and Stability of Numerical Algorithms
[Hig02, ¥Y10.1]

The rst part of this thesis will largely be concerned with the low-rank approximation

of psdmatrices, though we will return to general matrices in Chapters 9 and 10. We
will focus on a very limited model of computation where we only have access to a
small number oentriesof the input matrixG 2 K= =. The main algorithm of this

part of the thesis will beandomly pivoted Choleskwhich produces near-optimal

rank- approximations to a psd matrix after reading ohly 1°=entries. Our main
application for psd low-rank approximation will involve e cient computations with
kernel matrices and covariance matrices of Gaussian processes. These matrices are
the core objects in a wide class of machine learning algorithms; see Chapter 5 for
an introduction to kernel and Gaussian methods in machine learning.

Sources. This chapter largely serves to introduce the psd low-rank approximation
problem and summarize the existing literature. It is a signi cantly extended version
of the literature survey from the following paper:

Yifan Chen, Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. Randomly
Pivoted Cholesky: Practical Approximation of a Kernel Matrix with Few Entry
Evaluations . In:Communications on Pure and Applied Mathemafi8ss (2025),

pp. 995 1041.doi: 10.1002/cpa.22234 .

Outline. Sections 3.1 and 3.2 discuss the entry access model for matrix computa-
tions and the positive-semide nite low-rank approximation problem. Section 3.3
introduces pivoted partial Cholesky decompositions and shows how they can be
used to compute low-rank approximations to psd matrices; the outputs of pivoted
partial Cholesky decompositions are caltedumn Nystrom approximationahich

are discussed in Section 3.4. Section 3.5 describes subset selection problems in ma-
chine learning and computational mathematics and relates them to the psd low-rank
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approximation task. Section 3.6 describes a connection between Cholesky decom-
position, Nystrom approximation, and Gaussian random variables. Section 3.7
concludes with a discussion of sampling methods for psd low-rank approximation,
which are some of the main alternatives to the randomly pivoted Cholesky method.

3.1 The entry access model

In computational linear algebra, we usually work with matrices stored directly in
memory, with all of the matrix entries immediately available to us to perform
whatever operations we so choose. There are also computational settings where we
have much more limited access to the matrix, introducing constraints on algorithm
design that must be accommodated. The rst part of this thesis will work in one
such limited framework, the entry access model.

Entry access modelWe are given a matrikl 2 K< = that may be accessed
by requesting individual entrieksg The (dominant) cost of an algorithm is
the total number of entries accessed.

The Part Il of this thesis works in a di erent computational model, the matvec model,
which is a natural model for other types of computational linear algebra problems.

The following de nition provides a natural example of a matrix for which the entry
access model is appropriate:

De nition 3.1 (Function matrix) LetD X andE Y be nite subsets of base
setsX andY, and letb: X Y ! K be a bivariate function. Thiinction matrix
associated with this data i$ = b'D-E° = 1b1G-H G2 D-H2 E° 2 KD E,

A function matrixH is described implicitly by the elemen@G2 D—- H2 E and the
functionb. Accessing each entry ¢ requires computing the functiditG—H In
particular, reading all entries éfrequiregDj jEj function evaluations, much greater
than the numbejDj . j Ej of input element® [ E. Function matrices, and slight
variations thereof, occur in discretizations of integral operators in computational
physics [SS11] and in the design of fast algorithms for classical structured matrices
[CGSX+08; Wil21].

The main motivating example for this part of the thesis will be kernel matrices, a
subclass of function matrices.
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De nition 3.2 (Kernel function and matrix)Let X be a set. A functiort : X X!
K is said to be gpositive de nite) kernel functioif the kernel matrixG = ~D-D°
is psd for every nite subsdd  X.

Kernel functions and kernel matrices are exible tools that can be used to design
algorithms for learning from data, and they also appear in the theory of Gaussian
processes. See Chapter 5 for examples of kernel functions and an introduction to
kernel and Gaussian process methods in machine learning.

Like other function matrices, an =kernel matrixGis de ned by a datasdd, say,

of sizejDj = =, but generating all of the entries G requires= = = =2 function
evaluations. Particularly when the base spéceK? is a Euclidean space of large
dimension3 1, each entry evaluation d& is expensive, which motivates the
search for algorithms for psd low-rank approximation that require a small number
of entry evaluations.

Even for the examples we have seen so far, function matrices and kernel matrices,
the entry access model might not be the most appropriate abstraction for algorithm
design; see Section 8.1 for a discussion of an alternative model for these use cases.

Low-rank approximation in the entry access model

On its face, it may seem impossible to accurately approximate a matrix from a
limited number of entry accesses, at least without prior information. In general, this
intuition is correct:

Proposition 3.3 (Impossibility of general matrix approximation from entry ac-
any unitarily invariant matrix norm). Consider an algorithm that queries an input
matrix H in Cpositions and outputs an approximatitﬁhto H. Any such algorithm
applied to a matrixH with a single nonzero entry in a random position must produce
an approximation of high relative error

jiH Rj 1

HiiHi 2

with probability at leastlt. G<= 1e1<= (. In particular, even querying half
of the matrix entries@= <=¢2) still produces a poor approximatio(8.1) with
probability at leastle2 2e<=.

(3.1)

This result establishes that even an algorithm that reads a large fraction of a general
matrix H's entries (say, half), still is prone to producing an approximation of high
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error for some inputs. The failure mode is intuitive; if a single large entry is
placed inH at a random position, no algorithm can be guaranteed to nd it without
exhuming a large number of entries. This observation dates back to the earliest days
of randomized matrix approximation [FK\V98].

Proof of Proposition 3.3Let H 2 f0-1g° ~ be a random matrix constructed by
placing a single nonzero entry in a uniformly random position,

H=eeq forg Uniffl-eee—g 9 Uniffl—eecege

Without loss of generality, we take this nonzero entry to have val@&onsider any
deterministic algorithm which queries this matkibat Cadaptively chosen positions
18— P—e o +1q& &. Exceptwith probabilitye <=, the algorithm only queries entries
with valueO. Conditional on the locations] is equally likely to be any matrix in the
collectionC = feg, : 18—-98 Pg. For the outpuﬁ of the algorithm, at most one
point in C is within distance' 1+ 2°jjjHjjj of H. Therefore, except with probability
li<= G jiH  AjiejiHi 1+2 O

Remarkably, the psd low-rank approximation problem is much better behaved in the
entry access model than the general low-rank approximation problem, and we will

see several examples in this thesis of algorithms that produce near-optimal low-rank
approximations to a psd matrix while reading a fraction its entries.

The main structural property that makes psd low-rank approximation feasible in the
entry access model is the o -diagonal inequality [HJ12, 7.1.P1]:

Fact 3.4(O -diagonal inequality) Let G 2 K= ~ be a psd matrix, and leét 8- 9
= be indices. Then the magnitu¢@ 4 of the o -diagonal entry is bounded by the
geometric mean of the diagonal entries:

j0g§ Ogy Oy maxiOgs G §e
In particular, the largest entry of a psd matrix must occur on its diagonal.
Proof. The proof is standard and beautiful. SinGeés psd, the principal submatrix

n #

Ogs O
Gli8-@f8-@= gg Usgg

Is psd as wetl
Ugg Ogog

Therefore, the determinadetGf8—@f8—@§ = 0g9g9 j Ogg> 0Ois nonnegative.
Rearrange to obtain the stated conclusion. O
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The o -diagonal inequality shows that large entries cannot hide in a psd matrix.
By generating the entries of the diagonal, one obtains a heat map of all possible
places a large entry d& can lie. In particular, large entries @ can only exist in
columns ofagcontaining a large diagonal entdyg 0. This observation suggests a
strategy for psd low-rank approximation: Extract columngofith large diagonal
entries. This strategy forms the basis for the most e ective methods for psd low-rank
approximation in the entry access model.

Remark3.5 (Algorithms for general low-rank approximation from entry accesses)
The impossibility result Proposition 3.3 has not stopped research into algorithms
for low-rank approximation of non-psd matrices that use a small number of entry
accesses. In order to approximate a general matrix from a small number of entry
accesses, one needs eitlagiditional information(such as the location of large
entries, the norms of columns, etc.) antditional assumptionésuch asncoher-

ence the property that the information in the matrix is evenly spread across the
rows/columns ). Discussion of such methods is beyond the scope of this thesis; see
[CD13; CY25] for more information.

3.2 The psd low-rank approximation problem
This thesis will consider the following version of the psd low-rank approximation:

Psd low-rank approximation problem (entry access model)Given a psd
matrix G 2 K= ~ and a target rank 1, computethe descrigtion of a
nearly optimalrank- psd approximatior@ to G.

This problem statement contains embedded in it two phrases that require elaboration:
the description and nearly optimal . Let us begin with the former. For most of
this thesis, the description of a psd rankapproximationé = LL will be
provided by a factor matrix 2 K= -. Our approximations will be randomized, so

B will be a random matrix.

To substantiate the phrase nearly optimal , we employ the following de nition:

De nition 3.6 (*tA-Y-2approximation) Let H 2 K< = be a matrix, letl A
mini<—=* be an integer, an® 1 andY 0 be real numbers. AAA-Y-22
approximationis a random matri@ for which

EkH Rks, *1, Y H EHE, o * (3.2)
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Herekl kg, =1 gf gl 0?01*? denotes the Schattéanorm. If ? = 1, we suppress
the dependence dhand refer to simply ahA—%approximation

This de nition motivates the question for a particular algorithm, for what value
of : can we guarantee it produces &k—%approximation? As we will see, the
algorithms we consider will achieve a nearly optimal dependenceafAandY

in a precise sense outlined below in Fact 3.11. This will be the sense in which the
algorithms considered by this thesis will be near-optimal .

Let us now speak to the choice ®f= 1in the de nition of antA—%approximation.
First let us note that the problem of computingt&a- Y-2 Becomes more di cult as

? becomes larger. As a simple example, consider ar= matrix with eigenvalues
10and1, the latter with multiplicity= 1. For this matrix, even the zero matrix is a
near-optimal rank-1 approximation f@r= 1 in the sense that it is #-O 11 =°-1°-
approximation; even the most trivial approximation, the zero matrix, obtains an
accuracy parametéfvanishing in the limit=!1 . However, for? = 1 , the zero
matrix is merely at1-9-1° approximation, and we must work harder to obtain a
small accuracy paramet¥r

The example above demonstrates that the psd low-rank approximation problem gets
harder as? gets larger, but why = 1 speci cally? Why not? = 2 or ? = 4? These
guestions will be explored later in the thesis, most particularly in Section 11.2. For
now, let us just mention one reason why working witls 1 is convenient. Recall

that many of the most e ective algorithms for psd low-rank approximation output a
Nystrom low-rank approximatio@; see De nition 2.8. For such an approximation,
Proposition 2.9(a) ensures that & G, sothe Schattetrnorm and trace of the
residual matrixG & coincide:

kG Bkg, =kG &k =triG &0

Thus,for a Nystrom agproximetion 6, thelA—%approximation condition (3.2) can
be written as
EtriG 8° 11, YtriG E GEP.

The trace is a linear functional, which will be very useful during algorithm analysis.

Remarl3.7 (High probability bounds)Another standard way of analyzing psd low-
rank approximations is to de ne ai— Y-2 @pproximation with failure probability
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Xas a random matrifd  H for which
kH Bks, *1, YYH EHE,. withprobability atleast Xe (3.3)

In a sense, the high probability guarantee (3.3) is stronger than the expectation
guarantee (3.2), though the guarantees are formally incomparable. For the purposes
of this thesis, we will consider an algorithm to be theoretically supported if it admits
either type of guarantee.

3.3 Pivoted partial Cholesky decompositions

A classical approach in computational linear algebra for computing low-rank approx-
imations of a matrix ipartial matrix decompositionA partial matrix decomposition
refers to any standard matrix decompositiQR{ Cholesky, SVD) where rows or
columns of the factor matrices have been deleted or simply not computed at all. The
most famous example of low-rank approximation by partial matrix decomposition is
furnished by the Schmidt Mirsky Eckart Young theorem (Fact 2.1), which states
that partial singular value decompositions yield optimal low-rank approximations.

For e cient psd low-rank matrix approximation, we use a partial version of a dif-
ferent matrix decomposition, théholesky decompositionThe Cholesky decom-
position of a psd matriXG represents the matrix as a prod@&t RR of a lower
triangular matrixR and its adjoint. The Cholesky decomposition is sometimes writ-
ten G = X X using anugper triargular matrix X. The two conventions are easily
inter-convertedX = R . By truncating the Cholesky decomposition to just the rst
: columns, we obtain a rartk-approximationéli0 =Rt-::°Rt-1::° G
The factored approximatioB"® = Rt—1 : :°Rl-1 : :° is known as gartial
Cholesky decomposition @.

We compute the Cholesky decomposition by Gaussian elimination. To describe
the algorithm, let®'® denote the approximation produced at stegnd letG'® =

G &% denote the residual. The entries@f® are G¥19-2 = 0. Under this
convention,G'” = G denotes the initial matrix. The procedure goes as follows:
For8=1—eee—=

10

1. Rescale.Extract thegh columna;8 of G® T and rescale

— 581, 018 1°91.2,
- 98 88

The vectors gcomprise the columns of the lower triangular matRx
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2. Eliminate. Update the residuab® := G8 ;.. This step has the e ect
of zeroing out the matrix in th&h row and column.

The procedure succeeds provided all of the diagonal ermé%éo encountered
during factorization are nonzero. Since the procedure zeros ow@hthrew and
column of the matrix at every iteration, and the update rule does not introduce
nonzero entries into previously nonzero rows. The procedure terminates with a
decompositionG = RR.

Pivoting, in general

As a method of low-rank approximation, the standard partial Cholesky decompo-
sition can be ine ective, as it always forms an approximation based on the rst
columns. The procedure can be modi ed to eliminate the columns in a general
order. The resulting procedure is callegigoted Cholesky decompositiand the
positionsBs 2 f1—« ¢ «—grthat are eliminated at each st@are calledoivot indices
Concretely, beginning fron&'® = 0, do the following for8= 1—eee—==

1. Selecta pivot.Choose aivot indexg 2 f1— e » » -gassociated with a nonzero
pivot entryOE.?BB10 <0.

2. Rescale.Extract and rescale the pivot column

— ,181° ;A8 1%

g:=ap  *Ogp, ol2,

3. Eliminate. Update the residuas® = G® ¥ ;. This step has the e ect
of zeroing out the matrix in th&th row and column.

The ordered list of pivot§ = fB—«++—=8gives rise to a reordering of the rows
and columns of the matri&. The matrixR produced by this procedure is typically
not triangular, but it becomes lower triangular after rearranging its RH&—°
according toS. The reordered factor matriR1S—° is the traditional Cholesky
factor of thesynmerically reordered psd matrixGtS-S°. As with the standard
Cholesky decomposition, pivoted partial Cholesky decompositions yield low-rank
approximations of the matrix, i.e@=LL forL=Ru-1::°

To make pivoted partial Cholesky decomposition an e ective method for low-rank
approximation in the entry access model, we make a nal optimization. The standard
Cholesky procedure overwrites the entire residual matrix at every step, at a cost of
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Program 3.1pivpartchol.m . Pivoted partial Cholesky for computing a low-rank
approximation to a psd matrix.

function F = pivpartchol(Acol,n,s)

% Input: Function Acol for producing columns Acol(i) = A(;,i) of A,

% size n of A, list s = [s(1) ... s(k)] of k pivots to

% eliminate

% Output: Factor F defining a rank-k approximation Ahat = F*F'

F = zeros(n,length(s)); % To store output
for i = 1:length(s)
ai = Acol(s(i)) - F(;,1:i-1)*F(i,1:i-1)"; % ith col of A - F*F
F(,i) = ai / sqrt(ai(s(i))); % Rescale
end

end

O1=%° gperations. But this is wasteful, as we only ever need to evaluate the residual
in the selected pivot columns. As a more e cient procedure, we avoid updating the
residual explicitly, instead generating columns®f as-needed using the formula
G?%=G 8% whereB'® denotes the low-rank approximation produced at 8tep

Code for this optimized version of the pivoted partial Cholesky decomposition
appears as Program 3.1. As with other programs in this part of the thesis, this
code interacts with the matri@ through a functiorAcol, de ned so thatAcol(i)

outputs thedh columnag

Greedy pivoting

The pivoted partial Cholesky decomposition gives us a general procedure for solving
psd low-rank approximation problems in the entry access model. But how should
we pick the pivots? The main algorithm of this part of the thesis, randomly pivoted
Cholesky, uses ndomized ruldor pivot selection. Before getting to this method

in Chapter 4, we review a more classical approapkedy pivotingalso known as
diagonalor complete pivoting[Hig90; FSO1].

The idea of greedy pivoting follows from our discussion in Section 3.1; large entries
of the matrix can only lie in columns of the matrix with large diagonal entries. This
observation suggests a greedy approach: Always choose a maximal diagonal entry
of the residual matrixG™® as pivot:

B12 argyinolgg
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Program 3.2 greedy chol.m . Pivoted partial Cholesky decomposition with
greedy pivoting to compute a low-rank approximation to a psd matrix.

function [F,S] = greedy_chol(Acol,d,k)

% Input: Function Acol for producing columns Acol(i) = A(;,i) of A,

% diagonal d of A, rank k

% Output: Factor F defining a rank-k approximation Ahat = F*F', pivot

% set S

F = zeros(length(d),k); % To store output
S = zeros(k,1); % To store pivots
for i = 1:k
[~,S()] = max(d); % Largest diag entry
as = Acol(S(i)) - F(,L:i-1)*F(S(i),1:i-1)"; % sth col of A-F*F'
F(.,i) = as / sqrt(as(S(i))); % Rescale
d = d - abs(F(;,i))."2; % Update diagonal
d = max(d,0); % Ensure nonnegative diagonal in floating point
end
end

We emphasize that the greedy method always picks the largest diagonal entry of
the current residual matrixG'®, which evolves as the iteration coungincreases.

The residual matrix is zero in the columns of previously selected pivot indices, so
greedy selection ensures the same pivot is never selected twice.

An implementation of greedy pivoted (partial) Cholesky is given in Program 3.2.
The main di erence with the generic pivoted partial Cholesky decomposition im-
plementation in Program 3.1 is that we track the diagdiwg! G®° of the residual
matrix. The diagonal o6Gis provided to the program as an ingliand it is updated
every iteration using the identity

diag G® =diag G®Y fgfy =diag GB®1 j g%

The greedy pivoted Cholesky algorithm redds, 1°= entries of the matrix and
expend1: 2= operations. The procedure outputs the fattand the set of pivots

S:fa__ooo_:.a

Remark3.8 (History) Low-rank approximation by pivoted partial Cholesky decom-
positions is classical. The use of greedy pivoting for Cholesky decomposition can
be traced at least as far back as the work of Lawson and Hanson in 1974 [LH74].
The greedy pivoting strategy is also classical, and it goes under the traditional names
of diagonal pivotingandcomplete pivoting The procedure was incorporated into
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bothLINPACK software package in 1979 [DMBS79] and its replacenh&xRACK
[ABBB+99]. Stability analysis and analysis of the approximation quality was done
by Higham [Hig90]. The greedy method received new attention in the kernel ma-
chine learning community following the work of Fine and Scheinberg [FSO1].

Failure of greedy pivoting
The greedy method seems very natural, but it can have signi cant de ciencies on
some examples. Consider, for instance, the matrix

#
11, Y= 0
G= ’ 10 for Y j Osmalb
0 To=10te=10
Selecting any pivot entry from the (2,2) block produces the rank-one approximation
" #
0 0

égOOd 0 Igi0lg-10

which achieves a relative trace error of roughly 10%:
G Bgoof _ 1 oryo L.

tr1G° ’ 10
However, when the greedy pivoted Cholesky algorithm is rurpithe diagonal
entries in the (1,1) block are slightly larger than the entries in the (2,2) block, so
it proceeds by eliminating entries in the (1,1) block one at a time. In particular,
the relative trace error of the outp@greedyof the greedy method remains above
roughly 90% until over one tenth of the matrix entries have been read:

1 (0] —_
u Gtrli%reedy 11 Ot Yoo 1% as long as 1—_0

This is a dismal performance for an algorithm; a good choice of pivot will approxi-
mate the matrix to 10%relative error in one step, but the greedy pivoted Cholesky
method fails to obtain error better than90% even after reading a tenth of the
matrix! The greedy method can fail in ways that are perhaps even more striking.

The examples are somewhat sophisticated and rely on variations of Kahan's famous
matrix; we refer the interested reader to [Hig90] for details.

The greedy pivoting strategy is natural and often works well, but it has a fatal aw.
The greedy approach focuses entirelyeaploitinglarge diagonal entries, but fails to
explorepotentially valuable pivot choices outside of the numerically largest diagonal
entry. This issue is recti ed by the randomly pivoted Cholesky algorithm, which
uses randomization to preferentially select large diagonal entries while investigating
a broader range of pivot choices.
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3.4 Column Nystrom approximation

We now have a procedure, the pivoted partial Cholesky decomposition, for com-
puting a low-rank approximation to a psd matrix. But wisthe output of this
procedure? Is there a formula for it? What are its properties?

To answer these questions, we begin by asking a more abstract quéekiiwshould

we approximate a matrixs from a subset of columress— e« *ag ? For notational
convenience, these columns can be packaged into a subr@trR°, indexed by
the setS = fB—e+++— 8 Once we know the columns of a psd matrix, we also know
its rows GtS—=° = GL:-S° . We can build an approximatich Gby interpolating
the known rows and columns, resulting in an approximation of the form

8= Gl-S°|G 1S—=° forsome] 2K’ ‘e
It is natural to expect thal® agrees withG in the selected columns,
B1:-S° = G1:-S°. (3.4)

The condition (3.4) may be ensured by setting = G!S-S%. If G1S-S° is
invertible,] is theuniquematrix producing an approximatioé satisfying (3.4).
This reasoning motivates the following de nition:

De nition 3.9 (Column Nystrém approximationlet G 2 K= = be a psd matrix
andletS f 1-eee—gbe aset of indices. Thmlumn Nystrom approximatiomith
pivot setS is:

GISi = G!:-S°G1S-S% G1S—0 (3.5)

As the name suggests, a column Nystrom approxim@on GISi is a Nystrom
approximationGh i in the sense of De nition 2.8. The associated test matrix
is = 1%-8° Consequently, column Nystrom approximations enjoy all of the
properties of Nystrom approximations presented in Proposition 2.9.

As one might hope, the output of a pivoted partial Cholesky decomposition is a
column Nystréom approximation.

Fact 3.10(Nystrom and Cholesky)Let B be the approximation t& produced by
the pivoted partial Cholesky algorithm (Program 3.1) with pivBts fB—ee++ -8
Then® = GI6i is the column Nystrém approximation with pivot Set

Having identi ed the class of column Nystrom approximations, it is natural to ask:
How accurate can these approximations be? This question admits a precise answer
using the concept of abA—approximation.
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Fact 3.11(Column Nystrom approximation: Approximation qualitygix param-
etersA land0 Y Y A For any psd matrixG 2 K= =, there exists a set
S f 1-eee—gofsize nl m o
c=min -, A 1-= (3.6)
for which GIfSi is an tA—%approximation toG. Conversely, there exists a psd
matrix G for which:  AeY columns arenecessaryo produce a column Nystrom

approximation that is ahA—%approximation.

A version of this result for projection approximation of general matrices was proven
by Guruswami and Sinop [GS12]. Their result extendsAe-%approximation
approximations by the Gram correspondence; see [CETW25] for a self-contained
proof in the psd setting. The upper bound (3.6) is proven by using DPP sampling;
see Fact 3.22 below.

Fact 3.11 shows that AeYcolumns are necessary for a column Nystrom approxi-
mation to be atA—%approximation, at least for a worst-case matéxTherefore,

for most of this thesis, a near-optimal algorithm for the psd low-rank approxima-
tion problem will be one which produces a rankcolumn Nystrom approximation
satisfying the'!A—%approximation guarantee wheras nearly equal tc Y.

Incidentally, we note that there is an even sharper approximation guarantee for the
caseA=::

Theorem 3.12(Column Nystrom approximation: Approximation qualiy= :).
For any psd matrixG 2 K= ~, there exists a column subs®tof size: such that
GhSi is al:—:%-approximation, i.e.,

tr'G GiSi® ! : 1°tr'G E GE
Moreover, for everyV i 0, there exists a psd matri@ 2 R"-°* -. ° such that
tr'G GISi°© *: 1 WtrlG EGE®° forevery: -element subs&e
Observe that the existence result is the Acase of Fact 3.11. The lower bound

requires a separate argument, which follows from [DRVWO06, Prop. 3.3] and the
Gram correspondence. | provide a proof in Appendix D.1.

3.5 Subset selection problems
Before moving on, we draw a connection between the low-rank approximation
technigues we have been studying and a di erent type of computational problem:
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subset selection. Subset selection is more of a qualitative problem than a quantitative

one: Given a (multi)seX of = items, we wish to identify a subsgt X of : =
representative itemdlypically, we want a set this set of representatives toiberse
if one elemenGis repeated many times X, only one copy ofGis needed in the
subsetS as a representative.

There are several applications for subset selection:

1. Information retrieval. For designing user interfaces to large databases, it can

be important to surface a small number of recommended items. Examples
include product recommendation [WMG19] and document retrieval [CKOG].

. Optimal sensor placement, optimal experimental design, and active learn-
ing. Given multiple information sources possible locations to place sensors,
possible scienti ¢ experiments to run, or possible unlabeled data points to
collect labels for which (small number) should | use to learn the maximum
possible amount of information? These are the subjects of the related, but dis-
tinct, problems of optimal sensor placement [RCV14], optimal experimental
design [Puk06], and active learning [AKGH+14]. All of these problems are
examples of subset selection problems.

. Genetics. A basic question in biology is to determine a small set of genetic
markers that predict an observed trait or that characterize variation in a popu-
lation. This application has served as a main motivation for the development
of randomized algorithms for subset selection [PZBC+07; MDO09].

. Computational mathematics.There are many applications of subset selec-
tion to computational mathematics itself. Often, these applications require
the selection of a small number of columns from a matrix. Examples in-
clude rank-structured matrix computations [Marl1l; Wil21] tensor network
algorithms [OT10; TSL24], and recovery of rational functions from measure-
ments [WDT22].

In order to design and analyze algorithms for the subset selection problem, several
di erent ways of mathematizing the problem have been proposed. One approach is

based on linear algebra. We represent the itemshg columns of a matrid and
seek a subs& of columns that span a good low-rank approximatioitoNe call
this problem theolumn subset selectiguroblem.
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There are variants of the column subset selection problem both for general, rectan-
gular matrices and for psd matrices. We focus on the latter problem; the former is
discussed in Chapter 9. Tipsd column subset selection problenas follows:

Psd column subset selection problemGiven a psd matrixG and a subset
size:, nd a subsetS of : pivots such that the trace-error of the Nystr6
approximatiortr!G  GhSi° is as small as possible.

Phrased in this way, the column subset selection problem seems like a reformulation
of the psd low-rank approximation problem. However, there are reasons to consider
these problems as distinct. For psd low-rank approximation, the output of interest
is the low-rank approximatio@, possibly generated as a column Nystrém approx-
imation & = GISi. For psd column subset selection, the relevant output is the
subset itself; the trace-errotr! G GISIi° is useful only instrumentally as a way

of measuring subset quality. Another distinction is that, in many subset selection
applications like genetics or product recommendation, one veaais/element of

the subset to be good. (It would be considered a large failure to incorrectly
suggest a genetic marker is linked to cancer, for instance.) By contrast, bad pivots
in low-rank approximation are more of a missed opportunity than a negative: Bad
pivots are not helpful in improving the approximation quality, but they do not hurt

it either. Throughout this part of the thesis, we will use pivoted partial Cholesky
decompositions both for low-rank approximation and subset selection.

3.6 Column Nystrom approximation and Gaussian random variables

Partial Cholesky decomposition and column Nystrém approximation are closely
related to conditional distributions of (jointly) Gaussian random variables. Consider
avectorz Normal x10-G° andletS f 1-+++-gbe asubsetofindices. Whatis
the distribution ofz conditionalon observing the coordinatesS°? This question

is answered by the following classical result:

Theorem 3.13(Conditional expectations of Gaussian random vectdrsj z
Normal x10-G° be a Gaussian random vector with psd covariance mag;xand
letS f 1—eee—ghe a subset of indices. AssuiB&S-S° is nonsingular. Then

E»z j 1S°UF GL:-S°G1S-S° 171S°  Normal k 10-GhSi°—
zj 28S° Normal 1 GL:-S°GLS-S° 180G GISioe
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This result is carefully developed for real Gaussians in [Tro23, Ch. 21], and the
extension to the complex case is straightforward. We recognize the Nystrom approx-
imation GhSi as the covariance matrix of the conditional expectakon | z:S°%

and its residualG ~ GISi as the covariance afconditionalon z*S°.

A simple model of experimental design

To put this connection between Cholesky factorization, Nystrom approximation,
and Gaussian random variables into action, consider the following very basic ex-
perimental design problem. A scientist lmsxperiments she could run, but only
the budget to run of them. Which experiments should she run to maximize the
knowledge she learns? Equivalently, which experiments should she run to minimize
her uncertainty about the outcome of the remaining experiments she did not run?

Suppose that we can model the outcomes of the experiments as Gaussian random
variablez  Normal *m-G° with knownmeanm and covariance matrig%. Choos-

ing the optimal set of experiments amounts to choosingntries ofz to observe

with the goal of minimizing the sum of the variances of the remaining experimental
outcomes, conditional on these measurements:

G
minimize  Vartl gj z!S°° such thafSj = :e (3.7)
S

By Theorem 3.13, the sum of posterior variances is precisely the trace error of the
Nystrom approximation
G
Vartl gj z21S%° =trtG GhSi°e
o1
Therefore, this experimental design problem is fully equivalent to selecting a column
subset generating a good Nystrom approximation, measured using the trace error.

Connection to Cholesky decomposition

Let us now apply a pivoted partial Cholesky decomposition to solve the experimental
design problem (3.7). Ateach step, we have a sUlget 1— e« « « —gof experiments

we have already decided to run, and we must choose the next experiment. The
diagonal entries of the residugi® = G GhS4 store the conditional variances

Ogp= Vartl gj See
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The greedy method, introduced in Section 3.3, chooses the largest diagonal entry as
pivot at each step. Equivalently, it chooses to run the experiment withigfinest
variance conditional on the already-run experiments.

This strategy always run the experiment over which there is the most uncertainty
is very natural. However, it has a aw in that it doesnt take into account the
correlationsbetween experiments. Consider the following matrix

2y 0 0 O
0o 1.Y 1

1
G= for Y j Osmalk (3.8)
0 1 1,Y 1

5

0 1 1 1.
The rst experiment has slightly higher variance than the other experiments, so
the greedy method will choose to run experimént However, the outcomes of
experiment, 3, and4 are highly correlated; running any one of these experiments
will leave the scientist with tiny uncertainty about the outcome of the other exper-
iments. This example provides another demonstration of why greed isn't always
good for column subset selection, and demonstrates how injecting randomness can
help improve column subset selection algorithms. For this example, just picking an
experiment to run at random would give better results than the greedy method 75%
of the time. As we'll see in the next section and in Chapter 4, there are much better
algorithms for column subset selection than uniform random selection.

A peek forward.The connection between Cholesky factorization, Nystrom approx-
imation, and Gaussian random variables is a powerful tool. It forms the basis of
Chapters 5 and 6, where we will use Nystrom approximation to accelerate algorithms
for learning from data based @aussian processes

3.7 Non-adaptive random sampling methods

Interest in psd low-rank approximation and column subset selection was renewed
in the early twenty- rst century, driven by e orts to accelerate kernel methods
in machine learning [WS00; FS01; DMO05]. In addition to continued focus on
deterministic methods like greedy selection (and variations thereof), this wave of
interest also spurred the development of randomized methods.

This section will summarize non-adaptive random sampling methods for psd low-
rank approximation methods that were developed prior to our work on randomly
pivoted Cholesky [CETW25]. As we will detail, randomly pivoted Cholesky is
related to but distinct from the methods presented in this section.
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Uniform sampling and diagonal-power sampling

The most basic randomized method for computing a column Nystrom approximation
is to select the pivot s&® uniformly at random, without replacement. (Sampling
with replacement is ne as well, as duplicated columns have no e ect on a column
Nystrom approximation.) For many practical problems, uniform sampling produces
approximations of high-enough quality, though it can product signi cantly worse
approximations on other problems.

One class of problems for which uniform sampling is poorly suited are problems
with diagonal entries that span a wide range of magnitudes. To obtain better results
in this setting, we should adapt the sampling distribution to the size of the diagonal
entries. Choosing a powet j 0, we may draw pivotd—e++—Bid from the
diagonal-power samplindistribution

B—eee— B diagt Go7e (3.9)

The diagonatliag*G® 0 is entrywise nonnegative sinégis psd, and the power

? is applied to the vectadiag® G° entrywise. Recall that we writB w to denote
asamplePfB= 9= F¢ _, F. from anyunnormalizedweight vectorw 2 R
The power? in diagonal-power sampling controls the amount of greediness of
the procedure; large values @flead to sampling the large elements with high
probability, and smaller values @flead to a more uniform distribution.

In 2005, Drineas and Mahoney [DMO5] proposed the diagonal-power sampling
distribution with? = 2. The choice? = 2 was motivated by a line of work initiated

by Frieze, Kannan, and Vempala [FKV98], who proved results for approximating a
general matrixd 2 K< = by projecting onto selected columh:— B sampled iid
from the squared column-norm distribution

S;—eeeS.  SCnHO

Recall thatscntH° 2 R”™ denotes the squared column norms-bf Computing the
full column norms in the entry access model is expensive, so Drineas and Mahoney
suggested sampling from the squared diagonal entries as an alternative.

The Gram correspondence (Section 2.6) suggests a di erent value. fdf we
treat G = H H as the Gram matrix for a general matitk computing a low-rank
approximation by projecting onto a subsettd$ columns is equivalent to computing
a Nystrom approximation o5, and sampling the squared column normg-bis
equivalent to the diagonal-power sampling rule (3.9) wit= 1, in view of the
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Program 3.3diag_sample_nys.m. Diagonal-power sampling with powér= 1
for computing a Nystrom approximation to a psd matrix.

function [F,S] = diag_sample_nys(Acol,d,k)

% Input: Function Acol for producing columns Acol(i) = A(;,i) of A,

% diagonal d of A, rank k

% Output: Factor F defining a rank-k approximation Ahat = F*F', pivot

% set S

S = datasample(1:length(d),k,"Replace” false,"Weights",d);
AS = Acol(S); % Columns of A
F = AS / chol(AS(S,})); % Factor matrix

end

identity diag* G® = scntH°. As such, the powe? = 1 could be regarded as the
more natural power for psd low-rank approximation (insofar as squared column
norm sampling is the natural approach for general matrix approximation). Code
for ? = 1 diagonal-power sampling is provided in Program 3.3.

The choice of poweP is often moot for the basic diagonal-power sampling scheme
because kernel matrices and covariance matrices in machine learning are often
normalized to have a constant diagonal. However, the choi@wafl have more

in uence when we consider adaptive procedures RECholesky.

Fact 3.14(Diagonal power sampling? = 1). Let G 2 K~ ~ be a psd matrix, X
A 1-Y j0, and introduce the relative error of the best raAkpproximation:

_ G E GEY

R EIES
Diagonal-power sampling Nystrom approximation wizh= 1 produces atA—%
approximation provided that the pivot set has size

AL L
Y[ 'Y

Moreover, the = O Y[° complexity is necessary for a worst-caSenatrix.

This result is [CETW25, Thm. C.3], which adapts [FKV98, eq. (4)] using the Gram
correspondence. The statementin [CETW25] focuses on the real case, but the proof
transfers without issue to complex numbers.

This result demonstrates fundamental limitations of the uniform and diagonal-power
sampling approaches, which requi@éls|[ ° pivots to produce a column Nystrém
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approximations of relative errgr. We will substantially improve on this result with
randomly pivoted Cholesky, which has a much lower co€8bg!1e[ °°. Table 4.1
below presents experiments demonstrating this failure mode for the uniform and
diagonal-power sampling methods.

Ridge leverage score sampling

To motivate the ridge leverage score sampling approach, let us take a brief digression
to the subject ofidge-regularized linear regressionConsider the task of tting

a corjugate linear mapping6 7! 6 # from K~ to K from input output pairs
16— pP—eeelg™<°_ 0o 2 K= K. Assemble the input§'® asrowsof a matrix

n o n1820 = 1680 gnd collect the outputs into a vectgr2 K<. One natural
approach to tting a linear model isidge-regularized linear regressigorwhich
chooses the coe cientgt 2 K™ as the solution to an optimization problem

# = argmink™#  yk?, _ k#tk%e (3.10)
#2K=

Theridge parameter_ 0 sets the amount of regularization. For= 0, the
coe cients # are taken to be the limiting value of (3.10) a# 0. The solution#
to (3.10) is given by the formulas

#H=1A A YAy (3.11)
= AN 1AA _|oyy. (3_12)

5

The solution formulas (3.11) and (3.12) are known asrtbemal equationsand
adjoint normal equationfor the ridge regression problem (3.10).

The coe cients # give rise to the predicted values
p="#e (3.13)

for the input data element8'"—«++6'<°, The ridge leverage scores measure the
sensitivity of the predictionly to the datay:

De nition 3.15 ((Ridge) leverage scores of a general matrix¢t 0. The
_-ridge leverage scores- of a matrix 2 K< ~are
nb :
-= —:1 8 < =diag"" A7 |0Y0e 3.14

Theleverage scores are de ned as th@-ridge leverage scores.
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The characterization of the ridge leverage scores as a matrix diagonal follows from
the de nition (3.13) of the predicted values and the adjoint normal equations (3.12).

While they are not our main focus for now, the leverage scores are an important
object in randomized matrix computations. The leverage scores can be computed as
the squared row norms of an orthonormal basis matrixX*for = srn*Orth 1/ °°,,

The 8h leverage score is a measure of how important r8us to the matrix

N . These scores have a decades-long history in statistics, where they are used to
guantify sensitivity of a regression model to changes in output valyés/HT21,
Y3.3.3].

The equation (3.14) shows that the ridge leverage scores of a Mati@pend only
on the matrixG = " , which is the Gram matri;of # . This motivates the
following de nition.

De nition 3.16 (Ridge leverage scores of a psd matriket 0 be a number
and G 2 K= ~ be apsd matrix. The_-ridge leverage scoresf G are - =

diag*GtG, _I°°, and the -e ective dimensiorof Gisde * °:= g, 3.

In principle, this de nition could be ambiguous since a psd ma@ikas two sets of

ridge leverage scores: its leverage scores as a general matrix under De nition 3.15
and its leverage scores as a psd matrix using De nition 3.16. For our purposes,
however, the intended meaning should always be clear, and the ridge leverage scores
of a matrix that is stated to be psd will always be given by De nition 3.16. The
ridge leverage scores were originally proposed by Alaoui and Mahoney [AM15].

The e ective dimensiorBe * ° a continuous proxy for the rank of a psd matfx
where eigenvalues db that are much smaller than levehre treated as negligible.
The 0-e ective dimension is the algebraic ranBs 10° = rank G, and the e ective
dimension decreases to zero a5,1 .

The ridge leverage scores give natural sampling probabilities for selecting columns
for Nystrom approximation. We have the following result, slightly simpli ed from
[MM17, Thm. 3]:

Fact 3.17(Ridge leverage score sampling: Spectral norbg&t G 2 K= ~ be a psd
matrix, _j Obe aridge parameter- be the ridge leverage scores, ak@ 10-1° be
a speci ed failure probability. LeB- be over-approximations to the ridge leverage
scores

- b 2- with2 1- (3.15)
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and de ne sampling probabilities

g I
2= max_1-18% log& 1 b (3.16)
3 e 3
. « —|;
De ne pivots S by including eachl 8 =in S independently with prob-

ability ?s  With probability at leastl X the pivot set is not too large
IS)] 322de ! °log'2de 1 %«X° and

GlSi G GISi, e (3.17)

Observe that the lower boun@HSi G in (3.17) is true for any Nystrém ap-
proximation, in view of Proposition 2.9(a). This result shows that, if we sample
Olde ! °logd: * °° pivots S using the ridge leverage score (RLS) distribution,
then we get a matching upper bound up to additive erforThe bound (3.17) is
very strong; in particular, it applies tispedtral normerror bounckG ~ GhSi k

Fact 3.18(Ridge leverage score sampling: Trace narimgt G 2 K= ~ be a psd
matrix,Y j Obe areal number,anti A =Dbe aninteger. Set = 12Ye X tri1 G
EGEL, and suppose we have approximate ridge leverage sBersatisfying(3.15)
and de ning sampling probabilitieg by (3.16) De ne pivotsS by including
eachl 8 =in S independently with probabilitg With probability at least
1 X the pivot set is not too largiSj = 0£log!A%° and GHSi and GSi is an
LA—%approximation with failure probabilit) (as in Remark 3.7).

Musco and Musco proposed the recursive RLS (RRLS) algorithm for performing
approximate ridge leverage score sampling [MM17]. They also develop versions of
their algorithm that produce a set of piv@%f a prescribed size and provide an
automatic mechanism for selecting the hyperparamet&he cost of the algorithm

is O1=:° entry evaluations an@=: 2° additional arithmetic operations. MATLAB

and Python implementations of RRLS are available [Van19]. Alternative algorithms
for approximate RLS sampling are SQUEAK [CLV17] and BLESS [RCCR18].

RLS sampling is a mathematically elegant strategy for psd column subset selection,
and it is amazing that is evgrossibleto perform approximate RLS sampling using

a small number of entry evaluations. Still, there are reasons to continue searching
for a more performant algorithm. First, in our empirical testing, the available RLS
sampling implementations require rougBly= to 3:= entry evaluations to produce
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arank: approximation [CETW25, Y2.4]; pivoted Cholesky-based approaches typ-
ically take just!: , 1°= evaluations. Second, empirical and theoretical analysis
suggests the constants in t@enotation for RLS sampling are moderately large,
even when RLS sampling is performed exactly; for some examples, RLS sampling
can be many orders of magnitude less accurate than alternative approaches for pro-
ducing approximations of a given rank see Table 4.1. Finally, RLS sampling
requiresO *Alog £ columns to produce a low-rank approximation comparable with
the best ranl& approximation. As the following example shows, this logarithmic
overhead is a real property of the algorithm, not an artifact of the analysis.

Example 3.19(Collecting coupons)Fix parameteAand consider the psd matrix

. O 0 0
o 1.,l., O 0

G=@8 0 0 1,1, 0 72K  (3.18)
0 0 0 1,1

This matrix is block diagonal, witAequally sized diagonal blocks of all ones. This
matrix has rankd and achieving a column Nystrém approximation comparable to
the best ranlAapproximation requires selecting a pivot in each block. Regardless of
theridge parameter 0, theridge leverage scores are constant 21 °1, soridge
leverage score sampling coincides with iid uniform sampling. This is an example
of the well-known coupon collector problem, so it take5Alog A pivots to attain

a pivot in each block with high probability; see [MR95, Y3.6] for an introduction to
the coupon collector problem.

Determinantal point process sampling

The example (3.18) presents a challenging example for any column subset selection
methods based on drawing pivots iid fraany distribution. For this reason, we
generically expect iid sampling methods to require= OAlog” columns to
produce an approximation comparable with the best raakproximation. To

obtain better results, we can move beyond iid sampling. Pivoted partial Choleksy
methods are one type of non-iid selection strategy, as these methods select columns
one of a time in aradaptiveway. Determinantal point process (DPP) sampling is

an alternate approach that draws a random sample frimmtadistribution on all
possible subsets of pivots.
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To motivate DPP sampling, letus rstmotivate why the determinantis a useful metric
in measuring the quality of a s8tof pivots. The following result is informative:

Proposition 3.20(Determinants and pivot entried)et G 2 K~ ~ be a psd matrix
and letS = fB—<<+—Bbe a set of pivots. Consider the partial Cholesky decom-
position with this pivot set, and introduce the residu@l€ = G GhfB—«« 8.

We have the identity

det:GlS-S°Y+ OgpOpOng Opp' *
Proof. The matrixGtS-S° has Cholesky decomposition
G!S-8°= X X-

where the diagonal entries &f arejAsg” = 01939810. Ergo,

(") 1 110 1 1- o
det:GlS-S°Yr jdetX°? = A = OgpOsnOnn  Osg ®
&1

The desired result is proven. O

We recognize the determinant of the submatiet>GS-S°%as the product of all

the pivot diagonal entries of the matr& during pivoted Cholesky decomposition.
As such, choosing a pivot s8tyielding a submatrixG1S-S° of large determinant
corresponds to selecting an order for pivoted partial Cholesky decomposition in
which all of the pivot diagonal entries asemultaneouslyarge.

This result suggests a computational strategy of selecting the pivet lsgimax-
imizing the determinantlet>GtS-S°%, Unfortunately, the problem of nding the
largest-determinant submatrix of a matrix N§>-hard [CM09]. To circumvent
this impossibility result, we can instead use the determinants to desargpling
distribution motivating the following de nition.

De nition 3.21 (Fixed-size DPR)Let G 2 K~ ~ be a psd matrix, and x a number
1 : = A determinantal point process of xed sizeor : -DPP is a random
subsetS f 1—-ee«e«—gof size: with distribution

- detGIT-TOY
PES=Tg=1 . del>>GlR—I;°1/4 for each subself f 1-e+++—gof . elements

We write a: -DPPS asS DPP 1(G°.
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Determinantal point processes have a long history. DPPs were originally introduced
in 1975 by Macchi [Mac75] in the context of quantum statistical physics, and they
have been studied by mathematicians for decades. There are many subvarietals
of DPPs. In particular, the xed-size DPPs in De nition 3.21 were introduced

in 2011 by Kulesza and Taskar as a more useful construction for use in machine
learning [KT11]. Further, Kulesza and Taskar's de nition is equivalent tostiieme
sampling distributionintroduced ve years earlier by Deshpande, Rademacher,
Vempala, and Wang [DRVWO6] applied to a Gram square rods.oMotivated by
subset selection problems in machine learning, interest in DPPs has exploded over
the past two decades [KT12]. More recently, DPPs have been deployed as a tool in
matrix computations [DM21]. See the surveys [KT12; DM21] for more on DPPs.

Pivot sets selected from:aDPP produce excellent Nystrom approximations. We
have the following result:

Fact 3.22(: -DPPs for Nystrém approximationl.et G 2 K= ~ be a psd matrix, and
letl1 =. Draw a pivot setS DPP 1G°. The trace error of the Nystrom
approximation admits the exact formula

o1 108 1t 11GP—eee 1
Etr'G Ghsi° =1 | 1° 61 1P eee 10

Here,egis the &h elementary symmetric polynomial. For ahy A :, this error
may be bounded as
. I § N
Etl‘lG G}’SIO T_ trlG E GEAO'
Consequently, -DPP sampling produces atA—%approximation for any. satis-
fying: AY, A 1lforanyY2 10-Ax

An analog of this general bound was rst established for column projection approxi-
mations computed by volume sampling distribution of Deshpande et al. [DRVWO06]
by Guruswami and Sinop [GS12]. Using the Gram correspondence, it was trans-
planted to Nystrom approximation byDPP sampling in [DM21]. The case=:

was proven rst by [DRVWO06] (for column projection approximations and volume
sampling) and [BWO09b] (for Nystrom approximation byDPPS).

Fact 3.22 achieves the strongest theoretical bounds (and indeed, the stexagest
istence resulfsfor any column Nystrém method. But turning DPP sampling into

a computational strategy is a challenging enterprise. Standard algorithms for sam-
pling a general -DPP expend =3° operations and require a full decomposition of
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the matrix (see, e.g., [KT11, Y3]). Responding to this computational bottleneck, re-
searchers investigated Markov chain Monte Carlo algorithmegfproximate -DPP
sampling [AOR16; RO19]; even with e cient implementations, these algorithms
are signi cantly more expensive than pivoted Cholesky methods. (The most recent
algorithms [ALV22] do achieve the sanasymiotic runtime as pivoted Cholesky
algorithms, but they are complicated, and | am not aware of any evaluations of this
approach for use in practice.) An alternate line of work has investigated exact
DPP sampling algorithms that do not require reading the entire input matrix [Der19;
DCV19; CDV20]. These algorithms are impressive, but they are more expensive in
both runtime and number of entry evaluations than pivoted Cholesky methods. In
my experience with the-DPP software package [GPBV19];DPP sampling has
been signi cantly slower and more resource intensive than other methods for Nys-
trom approximation. In addition, | have found this software tends to fail by throwing
exceptions on challenging problems. Therefore, whilePPs are mathematically
beautiful and set the mathematical standard to which other methods are compared,
| have not found -DPP sampling to be a competitive approach to large-scale psd
matrix approximation with the available algorithms and software implementations.
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Chapter 4

RANDOMLY PIVOTED CHOLESKY

So rst she tasted the porridge of the Great, Huge Bear, and that was too
hot for her. And then she tasted the porridge of the Middle Bear, and that
was too cold for her. And then she went to the porridge of the Little,
Small, Wee Bear, and tasted that; and that was neither too nor too cold,
but just right, and she liked it so well that she ate it all up.

The Story of the Three Bea$905)

Last chapter, we introduced the pivoted partial Cholesky decomposition as a way
of computing a low-rank approximation to a psd matrix, and we saw two extreme
strategies, uniform sampling and greedy selection, for selecting the pivots. The
greedy strategy always selects the largest diagonal entry of the residual as pivot,
and the uniform strategy selects pivots at random without using any information
about the diagonal entries sizes. This chapter will strike a balance between these
approaches, selecting a random pivot at each iteration using sampling probabilities
weighted by the diagonal entries. The resulting algorithm is cadledomly pivoted
Cholesky(RPCholesky).

Sources.This paper is based on the randomly pivoted Cholesky paper:

Yifan Chen, Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. Randomly
Pivoted Cholesky: Practical Approximation of a Kernel Matrix with Few Entry
Evaluations . In:Communications on Pure and Applied Mathemati8ss (2025),

pp. 995 1041.doi: 10.1002/cpa.22234 .

Outline. Section 4.1 introduces the randomly pivoted Cholesky algorithm and
discusses its implementation. Section 4.2 provides numerical experiments and
Section 4.3 discusses analysis. We conclude by discussing an extension to Gibbs
RPCholesky (Section 4.4) and connections betwédPCholesky and DPPs (Sec-

tion 4.5).

4.1 Algorithm and implementation
Randomly pivoted CholeskyRPCholesky) is an algorithm for low-rank approxi-
mation of psd matrices. It employs a pivoted partial Cholesky decomposition, but
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is distinguished from other pivoted Cholesky methods by using the diagonal of the
residual matrix each iteration assampling distributionto select the next pivot.
ConceptuallyRPCholesky executes the following iteration. With initial residual
G = G, do the following for8= 1-2—eee—:

1. Draw a random pivot. Draw arandompivot index
B diagtG?® .

This random pivoting strategy preferentially selects larger diagonal entries as
pivots, but has a nonzero probability of selecting any nonzero diagonal entry
as pivot. (Recall that we have de n&l w as a random index sampled from
theurnormaizedweight vectorw. Thatis,PfB= 99=F¢ 4, Fs)

2. Rescale.Extract and rescale the pivot column

— 18 1° 18 1°41e2

f8.— ag, .109853 0%

3. Eliminate. Update the residuab® := G® ¥  f,f,, zeroing out the matrix
in the Bth row and column.

The outputs ofRPCholesky are a factor matriX. 2 K= - de ning a low-rank
approximationL L Gand a sef = fB— ¢+ - gof pivot entries.

In practice, we do not update the entire residual matrix at every iteration, instead
tracking the diagonafiag! G®° and generating entries fro@® as needed using

the formulaG® = G L1l : ®L1-1 : &, as in Program 3.2. With these
optimizationsRPCholesky reads': , 1°=entries of the matrix and expen@g: 2=°
arithmetic operations. See Program 4.1R&Cholesky code. More e cient block
versions ofRPCholesky will be developed in Chapter 8.

TheRPCholesky algorithm can be seen as a midpoint between greedy selection and
uniform sampling. The greedy method is based on entegbjoitinglarge diagonal
entries, withouexploringsmaller diagonal entries as possible pivots. Conversely,
uniform sampling randomly explores the set of all pivots but does not exploit
information about the size of the diagonal entrid®PCholesky combines both
exploration and exploitation, making it more robust than either strategy individually.

Another way of interpreting th&PCholesky method comes from the Gaussian
framing developed in Section 3.6. Introduce a Gaussian vectdlormal x *0-G°
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Program 4.1 rpcholesky.m . Randomly pivoted Cholesky for psd low-rank ap-
proximation and column subset selection.

function [F,S] = rpcholesky(Acol,d,k)

% Input: Function Acol for producing columns Acol(i) = A(;,i) of A,

% diagonal d of A, rank k

% Output: Factor F defining a rank-k approximation Ahat = F*F'

F = zeros(length(d),k); % To store output
S = zeros(k,1); % To store pivots
for i = 1:k
% Random sample using current diagonal as sampling weights
S(i) = datasample(1:length(d),1,"Weights",d);
as = Acol(S(i)) - F(,L:i-1)*F(S(i),1:i-1)"; % sth col of A-F*F'
F(.,i) = as / sqrt(as(S(i))); % Rescale
d = d - abs(F(;,i))."2; % Update diagonal
d = max(d,0); % Ensure nonnegative diagonal in floating point
end
end

with covariance matrixG. As in Section 3.6, we adopt axperimental design
perspective where we wish to identify a set of coordin&#sat minimizes the sum
of conditional variances

G

tr'1G GISi° =  Vartlgj z1S°°

o1
for the unseen coordinates. The greedy method builds the sBlmm® pivot at a
time, always choosing thmaximum-varianceoordinate as pivot

B 1 2 argmaxvartl gj z1fB—o e« ¢ 8%
1 9=

TheRPCholesky method instead uses the variances aarapling distribution

Vartlgj zHfB—« e od3°
" =, Vartl jziseo

Pf&%,l: %:

Randomizing the procedure in this way balances the need to explore and exploit,
and makes the method robust to bad instances like (3.8) where the greedy method
can be fooled by tiny di erences in variances between coordinates.

Software. A high-performance implementation of a version RPCholesky is
under development in tHRandLAPACK software project [MDME+23]. At present
it may be found at
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https://github.com/BallisticLA/RandLAPACK/blob/main/Rand
LAPACK/comps/rl_rpchol.hh

4.2 Experiments

We will see several comparisonsRPCholesky with alternative methods through-

out this part of the thesis. Here, we provide one initial set of dafRfGholesky's
performance, reproduced from [CETW25, Tab. 1]. Here, we evaluate the relative
trace error ofRPCholesky against other column selection methods for approx-
imation of psd kernel matrices associated with 20 datasets. (See Chapter 5 for
an introduction to kernel matrices.) In addition Ri°Cholesky, we test greedy
selection and uniform and ridge leverage score (RLS) sampling. We omit DPP
sampling because of its high computational cost. The Schmidt Mirsky Eckart
Young-optimal approximation error is shown for reference. As the optimal approx-
imation is typically not a column Nystrém approximation, it provides a lower limit
on the best-possible approximation error for a column Nystrém approximation that
typically carnot be attained

Results are shown in Table 4.1. The performanc&BfCholesky is uniformly

good, achieving the lowest trace error on all twenty examples. We also sé&that
Cholesky consistently achieves error close to the Schmidt Mirsky Eckart Young
optimal low-rank approximation. These experiments con rm fRRICholesky is
among the best available approaches for constructing a column Nystrom approxi-
mation to a psd matrix. We will see further examplesRi#Cholesky's success
throughout this part of the thesis.

4.3 Error analysis

As we have seen and will continue to see, RieCholesky method consistently
produces near-optimal low-rank approximations, often more accurate than compet-
ing methods by orders of magnitude. This excellent performance can be supported
by theoretical analysis. This section will present analysis of the approximation of
RPCholesky in the trace norm and a weak (but still useful!) result for the spectral
norm. It will then provide proofs of these results.

Trace-norm bounds
Our rst bounds characterize the number of iterations needed to produce a good
low-rank approximation to a psd matrix when measured using the trace norm.
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Table 4.1: Relative trace error of radkRO0Nystrom approximation of psd kernel
matrices by four alternative column selection methods: uniform and ridge leverage
score (RLS) sampling, greedy selection, &iCholesky. Each trace error is
computed as a median of ten trials. Error for the optimal rEB@O©approximation

is shown for reference. Data is taken from [CETW25, Tab. 1].

Uniform RLS  Greedy RPChol Optimal

sensit_vehicle 1.57e-1 1.40e-1 2.07e-11.37e-1 8.77e-2
yolanda 1.46e-1 1.39e-1 2.08e-11.36e-1 8.4le-2
YearPredictionMSD 1.30e-1 1.20e-1 1.73e-11.16e-1 6.79e-2
w8a 1.42e-1 1.17e-1 1.91e-11.05e-1 6.09e-2

MNIST 1.21e-1 1.10e-1 1.67e-11.06e-1 5.83e-2

jannis  1.11e-1 1.10e-1 1.28e-11.09e-1 5.45e-2

HIGGS 6.73e-2 6.31le-2 8.51e-26.07e-2 2.96e-2

connect 4 5.81le-2 5.07e-2 6.48e-24.8le-2 2.25e-2

volkert 5.35e-2 4.42e-2 5.92e-24.17e-2 1.99e-2

creditcard 4.83e-2 3.71e-2 5.77e-23.0le-2 1.31le-2
Medical_Appointment 1.74e-2 1.43e-2 1.92e-21.29e-2 4.59e-3
sensorless  1.20e-2 7.78e-3 8.70e-35.80e-3 2.11e-3
ACSIncome 9.93e-3 5.55e-3 8.35e-34.02e-3 1.27e-3
Airlines_DepDelay 1M 4.19e-3 2.37e-3 2.64e-31.78e-3 5.08e-4
covtype_binary 9.10e-3 2.12e-3 1.41e-31.04e-3 2.97e-4
diamonds 1.31e-3 2.40e-4 1.12e-45.85e-5 1.30e-5
his4ml_lhc_jets_hlf 3.78e-4 7.30e-5 6.68e-54.38e-5 1.04e-5
jcnnl  3.91e-5 3.09e-5 2.86e-52.13e-5 4.67e-6

cod_rna 6.00e-4 1.36e-5 9.19e-65.05e-6 9.86e-7
COMET_MC_SAMPREB5e-3 2.44e-7 1.2e-104.3e-11 3.5e-12

Theorem 4.1 (Randomly pivoted Cholesky: Trace normdetA 1, Y j O,
and G 2 K= ~ be a psd matrix. Introduce the relative error of the best rédnk-
approximation

[ =tr'G E GELetr1 G

Randomly pivoted Cholesky producestan-%approximation (De nition 3.6) toG
as long as the number of steps satis es

A 1

—,Alog — - 4.1

We observe thdPCholesky achieves theoretical guarantees that are nearly optimal

within the class of Nystrom approximations. (Recall from Fact 3.11 that at least
P Y columns are needed to producel@r-%¥approximation to a worst-case psd

matrix.)
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The dependence of the number of columnen the relative errof is signi cantly
improved forRPCholesky over diagonal sampling (Section 3.7), which requires

1Pe[ ° column accesses to produce an approximation comparable with the best
rankAapproximation for some input matriceBRPCholesky yields anexponential
improvemenin the dependence di| .

The logarithmic factodog!le[° is, for the purposes of practical computation, a
modest constant. Due to numerical errors, the relative gnoe ectively bounded
from below by theunit roundo D which captures the size of rounding errors
(D 10 *®in double precision). Thus, in double precisitogtle[° ~ 37.

Remarld.2 (What if the relative error is smallZpne somewhat unappealing feature

of this result is that whei® is rankA the relative error i$ = 0 and the right-hand
side of (4.1) becomes in nite. Here, the bound (4.1) badly mischaracterizes the
actual behavior of th&PCholesky algorithm, which recovers a rakmatrix G

with zerc error after precisely. = rankG steps. Developing improved bounds for
small[ is an open problem; see Section 11.1 for discussion.

Weak spectral norm-type bounds

It is natural to desire error bounds lBPCholesky that hold in the spectral norm.
Perhaps, similar to Fact 3.17, we could show fRBCholesky achieves spectral-
norm error_in roughly 3¢ 1 ° steps, wher8, 1 ° denotes the -e ective dimen-

sion (De nition 3.16). While such bounds are not yet known (see Section 11.1), we
can establish bounds on tspedral normr of the expectec error:

Theorem 4.3(Randomly pivoted Cholesky: Spectral notrk)x parametersl j O
andY j 0. For any psd matrixG, the: -step residualG" ° of RPCholeskysatis es

1-0

EG" 1, Ytr'G E GEY

provided the number of stepssatis es

1 KGk
A
v M09

This result has a signi cant limitation in that the expectation ocinsidethe norm.
Pulling the expectation inside the norm can be done at a great cost. Indeed, for any
random psd matriX , we have the bound

KEAK EKMk EtriA0=t{rlEA® = KEAKs (4.2)
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The rstinequality is Jensen's. The facterin the upper boun&k™ k = kE™k
is sharp, as demonstrated by the mafrix eg; for8 Uniffl—eee—g=

The main use of Theorem 4.3 is to bound quadratic foxn@™ "x in the residual
matrix:
Ex G °x¥Ex EG "% k«k> EG™° e

We will use this type of bound to analyze quadrature methods in Section 7.5.

Ignoring the (signi cant) norm of expectation vs. expectation of norm issue, how
good is Theorem 4.3? To get some insight into this question, consider a matrix
with rapidly polynomially decaying eigenvalues G° = 9 @for a xed parameter

@ j1. The sum of tail eigenvalues is

G

(@}

ol G° 9 @= oAl @.
*A1 *A1

SettingY = O1+/ and1 = 1A, 1° @2, we obtain

1-0

EG'® _A1!G°=1A 1° @ after: = OAlog/ steps

RPCholesky requires at mogD *Alog A steps for the spectral norm of the expected
residual to drop below the spectral norm error of the best Aapkproximation not
bad!

Proofs
Let us begin with the proof of Theorems 4.1 and 4.3. As a rst step, we introduce
theexpected residual function

130 = ExG Ly,

which measures the expected value of the residual m&rix after one step of

RPCholesky applied to input matrixa. By direct computation, we observe
! ~
G agdy G agag 099 G
1G0 = G — Pf a_ = =G — =G .
o1 Ogg X o1 OggtrtG® triGe

~

The map enjoys a number of properties.

Proposition 4.4 (Expected residual function)The expected residual function
satis es the following properties:
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(a) Unitarily covariant: For a unitary matrix] 2 K= ~ and a psd matrixG,
Gl °=[ G

(b) Positive: For any psd matrixG, 1G°is psd.

(c) Concave: The map is concave with respect to the psd order. For psd
matricesG-N,

NG,11 \°N° \ 1G° 11 \° IN° foreach\ 2>0-1% (4.3)

(d) Monotone: The map is monotone with respect to the psd order. For psd
matricesG-N,
1G, N°  1GPe (4.4)

Proof. Throughout this proof, leG andN denote psd matrices.

The unitary covariance property (a) is immediate from the formut&® = G
G2etri G

The positivity property (b) follows by observing! G° has nonnegative eigenvalues
!

gt G°2 P Ye:
e S ey 0

gt G0 = _gC

for each8= 1-2—eee—=

The concavity claim (c) follows from direct computation: For2 »0)-1Yand
\'=1 \,wehave

s
- - W trtN© tr:G°

NG, \N° \ G \ IN°= G N -
| \triGe, VtriNe G trtN®

2

which is manifestly psd.

To show the monotonicity property (d), rst observe thats positive homogeneous
U G°=U 1@ forU 0. Consequently, by (4.3),

1G, N°=2 105G, 0s5N° 1G°, IN° 1P

The last inequality holds since*N¢ is psd. We have established (4.4). O

Because of the monotonicity and concavity of the expected residual function, we can
bound theBstep residuaG'® by iterating the expected one-step residual function:
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Proposition 4.5 (Multistep residual) Let G'® denote the residual of the matri®
after running8steps oRPCholesky Then

E»G%y, &ce.

Here, 2denotes th&fold composition of .

Proof. First, apply an appropriate matrix version of Jensen's inequality [Carl0,
Thm. 4.16] conditionally on thé8 1°-step residualz® *° to obtain

ExGoYr EXE»G? | G YU E» 1G8 0y, 1E»GE Py

Here, we used concavity (4.3) of. Next, we iterate this inequality using the
monotonicity property (4.4):

E»GoY, 1E»G8Ty0 21EnGS 2y,0 8 LiEyG Y0 8GR

The desired claim is established. O

Proposition 4.5 shows that the eigenvalue€e6 *Vzare bounded above by the
eigenvalues of the -fold composition of the transformation to the matriG.
Introduce thevector function5 : R™! R

1] 2

51" 0 = n ’I — °

o1 Uo
Here," ? denotes the entrywise square. The funcoimacks the eigenvalues after
applying the one-step residual function

, 1 1@ =51 1G% fora psd matrixce

Consequently,
’ 1E»G 81,0 1 81 oo = 581, 1 (GO0 (4.5)

In this display5- is the8fold composition o6, and the inequality holds entrywise.
The inequality in (4.5) follows by Proposition 4.5 and Weyl monotononicity principle
[Tro22, Cor. 9.9]:

G N> ,1G ,IN°

The equality in (4.5) is unitary covariance (Proposition 4.4(a)). We now provide a
proof for Theorems 4.1 and 4.3.
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Proof of Theorems 4.1 and 4.Itroduce, '® = 5%, 1G°° to track the right-hand
side of (4.5). Since " is de ned as the iteration of th& map, it obeys the

recurrence
19 2

, 8P =51 Bo- ¥ iﬁ' (4.6)
*1-9
We make two observations. First, we the vectpf® are entrywise decreasing:
Foreact8, @Y | "®. This observation is immediate from the recurrence (4.6).
Second, the entries of each vectof are sorted in nonincreasing order for e&h

Let us verify this second observation by induction. For the base&adg note
that, '® = , 1G° is sorted in nonincreasing order by de nition. Next, inductively
suppose that'® I’ is sorted in nonincreasing order. Then fr 1,

|
18 1° 2 181° 2

18 g _ h 810 1810 —91 —9
—91 -9 - —91 —9 = B
=1—
h i 8 1° 8 1"a
110 1810 —91 > -9
= —91 -9 9‘ I — 18 10 ® O
« =1— =

This completes the inductive argument, showing that the entrie€ afre sorted in
nonincreasing order for eveBy

Having established some basic properties of the recurrence (4.6), we now shall
reason about the average

1 O 1
19 ._ &
%=
=1

of the top eigenvalues of '®. We take the parameterto be betweerl andA
and we will primarily be interested in the edge cases 1 (top eigenvalue) and
= A(topAeigenvalues). By averaging the rsentries of the recurrence (4.6), we

obtain a recurrence f@'®:

i h i

1| 18 2

oo 4 *1 —9

08l =0" —— (4.7)
*1-9

We may bound the dominator of the second term as

e)) G G
18 _ 18 18 f<

—9 ~ —9 > -9 AO s _9tG°
*1 *1 FA 1 FA1

~ ~ ~
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Here, we use the fact that the numb_elg%,are nonincreasing in boand 9together
with the initial condition_;00 = ¢'GP. To bound the numerator of the second term
of (4.7), we use Jensen's inequality,

~ . ~ 2
10 h lo 10
1@ 94 1@ 2
- -9 _g7 = 07 ¢
=1 =1

Substituting the two previous displays into (4.7) yields

2
0®
1

LI ° (48)

018, 10 018’

To bound the recurrence (4.8), we compare to an ODE model

10
withGoe == o (4.9)

*1

N

d Ge
— = i
%7 aac

oA 1-9

) I : :
For eactg we haveD'®  G& becaus&7! G+*AG g, ,_¢ is decreasing on

R . Fixing alevelW j 0, we may solve (4.9) to obtain the tinggat whichG@° = W
using separation of variables:

1

I _
19 AQ . _9
G = % dG
i" i P
o=A1-9 . =A1-9 o=1-9
- Cv ( FAL=T  Ajog (4.10)
o=1-9 i |
triG E GEAO 9:1_9.
—, Ao .
W 5 g
: : NI
In the last inequality, we recall thatt G E GE® = o5 _o
We can use (4.10) in two ways. First consider the case wheAand bound
1-0 G\ 1-0 C} 1-0
EtriG-°= _oExG" YO, _otExG - V4O
o1 FA1
O\ 1-0 G 1-0 8; S -
s . g AO0%, tr'G E GEQ-
91 A1

The rst inequality uses (4.5) and instates the de nition_df, and the second
inequality uses the de nition dd'®, the fact that_lgg is nonincreasing i and the
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boundary condition_lg00 = o'GC. Apply (4.10) with = AandW:= YeA triG
EGE, to conclude thaEtr:G*™ 1 1, Ytr'G E GEL when
A trEGE

—, Alo ————
v: %9 VG E GE?

This result is stronger than as stated in Theorem 4.1. Second, consider the case
=landseW:s=1, Ytr'!G E GEYL. Then (4.5) and (4.10) imply that

EIG'™® = 1E»G "%° _ 1, Ytr'G E GE?

when L
tr'G E GEY kGk
——— _ Alog ———
1, YUrr!G E GE? 1, tr'G E GEY
This is stronger than the result of Theorem 4.3. ]

4.4 Extension: GibbsRPCholesky

The uniform,RPCholesky, and greedy pivoting strategies can be unied into a
common framework. The GibdRPCholesky method [CETW25, Y2.3.4] selects a
random pivot at each iteration according to the rule

B diagtG?Zo%

We remind the reader thBt w denotes a random sample from the (unnormalized)
weight vectorw. The power? 2 10-1° controls the level of greediness. The
extreme cas@ # 0 corresponds to uniform sampling from the suppodiafy: G &°;

the other extrem@ " |1 selects the largest diagonal entries, with exact ties broken
uniformly at random. We recognize the cases 0 and? = 1 are variants of
uniform and greedy selectio®PCholesky sits at the intermediate value= 1.

As the name suggests, the GillBBCholesky method samples a pivot index from

a Gibbs distributiorPfB 1 = 9 = expt VEP with energies Eg = log Ofgand
inverse-temperatureV = ?. For this reason, the symbblhas been used to refer

to the power? in previous literature [Ste24; CETW25]. Under the interpretation of
V = ? as inverse-temperature, the uniform, greedy,RR€holesky strategies can

be analogized to the three bowls of porridge in the story of the three bears too hot,
too cold, and just right. The recent paper [DPPL24] by Dong, Pan, Phan, and Lei
has explored an alternate de nition of the enerdigs 0., leading to sampling
probabilitiesBy ;  exp'Vdiag! G2°°.
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Our original paper [CETW25] introduced the GibB#Cholesky algorithm but

did not provide any numerical experiments. Stefan Steinerberger [Ste24] took up
the task of empirically evaluating the GibBCholesky method. Steineberger's
experiments consider several examples, some of which bene t from higjhed
others which favor lowe?. However, except on specially constructed examples, the
di erences between di erent methods are not dramatic (particularly away from the
extreme value® 2 f0-1g). Steinerberger's paper also includes theoretical results,
including a theorem showing that a single step of the 2 GibbsRPCholesky
reduces the squared Frobenius norm of a psd matrix by at least aXactbr=.

My preliminary conclusion from Steinerberger and Dong et al.'s investigations is
that, for non-pathological matrices, any sensible random pivoting selethat in-
corpcrates informetion from the diagonal of the resicual metrix should yield decent
performance for low-rank approximation. To achieve the best possible performance,
one can treat the powéX (or inverse-temperaturé for the Dong et al. scheme) as

a hyperparameter and test multifler Vvalues.

Even though Gibb&fPCholesky seems to work reliably on most matrices with
? i 1, signi cant failures can occur on synthetic, worst-case examples?Kixl,

and consider the matrix
n l ’) #
=] 0
G= 100 .

0 l= 1001= 100

The optimal rank-one approximation to this matrix is
" #
L 0 0
EGE, = -
0 L 100l 100
and this approximation is computed by a partial pivoted Cholesky decompaosition
in one step if any pivoB2 f101-102-+ « « s selected. For large, this optimal

rank-one approximation to this matrix has vanishingly small relative error

tr'G E GE° _ 100="7
tr'c® =, 100:=1? 1%

= 1100, >1100="7 Lo

and RPCholesky produces this optimal approximation in one step with near-
certainty:

= 100 .
PIB 10lg= — =55 =1 >1° whenB diagG"
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With with GibbsRPCholesky with power ?, a bad pivot is selected with roughly
99% probability:

100= 100
10(° . 100= 101

PfB 100g= - , >11%

For large=, it takes GibbsRPCholesky with power ? roughly 50 steps to compute

a good low-rank approximation to this matri®, whereRPCholesky (? = 1)
produces an excellent approximation with near certainty in a single step. Given
bad examples like these, we believe the power 1 is a sensible default for
general-purpose use, particular if only a sin@lealue is to be used.

4.5 Connection to determinantal point processes
TheRPCholesky algorithm has a number of connections to ( xed-size) determinan-
tal point processes (DPPs, De nition 3.21). This section reviews these connections.

RPCholesky as iterative 1-DPP sampling.The rst interpretation is the most
trivial, but still yields some insight. A single step 8fPCholesky performs one

step of diagonal sampling on the current residual ma®&fk, which coincides with
the1-DPP distribution(since the determinant ofla 1 matrix i.e., a numberis

just itself). As a consequence of this interpretation, we can derive a single-step
RPCholesky error bound by invoking Fact 3.22:

EtriGYe 2t1G E GE°

RPCholesky as iterative conditional DPP samplingAnother, much more power-
ful connection betweeRPCholesky and DPPs interprets tiRPCholesky proce-
dure as iteratively performingonditionalDPP sampling.

Proposition 4.6(RPCholesky as conditional DPP samplingpuppose we have run
the RPCholeskyalgorithm for8steps on psd matris, selecting pivot&—ee++-sB
Thel8, 1°stpivotBy; diag!G ?° satis es

Pf%lz 9j a_...—&P T:fa_..._awT f a_..._@_
whereT DPRy 111G
We see that thé8, 1°st step ofRPCholesky can be seen as sampling from an

18, 1°-DPP,conditionalon the already-selected pivots belonging to that DPP. This
result follows directly from the de nition of xed-size DPPs and Proposition 3.20.
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This connection between DPPs aR®Cholesky suggests amlgorithm for ap-
proximate: -DPP sampling. First, ruRPCholesky for : steps, producing piv-
ots B—e++—B Then, for stepsC = 0-1-e++—) select a random pivot index
9 Uniffl-eee—g evict pivot By from the pivot set, and resampk using a
single step of th&PCholesky procedure

& d|aglG Grﬁ_—OOO—gB_—Bal_o.o_:_Bo

The reason behind this procedure's success is intuitive. Initially, we generate the
pivots B— e« « — Bequentially, and they do not follow theDPP distribution. At

each step, we freeze all but one piBgaand resampl&from the: -DPP distribution
conditional on the other pivotsg : 8< 93 By repeating this procedure enough
time, the distribution of the pivots converges to th®PP distribution.

A sampling algorithm for a multivariate distribution of this type (freeze all but one
coordinate and sample the conditional distribution) is known &ibds Markov
chain Monte Carlo (MCMC) samplerThis Gibbs DPP sampling procedure was
proposed by Rezaei and Oveis Gharan [RO19] to sample from a generalization of
DPPs that can be de ned on general, possdaptinuousstate spaces. Fortunately,
ordinary: -DPPs on the nite sef1-+++-gare contained in this general setting.
Rezaei and Oveis Gharan's theoretical bounds show thaRB€holesky-based
Gibbs MCMC sampler converges in at mgst= O:°log:° steps, and their
numerical results suggest a more modest O: 2° steps su ce. To implement
their algorithm e ciently, one should use Cholesky downdating techniques to handle
the pivot evictions; we omit the details.

To raise a potentially provocative point, even Rezaei and Oveis Gharan's empirical
results suggest that sampling eDPP using this algorithm requirqquadraically

more work than executinBPCholesky. It is natural to ask: Is that work worth it?

Is the output ofRPCholesky substantially worse than a sample from-®PP for
practical purposes? We leave these questions to the reader to ponder.

Projection DPPs.There is an important class of matrices for whRRCholesky
producesexact samples from a-DPP. We make the following de nition.

De nition 4.7 (Projection DPP) Let G be an orthorpojector crank exactly : .
Then the: -DPPS DPP 1 is referred to as projection DPP

We emphasize that, in a projection DPP, the rank of the orthoproj€&taust be
equal to the size of the DPPS. Projection DPPs are fundamental to both the
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theory and applications of DPPs. Theoretically, eve®y[DPP can be realized as a
mixture of projection DPPs [HKPV06, p. 213], which gives rise to procedures for
sampling from: -DPPs.

Remarkably, thdRPCholesky algorithm, applied to an orthoprojector, generates
exact samples from a projection DPP.

Proposition 4.8 (RPCholesky samples projection DPPsl.et G be an orthopro-
jector of rank exactly . The pivot se§ produced by steps oRPCholeskyapplied
to Gis a sample from the projection DP® DPP 1G°.

This proposition appears in its essence in Gillenwater's thesis [Gil1l4, sec. 2.2.4]
and a very clear version of tHRPCholesky pseudocode (more-or-less the same
as our Program 4.1) appears in the work of Poulson [Pou20]. We emphasize that
Poulson only used thePCholesky procedure to sample from projection DPPs: In

his work, the input matridG is always an orthoprojector, he runs for exactnk G

steps, and the output is the pivot SetThe factor matrixd, critical to use cases of
RPCholesky for low-rank approximation, is discarded in Poulson's work.
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Chapter 5

KERNELS AND GAUSSIAN PROCESSES

Although William of Occam rst wielded his famous razor against the
super uous elaborations of his Scholastic predecessors, his principle of
parsimony has since been incorporated into the methodology of
experimental science in the following form: given two explanations of
the data, all other things being equal, the simpler explanation is
preferable. This principle is very much alive today in the emerging
science of machine learning, whose expressed goal is often to discover
the simplest hypothesis that is consistent with the sample data.

Anselm Blumer, Andrzej Ehrenfeucht, David Haussler, and Manfred K.
Warmuth,Occam's razof BEHW87]

The twin theories of reproducing kernel Hilbert spaces and Gaussian processes are
among the most beautiful topics in applicable mathematics, and they form the basis
for a class of simple and user-friendly machine learning methods. In this section, we
review these theories and how they are used in machine learning. In the following
chapter, we explain holRPCholesky can be used to accelerate these learning
algorithms and provide computational experiments.

Sources. This section serves to provide an introduction to kernel methods and

Gaussian processes. Itre ects my own approach to this material and is not explicitly
based on any of particular published work, of mine or others. The content of this
section is in uenced by Houman Owhadi's excellent class Stochastic processes
and regression , which | took in Winter of 2022. Useful references on this material

include the books [SS02; RWO05] and the survey [KHSS18].

Outline. Section 5.1 introduces the theory of reproducing kernel Hilbert spaces,
and Section 5.2 uses this formalism to derive kkenel interpolationrmethod for

tting data. Section 5.3 describes the parallel theory of Gaussian processes and
reformulates kernel interpolation as Gaussian process interpolation. Section 5.4
concludes by discussing regularized kernel and Gaussian process methods.
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5.1 Reproducing kernel Hilbert spaces

One of the great annoyances in mathematical analysis is the fact that functions
D2 L2tR3° do not have de nite values at any given point. Indeed, the sh&tde3°

is formally de ned to consist of all square-integrable functionsR moculo al-

mos e\erywhere equaity (with respect to the Lebesgue measure). So for any given
D2 L2tR3°, there are elements of the equivalence clad3taking every possible
value at any given poir(g since the singleton séGyhas measure zero.

If we restrict ourselves teontinuousfunctionsD 2 C1R3°\ L21R3°, things are

a bit better, sincd'x° has a de ned value at each poixnt2 R3. However, even

for continuousL? functions, function values are netable For anyY j 0, any
pointx 2 R3, and any valudJ 2 K, there exists a continuous perturbatiémof
normk4k 2:ges Y such thattD, 4°1x° = U. The conclusion is that the value of
any L? function at any point can be changed to any value by an arbitrarily small
perturbation.

These limitations of thé.2 space motivates the concept of a reproducing kernel
Hilbert space (RKHS), which may be informally de ned as follows.

An RKHS is a Hilbert space of functions that have de nite values at evely
point, and these values are stable under small perturbations.

Formally, we have the following de nition:

De nition 5.1 (Reproducing kernel Hilbert spacd)et X be a set. Areproducing
kernel Hilbert spac€RKHS) onX is a Hilbert space of function§: X! K over
which the evaluation ma@7! 5'@ is a bounded linear functional for eaGhThat
is, for eachG2 X, there exists a prefact@*@ 2 R such that

j5*@®@j] 2'CGk5k, foreach52 He
The de nition of the RKHS encompasses (and is equivalent to) the notion of stability
of function values under small perturbations. Indeed4f@rH in an RKHSH,
5, 1@ 5Q@j=j4C] 2'QCkdkye

As we will see, the seemingly innocuous property of point evaluation being a
bounded linear functional has surprising and far-reaching consequences.

Reproducing kernel Hilbert spaces (RKHSs) may initially appear exotic, but they
encompass many of the fundamental function spaces in mathematical analysis.
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Example 5.2(A Sobolev space)Consider, for instance, the spadét»0-1¥4°con-
sisting of all square-integrable functions with a square-integrable (weak) derivative.
Its norm is 1

k 5k2

H11>£)4_1/° 51@] J 501@] dG.

This space is an RKHS. To see this, rst consider a continuous representative
52 H11»0-1v4° \C1»0-1¥.° By the intermediate value theorem, there exists a value

G at which 5achieves its mean value

1
1

51G° = 51@dGe
0
By the Cauchy Schwarz inequality,
1 2 1 1 1
1 1 1 1
j5!GOj° = 513 dG j5!@}2 dG 1dG=  j5'®j?dGe
0 0 0 0

For any two value§s Hin »0-1%

1 1 1 1
2

H H H 1
j5!1H  5I@f = 5100 do j5%0°j2 do 1d0 j 52002 dOe

G G G 0
The same conclusion holdsH G Employing the two previous displays, we

conclude that for ang2 »0-1%we have

5@ 2j5'G°’, 2j5@ 5'GY
1
1
2 ) j5L1@J7, | BXGP dG= 2K5K 1, 018
We have established the RKHS property W@ p§ for all G2 »0-1Y4 This
conclusion extends to ab 2 H'1»0-1v4by density ofC1»0-1¥49n H1»0-1Y4° We

conclude thaH1>0-1%49s an RKHS.

This example is illustrative. It suggests that functions in an RKHS should be
smoother (in the sense of possessing well behaved derivatives) than typical functions
in the spacé.?1" °. This intuition will prove valuable.

The reproducing kernel

Whenever one has a linear functional over a Hilbert space, is is generally worth
invoking the Riesz representation theorem to see if there are any interesting conse-
guences. In the cases of RKHSs, this is most certainly the case.
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For each poinG2 X, the Riesz representation theorem furnishes a funéfienG 2
H for which
5@ = M — G- bye (5.1)

We have denoted this function By — Gto indicate that applying this construction

at eachG 2 X generates a parametric class of univariate functiois-G: G2

X, Just as well, this class of univariate functions comprise a bivariate function
A X X! K. The property (5.1) is referred to as tleproducing propertyf the
function”™. We emphasize to the reader that, under our conventions, inner products
are conjugate linear in the rst coordinate.

An especially interesting thing happens if we invoke the reproducing property (5.1)
for the special choic&® = ~1 — &, which gives

MG-B= M — G- — Bipye (5.2)

We see that the bivariate functiohtabulates the pairwise inner products of its
univariate restriction$! — & By Hermiticity of theH-inner product, we conclude
that

MG-B=m1-G-1 &, =M -@-1 -G, =" &

The function” is Hermitian, i.e., conjugate symmetric. Additionally, given any
( nite) set of pointsD X, the function matrix**D-D° is psd (see De nition 3.1).
To see thus, observe that for anyp KP,

~ ~

0
¢ MD-D°c = 220 MG-B= 220 -G~ - @iy
G-@D G@D ) +
o) o)
= 2M-6 2pM-& o
@D &2D

The inequality is positive de niteness of thé-inner product. We conclude that
MDD is psd. Consequently, the functiéns a positive-de nite kernel function
(De nition 3.2). Thus, a more appropriate name for the functiasthereproducing
kernelof H.

Example 5.3 (Reproducing kernel foH). We return to the case dfi'1»0-1Y,°
introduced in Example 5.2. Sindé'1»0-1%9s an RKHS, it has a reproducing
kernel® : »0-1¥4! K satisfying the property that

1
1

5@ = AT_@510°, m~t—05%0° do (5.3)
0
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Figure 5.1:Left: Univariate restrictiong! — @ of Sobolev kernel (5.4) fod = 025
andO = 0<5. Right: Contour plot of Sobolev kernel (5.4).

forany 5 2 H11»0-1¥4° We can recover the value &fat any point just by integrating
against it and its derivative. Neat!

A formula for ~ can be found by integrating the second term of (5.3) by parts and
solving an ODE boundary value problem [Sch07, Y2.11]. The resulting formula is
cosHmintG-®cositl maxG-&®
&= : .
sinht1°

The property (5.3) can be veri ed analytically or checked for example functions
5 and valuesGusing a symbolic computing environment like Mathematica. An
illustration of this kernel is provided in Fig. 5.1.

/\1G

(5.4)

Spaces from kernels

So far, we have de ned the notion of an RKHS and showed that every RHHS
has a reproducing kernél (that is, a positive-de nite kernel function satisfying
the reproducing property (5.1)). Often in practice, we would like to in the reverse
direction: Begin with a seX, endow it with a positive-de nite kernel functiofy,

and obtain an RKH$ for which » is the kernel. This construction is possible in
view of the Moore Aronszajn theorem [Aro50, p. 3.44]:

Fact 5.4(RKHSs from kernels)Every positive-de nite kernel functiohon X gives
rise to a uniqueH over which is the reproducing kernel.

Proof sketch.Notice that the span of univariate restrictions of the kerriel G
form an inner product space, where the inner product is de ned by the relation (5.2)
and extended to linear combinations by sesquilinearity. This space may then be
upgraded to a Hilbert space by taking the closure. O
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This result speaks to how kernels aedin practice to learn from data. One begins
with a dataseD belonging to some ambient spaXetypically X = R3. Then one
selects a kernel for this data, typically from some standard functional form, such as
the square-exponential kernel

. X X
Aelx—x"j f o = exp % (5.5)
or the Laplace kernel
/\Laplx_xoj fo= exp M . (56)

f

Here,jjj Jjj is a norm, typically the; or > norm. Hyperparameters for these kernel
families, such as the bandwidthin (5.5) and (5.6), are picked either by ad-hoc
techniques like the median heuristic [GJK18] or by systematic procedures like cross
validation [LLJD+20]. One then uses this selected ket perform some data
analysis task like interpolation (Section 5.2) or regression (Section 5.4). Fact 5.4
guarantees the existence of an RKH®r which” is the kernel, and the ne details

of the Hilbert spacéd are typically not needed.

The kernel as a nonlinear inner product

There is another interpretation of kernel functions and RKHSs that can be useful.
The kernel* can be seen as de ning a sort of nonlinear inner product on a general
spaceX. More precisely, there existsfeature mapg : X ! K mappingX into a
Hilbert spaceK over which” coincides with the inner product

MG-B= hgl@— ¢ CPige

The spac« is called thefeature spaceThe feature map and the feature space are
not unique, but a natural choice of feature space is given by the RKit®If. With
this choice, the mapping : G7! ~t —Gconstitutes a feature map, in view of (5.2).

5.2 Kernel interpolation

Having established the RKHS formalism, let us see how it can be used to learn
from data. Consider the task of learning a functional relaonX ! K from

input output pairs'G—I°—<++G-KH° 2 X K. For convenience, we may
package the inputs into a multisBt= fG—«++—=Gand the outputs into a vector

y = 1H;: G2 D° 2 KP. (In the case wher® has repeated elemer®= G for

8< 9 we abuse notation and pernit, andHg, to be di erent values.)
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If we assume that the output valuklsare provided to us without noise, it makes
sense to seek a modet X! K thatinterpolateshe data at the provided points:

61@ =H; forall G2 De

The interpolation condition may be written more concisel$pd3° = vy.

There are in nitely many function§ 2 H interpolating the data. Of these, it is
natural to select the interpolating functiérof minimum norm Indeed, if we think

of the RKHS norm as a measure of the smoothness (as in Example 5.2) or complexity
of a function, seeking the minimum-norm interpolant can be thought of as nding
the interpolating function of minimum complexity (cf. the Occam's razor quote at
the beginning of the section).

Finding the interpolating function of minimum norm is an optimization problem
over the typically in nite dimensional spadé:

6 = argmink6kye (5.7)
62H
61Do=y

Remarkably, this optimization problem has a closed form solution:

Theorem 5.5 (Kernel interpolation: Solution formula)Let D be a nite set of
points and lety 2 KP be output values. AssuméD-D° is nonsingular. Then the
optimization probleni5.7) has the following unique solution

O
6= A _@Vs where# ="D-D° lye
@D

Theorems of this type, which show that an in nite-dimensional optimization prob-
lem over an RKHS has a nitely parametrized solution consisting of a linear com-
bination of kernel functions, are known epresenter theoren{$S02, Y4.2]. For
completeness, and because the proof is beautiful and revealing, we shall provide
a proof of this representer theorem in the rest of this section. Code for kernel
interpolation is provided in Program 5.1.

Remarlb.6 (Interface for kernel methoddyor the programs in this thesis, we use a
common interface to implement kernel methods. Setsadta pointd K2 are
collected as rows of an 3 matrix D. A univariate functiong can evaluated on a
set of inputs61DP asg(D) . Similarly, the evaluatiot*D—E° of a bivariate function

A can be evaluated &sppa(D,E).
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Program 5.1kernel_interp.m . Code to compute the kernel interpolant through
datay.

function [g,beta] = kernel_interp(y,kernel,D)
% Input: Outputs y, kernel function kernel(x,x"), and inputs D
% Output: Kernel interpolant g and coefficients beta

beta = kernel(D,D) \ v; % Get interpolation coefficients
g = @(X) kernel(X,D) * beta; % Define interpolant

end

Underdetermined systems of linear equations
To motivate the proof of Theorem 5.5, we shall begin with a review of the theory of
underdetermined systems of linear equations in nite dimensions.

The linear least-squares problem

x = argminkHx ck forH2 K< "—c2K*
x2K=

is well-known, as are the normal equations characterizing its solution:
H Hx=H ce

There is a parallel theory, usually not covered in introductory linear algebra classes,
for the minimum norm solution to an underdetermined system of equations
X¢ = argminkxk for H2 K= ¢ 2 K™ (5.8)
X2K*<

H x=c

The result is this:

Theorem 5.7(Minimum-norm solution to an underdetermined systeAgsumeH
has full column rank. Them = HtH H° ¢ = tHY° ¢ is the unique solution to
(5.8).

Proof. Decompose any solutionto H x = ¢ as an orthogonal sum = X¢ , X»
of a componenkg 2 rangéH° and a component; 2 rangé H°? . The orthogonal
complement ofangé H° is the nullspace oH , so

C=HX=H1X¢, X2°=H X¢, 0=H Xg*
Consequently, we see that is also a solution oH x = ¢, and its norm is smaller:

kxk? = kxg k2, kxo k2 kxg kP (5.9)
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Equality holds in (5.9) if and only ik, = 0. Sincex¢ 2 rangéH°, we may write
X¢ = Hyg, so that
C=H X¢ =1H Hoy;e

SinceH is full-rank, the matrixH H is invertible, soy, = *H H° lc. We conclude
thatxe = H1H H° lcis the unique minimal-norm solution td x = c. O]

Underdetermined systems of linear equations in a Hilbert space

With the appropriate apparatus, the derivation for the minimum norm solution
of a nite-dimensional system of linear equations translates e ortlessly to in nite
dimensions. We make the following de nition [Ste98; TT15]:

De nition 5.8 (Quasimatrix) LetK be a Hilbert space. AK =quasimatrix is
acollection =1%:1 8 =°ofelementsy2 K. For a matrixN 2 K= ?, the
product N is . [
& !
N = 3 g9 1 9 7?7 .
&1
The matrix vector product h is de ned analogously. For ad < quasimatrix

, the product is

= Bg-Hk:1 8 <1 9 = 2K 7

Similarly, 5=16g-5:1 8 <°for 52K.

With this de nition, Theorem 5.7 holds for underdetermined systems of equations
over a Hilbert space with the same proof.

Theorem 5.9(Minimum-norm solution to an underdetermined system over a Hilbert
space) Let be anK =quasimatrix and let 2 K=. Assume that has linearly
dependent columnstlg: 1 8 =° or, equivalently, that has full rank.
Then the system of linear system$= c has a unique solutio®2 K of minimum
norm. This solution is= * © ¢

This result immediately implies the representer theorem for kernel interpolation
(Theorem 5.5). To see this, introduce the quasimatrix

A _po=1r_@:G2D02KH P

and its adjoint
AD—0:= A1_)O » (5.10)
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Proof of Theorem 5.5By the reproducing property and (5.10),

61D° = 161G : G2 D° = 1" — G- 6y : G2 D° = "D-°6¢

Consequently, the minimum-norm interpolation problem (5.7) is equivalent to nd-
ing the minimum norm solution of the linear systé#b—°6 = y. By Theorem 5.9,
the solution is
6 = AL DO D71 Doy lye

To complete the proof, observe that

AD-_0AL Do = 1pMGo—AG- 0, : G- D°
(5.11)
= 1MG-8: G-@ D° = ~1D-D%

We conclude tha = At -DorD-De ly, as desired. O

Remarks.10 (Rank-de cient kernel matrix)if the kernel matrix® is rank-de cient,
then we have the following alternative version of Theorem 5.5:

Theorenb.11 (Kernel interpolation: General case for solution formulatD be a
nite set of points and ley 2 KP be output values. Then there is a unique minimum
norm solution6 2 H to the least-squares problem

minky 6*D°%k—
62H
and it is given by
6 = A1 -DOAID-D%Yye (5.12)

Going forward, we shall refer to the functidhfurnished by this theorem as the
kernel interpolant, even whelD-D° is rank-de cient. In the rank-de cient case,
the function6 will not interpolate the data unlegs2 rangé”~1D-D°°.

Kernel interpolation, Nystrom approximation, and error bounds

Kernel interpolation may be applied to any output dat2 KP, but something
special happens when the data 5'D° are outputs of a functios 2 H. In this
case, the kernel interpolant, now denofdtakes the form

B, = A1 _DOALID_DOY B1DP = AL _DOALD_DOYAID_05 (5.13)

We have used the version (5.12) of the conclusion of Theorem 5.5. Observe the for-
mal similarity of the right-hand side of (5.13) to the column Nystrém approximation
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(3.5) of a psd matrix. Drawing out this formal connection between kernel interpo-
lation and Nystrom approximation will give us a powerful theoretical framework.
We will develop and use this theory here to prove error bounds, and this theory will
play a major role when we extemPCholesky to in nite dimensions in Chapter 7.

De nition 5.12 (Nystrom approximation of a kernel functior)et ~ be a positive-
de nite kernel function onX and letD X be a nite subset. TheNystrom
approximationto  induced byD is

Bp1G—%5:= MG DA DDYAD— e
Theresidual kerneis *p =" Bbp.
Just as a column Nystrom approximation to a psd matrix and its residual are psd
matrices, the Nystrém approximation and its residual are both positive-de nite

kernels. The reader is reminded that a positive-de nite kernel function is more
analogous to a positi\semde nite matrix.

Proposition 5.13(Nystrom approximation of kernels).et” be a positive-de nite
kernel function orX, and letS X be subset. The Nystrom approximate kefiel
and its residualrs = bg are both positive-de nite kernels oX.

Proof. Let E X and form the matrixG := MD[ E-D[ E° 2 K'D[E°* DI E°,

Introduce the matrix Nystrém approximati@:= GHSi. One readily sees that
8plE-E° = BIE-E° and "plE-E°=1G E°1E-E°.

By Proposition 2.9, these matrices are both psd. We concludéghandp are

positive-de nite kernels. H

The following result gives a natural representation for the kernel interpolant.

Lemma 5.14(Reproducing representation for kernelinterpolabétH be an RKHS
onX,D X bea nite set of points, and 2 H. The kernel interpolan§, through
5at D admits the reproducing representation

Bi1®=Ms! -G 5, foreachG2 X.

Proof. Using quasimatrices, this result is easy. We compute
Mgt — G- b = 1AL DOAD-DOYAD-@ 5= AGPOND-DOYAID-05e

By (5.13), this expression equa'@. O
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We are tantalizingly close to proving error bounds for kernel interpolation. We need
one nal result.

Lemma 5.15(Self inner product of residual and Nystrom kerneljith the setting
of Lemma 5.14, we have

H)Dl —G—bDl _@H = bDlG—(G and H\Dl —G—’bl _@H = "DlG—‘G

Proof. To prove the rst identity, we employ the quasimatrix formalism:

Hp! —GBp! — @y = 1AL _DOAD-DOYAID_ @ 1A1 _DOALD-DOYAID- @
= ALGDOALD-DOYALID—_0AL _DOAID_DYALD— @
= MG POMD-DOYAID-DOAMD-DYAID- G
= MGPOMD-DYAD- G = bp!G-B

The third line is (5.11), and the fourth line is the ident8?SS Y = SV for the
pseudoinverse. The second identity follows from the rst:

H\Dl—@—/bl—G'H=H\1—G bDl—G—“—G bDl—@H
= MG-G 2bp1G-G hbp! —Gbp! — @} = H1G-B

The nal equality istbp! —GHp! -G = bp1G-Gand the de nition of"p. H
With Lemmas 5.14 and 5.15 in hand, error bounds for kernel interpolation follow
e ortlessly.

Theorem 5.16(Kernel interpolation: Pointwise error)nstate the setting and as-
sumptions of Lemma 5.14. Then the kernel interpolant satis es the error bound

5@ 5@ "pG-Gk5kde (5.14)

That is, the squared error &bis bounded in terms of the diagonal entry of the
residual kernel’p at G At eachG the bound is attained.

Proof. By Lemma 5.14, the error &is
5:@ Bl@=h5-41 -Gy
Take absolute values, and bound via Cauchy Schwarz:
5@ B hpt-G-H1-Gy k5k4 = ApiG-G k5k2e

The nal equality is Lemma 5.15. The bound is attained by setbrg”pt — & [
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5.3 Gaussian processes
We now discuss the theory of Gaussian processes and their applications to learning
from data, which beautifully parallels the theory of RKHSs.

De nition 5.17 (Gaussian process)et X be a set. AGaussian proces$
GP<—"° on X with mean function< : X ! K and covariance functiom" :
X X I Kis arandom functiors such that, for every nite subsé X, the
function value$1D° obey a Gaussian distribution

61D° Normal 1< 1D°—AD-OC

If < is identically zero, we say thétis centeredand write6  GP\°,

Naturally, the covariance functighis required to have the property tH&tD-D° is
psd for everyD; that is,™ must be a positive-de nite kernel. The term Gaussian
process is frequently abbreviated GP .

Remark5.18 (Existence of GPs)lhe existence of a GP with any speci ed mean
function and any positive-de nite kernel as covariance function is ensured by the
Kolmogorov extension theorem [Kle13, Thm. 14.36]. Unfortunately, this basic
existence result is not su cient to ensure that statements lke GP!<—"°is
continuous can be assigned de nite probabilities (i.e., the evéng continuous

may not be measurable). Fortunately, in most cases of practical signi cance, there
are results that are powerful enough both to ensure existence of a GP and that global
properties like continuity and di erentiability have de nite probabilities. We will

not discuss these more nuanced issues of GP theory in this thesis.

We can also use Gaussian processes to design algorithms for learning from data.
The simplest method i&aussian process interpolatiorSuppose we are given a
(nite) data setD X and corresponding labels 2 KP, and we want to learn

a functional relationshis : D ! K. We adopt a Bayesian perspective. Begin
with a prior that the true functional relationshif? : D! K is a draw from a
Gaussian proces8, GP'°; we use a centered prior for simplicity. We then model

the datay as measurements of this functign= ?1D°. We assume, for now, that

the measurements are obtained without noise. Under this modedpiititional
distributionof ? is given by the following result.

Theorem 5.19(Conditioning a Gaussian procesget ? GP° be a GP on a
base spac¥, letD X be a nite subset, and assum&D-D° is nonsingular. Then

2]f?1D°=yg GPL6—7° for 6= 1 -DoAtDDo lye (5.15)
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Figure 5.2: RKHS functionléft) and single draw of a Gaussian procasght) for
the same positive-de nite kernél The draw from the Gaussian process is observed
to be much rougher than the RKHS function.

In particular, the mean function is the kernel interpol@at12)and the covariance
function is the residual kernel (De nition 5.12).

Equation (5.15) characterizes tpesterior distribution of the Gaussian process
conditional on observing the datal!D® = y. The mear6 : X! K of the posterior
provides a model of the functional relationstip! K that interpolates the data
1G—#, and the covariance functiofpy captures the remaining uncertainty. In
particular, the posterior variance is

Vart?i@ j 21D° = y° = AplG-B (5.16)

Observe that this posterior variance agrees with the pointwise error bound (5.14)
whenk5k, = 1. We see that the diagonal entries of the residual kernel capture
the uncertainty in both the kernel interpolation and Gaussian process interpolation
settings. A notable feature of GPs is that the posterior variance (5.14) depends only
on the location of the input dafa, not the values of the output daga

The proof of Theorem 5.19 is standard, so we omit it; see [Tro23, Ch. 21] for an
introduction to conditioning results for Gaussian random variables.

Remark5.20 (Gaussian processes dont lie in the RKHBhder fairly general
conditions, draw® GP° dg not belong to the associated RKHEfor which »

is the kernel (with 100% probability)! A visual illustration is provided in Fig. 5.2,
which shows a functiorb from theperiodic Sobolev spacbl%er1»0—11/4‘and a draw

6 GP° from a GP whose covariance functidris the kernel f0|1—|;_§er1>£)—11/4.0
The GP realizatio® 8 Héer1>0—11/4?s observed to be much rougher than the RKHS
function 5 2 Hgt »0-1Y4°
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5.4 Kernel ridge regression and Gaussian process regression

Gaussian process interpolation and kernel interpolation are two names and two
interpretations for the same methodology. As the names suggest, these methods
interpolate the data. Conventional wisdom from early machine learning practice
and statistical learning theory suggest interpolation can leadéptting, yielding

a model that ts the data but fails to generalize [Bis06, YY1.1, 3.2, & 5.5]. Recent
machine learning practice has challenged this conventional wisdom, and many the-
oretical explanations for this phenomenorbehign over ttinghave been proposed

(e.g., [BLLT20; LR20; Bel21; CCBG22)).

Still, we may still have reasons to wantregularizekernel or GP tting methods.

First, for problems in lower dimensions, over tting with kernel and Gaussian process
methods may be a serious issue. Second, our data may be provided to us with noise,
and including regularization at the level of the noise may help mitigate the e ects
of noise. Third, regularizing the problem makes it better conditioned and easier
to solve with preconditioned iterative methods; see Section 6.1. Finally, even if
one wants to interpolate the data, the kernel mattiR-D° can sometimes be
rank-de cient, at least up to the resolution of oating-point errors. For such a rank-
de cient problems, adding even a small amount of regularization (say, at the level
of the machine precision) may be necessary to obtain meaningful results.

Just as before, one can develop regularized data tting methods in either the RKHS
or GP formalisms. The resulting method will be callegknel ridge regression
(KRR) or Gaussian process regressi@BPR). As a change of pace, we will begin
with the GP approach and then develop the corresponding RKHS perspective.

Gaussian process regression
Toincorporate regularization into a GP data- tting pipeline, we assume the following
model. We begin from the same assumption the true underlying relationship is drawn
from aprior distribution

? GP\o (5.17a)

We now assume that the date KP is provided to us corrupted by noise:
y="?1D° 9 where9 Normal k10— _|° (5.17b)

The parameter 0 sets the variance of the noiSe2 KP, which is assumed to
have iid entriesYs: G2 D°, independent of the GB. Observe that = 0 recovers
the data model for GP interpolation. The posterioP@fiven the data is as follows:
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Theorem 5.21(Gaussian process regressiobgt ? GP*° be a GP on a base
spaceX, letD X be a nite subset, and assumej 0. Under the noise model
(5.17b) the posterior is

?jy GP%6-4°-

where
6 =1 -DOID-DO | Yty

and

"S1G-B= MG-B MGPO#D-D, _[%MMD-&  for G- Xe

Proof. We can employ a formal device to reduce the analysis of GPR to the result
Theorem 5.19 we already know for Gaussian process interpolation. Begin by
introducing a copypPof the seD and de ningX®:= X[ D° Now, package the data
12y0 into a Gaussian proce$8 on X% by setting?’= ? on X and ?° = y on D°.

This GP is centered and its covariance functi8is characterized by the formula
n #
MD-DO, | AD-E°

AP E-DO] E° =
/\1E_DO /\1E_E0

forE X nitee (5.18)
Let us justify this statement block-by-block. Th&-1°-block is the covariance of
the output datg, and it equal$D-D°, | by (5.17b). Thé 1-2°- and*2-1°-blocks
are the cross-covariances betwgeand ?1E°, which equal the cross-covariances
between?1D° and ?*E° since the nois® is independent of. The12-2°-block is
the covariance oP*E®°, which is"E—E° by de nition of the covariance function.

The Gaussian process regression posterior condittons the output valuey.
Since ? and ?° agree onX, conditioning? on y is equivalent to conditioning®

on the evenP®D® =y, j.e., interpolating the valuegon the copied spadg®. In
this sense, the Gaussian procesgessiorprior onD is equivalent to the Gaussian
processinterpolation prior on D% Therefore, by Theorem 5.19, the posterior for
Gaussian process regression is

?IE°jy GPAE-DPNADADD ly R 1E Foo forE X nites
Invoking the formula (5.18) fof® completes the proof. O
Forlow-dimensional tting tasks with noisy data, choosing the correct regularization

__is critical to the success of GPR. An illustration is provided in Fig. 5.3, which
applies GPR to tting the ages of Nobel laureates in Physics versus the year of
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=101 =1 _=100

Figure 5.3: Fitting of Nobel laureate ages by prize year using GPR for three values
of the regularization = 10 13 (left), = 1 (middlg), and_ = 100 (right); further
details are in the text.

their prize. To apply GPR, we rst center the ages in the dataset to have mean
zero and employ a square-exponential kernel (5.5) with bandwidthb. The left

panel uses almost no regularization, and the resulting model is wildly oscillatory.
The right panel uses too much regularization, and the resulting model is nearly
constant and thus uninformative. The middle panel sits between these extremes and
produces an interesting model that captures trends in the data. In particular, this
model demonstrates that the average age of Nobel laureates was relatively stable
in the twentieth century and has since been rising. Even this goldilocks models is
perhaps more wiggly then one would like.

Remarkb.22 (Parameter selectiorifhe Gaussian process framework also provides

a natural prescription for picking hyperparameters such as the regularization pa-
rameter_ and the bandwidtli for a covariance function such as (5.5) or (5.6). In
general, assume the kerrle+ # is parametrized by hyperparametgrsUndet the

date gereration model(5.17), the likelihood (probability density) of observing the
datay is

1 on Y N 1D-D° | _|1%ly
12c032 detll\) 1D-Do, | 012 P 2

Lly;)-2=
Up to an a ne transformation, the log-likelihood is
ly;)=2= y"\D-D°, _| vly log det/y1D-D°, _|%

One can then pick the hyperparamefesnd_ to maximize the log-likelihood by an
iterative procedure like gradient descent. The computation of the log-determinant
and its gradients can be a nontrivial problem, for which algorithms based on ran-
domized trace estimation can be employed; see Part Il.



90

Kernel ridge regression
The GPR method can also be derived within the RKHS formalism. The kernel
interpretation of GPR is referred to kernel ridge regressio(KRR).

To derive the KRR problem, we begin by formulating a least-squares regression
problem over the RKH$!. Given datay 2 KP, the least-squares t

min ky 61D°k2s

62H
has in nitely many solutions, all of which interpolate the data (at least as well as

possible; see Theorem 5.11). To make the procedure more resilient to noise, we can
reformulate this problem by adding a ridge penalty term:

b= are%r;]inky 61D°k*, _k6kZ4 for_ i O (5.19)

The ridge penalty. k6kﬁ serves to penalize roughness or complexity , as mea-
sured by the RKHS norm. The (unique) solutibms the KRR regression model,
which provides a model of the input output relatidn K.

Theorem 5.23(Kernel ridge regression: Solution formuld)etH be an RKHS and
let_ i 0. The KRR problen®.19)has a unique solution, which satis es

6=~ -DODDO | [Vilys

Equivalently,
o
6= A _@Vg where# = argmink?1D-D# yk?  _# AD-DO#-e
@D #2KD

Proof sketch.First, argue that the solutiofilies in the column span of the quasi-
matrix "t -D°, arguing similarly to Theorem 5.7. Then, use the anatz*! -D°#
and solve for#. O

Code for kernel ridge regression appears in Program 5.2.
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Program 5.2krr.m . Kernel ridge regression for data tting.
function [fhat,beta] = krr(y,kernel,D,lamb)

% Input: Data y, kernel function kernel(x,x’), data D, and
% regularization lamb >= 0

% Output: Kernel interpolant fhat and coefficients beta

A = kernel(D,D) + lamb*eye(size(D,1)); % kappa(D,D) + lamb*|
beta = A\ y; % Get coefficients
fhat = @(X) kernel(X,D) * beta; % Define regression function

end
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Chapter 6

ACCELERATING KERNEL AND GAUSSIAN PROCESS
METHODS BY SUBSET SELECTION AND COLUMN
NYSTROM APPROXIMATION

Fortunately, there is a path forward. To implement kernel methods, we
simply need to approximate the kernel matrix. . . Even a poor
approximation of the kernel can su ce to achieve near-optimal
performance, both in theory and in practice.

Per-Gunnar Martinsson and Joel A. TroRandomized numerical
linear algebra: Foundations and algorithnfils1 T20]

In last chapter, we saw how to use the theories of reproducing kernel Hilbert spaces
(RKHSSs) and Gaussian processes (GPs) to develop methods for learning from data.
Throughout this discussion, we had little to say aboutdbmputational cosof

these methods. When run on a datd3elf sizejDj = =, direct implementation of

all the methods in the previous chapter require forming, storing, and factorizing the
= = kernel matrix**D-D°. This incurs a heavy computational cost, sometimes
called thecurse of kernelizatiofpWCV12]:

Curse of kernelization. The cost of implementing kernel interpolation,
kernel ridge regression, and many other kernel methods data points
using stardard direct linear algebra mettods requiresO*=2° storage and
0O1=%0 gperations.

\ 7

In this chapter, we will see hoRPCholesky and other psd column subset selection
methods can be used to accelerate kernel methods, resulting in faster algorithms.

We say up front that there is no free lunch héR®Cholesky and other psd low-rank
approximation are e ective for kernel problems when the kernel mati-D° is
well-approximated by a low-rank matrix. Fortunately, many kernel matrices possess
this property, so the approaches described in this chapter have wide though not
universal applicability.

Sources.Section 6.1 is adapted from the paper
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Mateo Diaz et alRobust, Randomized Preconditioning for Kernel Ridge Regression
July 2024. arXiv:2304.12465v5

Section 6.2 is adapted from the origiRPCholesky paper

Yifan Chen, Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. Randomly
Pivoted Cholesky: Practical Approximation of a Kernel Matrix with Few Entry
Evaluations . In:Communications on Pure and Applied Mathemati8ss (2025),

pp. 995 1041.doi: 10.1002/cpa.22234 .

The material in Section 6.3 is new.

Outline. Sections 6.1 to 6.3 present three approaches to accelerating KRR (equiva-
lently, GPR) usingRPCholesky or other psd column subset selection algorithms;
these sections are ordered from most expensive and most accurate to least expensive
and most approximate. Section 6.1 discusses URIiAGholesky to precondition

the KRR linear systems; this approach leads to full accuracy, but reqir&8 op-

erations even under favorable conditions. Section 6.2 discusses the restricted KRR
problem, a cheaper approximate version of KRR with a reduced cadtof=°,

where: is a user-tunable subset size. Section 6.3 discussesRBiGgolesky for

KRR in the setting ofctive learning problems

6.1 Column Nystrém preconditioning

Our rst way of using psd low-rank approximation methods to accelerate kernel
methods is vigpreconditioning Let us focus on KRR. Per Theorem 5.23, the
optimal coe cients # 2 K~ for KRR are the solution to a linear system

1G, [ =y for G:=A1D-DO% (6.1)

When=is large (say, so large that one cannot t the entire ma@ii memory at
once), it is natural to use an iterative method like conjugate gradient [Saa03, Y6.7]
to solve (6.1). However, if the matri&s, | is ill-conditioned, the convergence

of iterative methods will be slow. To improve convergence, we can form a column
Nystrom approximatio®  Gand use this approximation poeconditiorthe linear
system, resulting in faster convergence.

Let&=LL beacolumn Nystrom approximation computed by any method; we rec-
ommendRPCholesky (or, more precisely, a fast implementationRIPCholesky,

see Chapter 8) for use in practice. De ne the Nystrém preconditivier &, 1.

In practice, it is grossly ine cient to storeV/ directly. Instead, we compute an
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Program 6.1 rpcholesky precon.m . RPCholesky-preconditioned conjugate
gradient for solving KRR problems. Subroutimg/pcgis provided in Program F.5.

function [g,Betas] = rpcholesky_precon(y,kernel,D,lamb,k,iter)
% Input: Outputs y, kernel function kernel(x,x"), inputs D,

% regularization lamb, rank k, and number of iterations iter

% Output: Kernel interpolant g and sequence Beta of coefficients

% produced by PCG, stacked columnwise

A = kernel(D,D); % Generate full kernel matrix

Acol = @(S) A(;,S); % Column generation subroutine
Asub = @(S) A(S,S); % Submatrix generation subroutine
d = diag(A); % Diagonal of kernel matrix

b = ceil(k/2); % Block size for accelerated RPC

F = acc_rpcholesky(Acol,Asub,d k,b);% LRA by accelerated RPCholesky
[U,S,~] = svd(F,"econ"); % Economy-size SVD

% Define matrix-vector product, preconditioner
matvec = @(z) A*z + lamb*z;
pre = @(z) U*((S"2 + lamb*eye(k))\(U*z)) + (z - U*U™*z)) / lamb;

Betas = mypcg(matvec,pre,y,iter); % Coefficients by PCG
g = @(X) kernel(X,D) * Betas(:,end);% Define interpolant

end

(economy-size) SVIL =[ \ , from which we can apply the action dand its
inverse via the formulas
Vz=[1 A 2o 7z
Viz=[1t 2 jolyy o  liz [ 0. (6.2)

To solve (6.1), we run preconditioned conjugate gradient (PCG) with preconditioner

V. The matrixG, _| is applied via the formuldaG, 1°2= Gz, _z and the

inverse-preconditioner is applied via the formula (6.2). See Program 6.1 for an

implementation. (Note that we use the fasieceleratedversion ofRPCholesky
algorithm for our implementation; see Section 8.4.)

Computational cost. The computational cost of KRR with column Nystrom pre-
conditioning consists of generating the entries of the kernel m&rix ~1D-D°,
forming the preconditioneY, and performing iterations with preconditioned con-

jugate gradient. We analyze the cost of two variants, a high-memory version where
the kernel matrixGis formed once and stored, and a low-memory version where the

kernel matrix is regenerated each PCG iteration. We denoteibgr the number
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Implementation High-Memory Low-Memory
Storage Q1=20 Ot:=o
Runtime OG | nitePr=?_ :2= Olniter G=2, :2=°

Table 6.1: Storage and runtime costs for low-memory and high-memory column
Nystrém preconditioned kernel ridge regression. Heiteris the number of PCG
iterations andz 1 the number of operations required for a single kernel function
evaluation.

of PCG iterations an@ 1 the number of operations required for a single kernel
function evaluation.

First, suppose that we generate and store the whole kernel matrix once, requiring
0O!=2° memory andOG=%° time. Afterwards, computing and factorizifg =

[ \ using most column Nystrom method®RCholesky, RLS sampling via the
RRLS algorithm, uniform sampling, greedy selection) requidés?=° operations.

Each PCG iteration consists of one matvec With _|, costingO=2° operations,

and one invocation of the primitive (6.2), costi@j:=° operations. The total cost

is thusO11G | niteP=? , :2=° operations.

Second, suppose we regenerate entries of kernel matrix on an as-needed basis.
The storage costs are now dominated by storing the fdctoreeded for the
inverse-preconditioner operation (6.2), requrdg =° memory. Forming the pre-
conditioner require®1G:= , :2=° operations, and each PCG iteration requires
01G=? :=° operations, since we must regenerate the matrix at each iteration. The
total cost is thu® tniter G=?, : 2=° operations.

Table 6.1 compares both implementations. These implementations represent a clas-
sic time space tradeo . Regenerating the kernel matrix makes each PCG iteration
signi cantly more expensive but also cuts the storage costs dramatically.

Analysis. How many PCG iterations are required ®PCholesky-preconditioned
KRR to converge? The following result provides a partial answer:

Theorem 6.1(RPCholesky preconditioning) Fix _ j Oand psd matrixG 2 K= ~.
Introduce thdail rank
( & )
Oigit °=min A O: I o G
&A1
executeRPCholeskyfor :  dgjt °11, logitrt GP«_°° steps to produce low-rank

approximationé, and instantiate th&PCholeskypreconditione = é, _|. With
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90% probability, the preconditioned condition number is controlled as
condV 121G, [ov %0 30

Consequently, PCG produces a solutifi™"” satisfying the guarantee
kit #kg | Y ki#tkg |

after at mostiter d 6logt2s Yee steps. Herekzkg = 1z Sz°*2 denotes the
norm associated to a positive de nite matisx.

A slight strengthening of this result and its proof appear in [DEFT+24, Thm. 2.2].

We conjecture that Theorem 6.1 holds with the tail dimensign _° replaced
by the e ective dimensiorde * °, de ned in De nition 3.16. To get a sense of
the di erence betweerl;* ° andde * °, suppose the dimensianis very large,
and consider a matrix with polynomially decaying spectrughG® = 8 ?, where
? i 1is xed. The tail rank and e ective dimensions adg;* °= 1 1'? T
andde 1 © = 1 1?0 For a small power, sap = 2, these parameters are
Gait® ©= 1 10anddgl ©= t 12 leading to a dramatic di erence when
1. For large? (or high_), the distinction between tail rank and e ective
dimension is less signi cant. Ultimately, the missing link that would allow us to
replacedigjt_°in Theorem 6.1 byle * ° is better bounds foRPCholesky in the

spectral norm; see Section 11.1 for discussion on the types of bounds | conjecture.

Parameter selection.There are many approaches to choosing paramete®Her
Cholesky preconditioning. One approach, useful in memory-constrained settings,
is to just choose the parameteras large as memory will allow. A second rule

of thumb, guided more by runtime considerations, is to:set =12, so that the

Ot 2=° cost of forming the preconditioner is comparable to @&2° cost of a
single conjugate gradient step. Since many CG steps are typically required, | would
recommend values of 3pE or: lopE. Last, one can use the residual trace

to set the approximation rank, runnilRiPCholesky until the trace of the residual
matrix falls below a tolerance. The parameteprovides a natural guide for the
scale of the tolerance.

Experiment. Here, we report an experiment performed by myself and coauthors
in [DEFT+24, Fig. 6]. Here, we apply several column Nystrom preconditioners to
predict the highest occupied molecule orbital energy=fer 5 10* data points
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Figure 6.1: Relative residualeft) and SMAPE test errorright) for column
Nystrom-preconditioned conjugate gradient with greedy (blue circles), uniform
(purple squares)RPCholesky (orange asterisks), and no preconditioning (yel-
low).

from the QMQlataset [RvBR12; RDRv14]. We set the approximation rank to be
: := 10°. For each choice of KRR coe cient#, we report the relative residual

kirniD-DO | [°#  ykekyk
and the symmetric mean average percentage error

¢ .| HesP jtesP.
SMAPElyltESP—blteSPO — l G Jl_b bg | _
< a1 1j l_gtesf)j . J b_gtesf)jo.z
computed between the test dgtst and the predicted valugst®s® = r1ptest_poy
for the test data.

Results are shown in Fig. 6.1. We see that, on this exani&;holesky out-
performs the other two column Nystrém preconditioning strategies, achieving the
lowest possible test error in about 60 iterations versus 100 iterations for the other two
methods. More than anything, this example illustrates sbatepreconditioner is
absolutely necessary to solve this problem using an iterative method, as the method
fails to converge at all without preconditioning.

Figure 6.1 shows just a single example of the success of Nystrém preconditioning.
See [DEFT+24, Y2.1] for many more experiments, including performance plots
which demonstrate th&PCholesky preconditioning is generally the most e ective
column Nystréom preconditioning method among available strategies on a testbed of
examples.
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6.2 Restricted kernel ridge regression

Even in the most optimistic setting, column Nystrom preconditioning for KRR still
requires worlkquadraticin the data size. In this section, we will develop methods
with a runtime that is, in principldjnear in size of the data. More precisely, we
will describerestricted kernel ridge regressipan approximate form of KRR that
requires at mosD!:=° storage andD?!: °>=° time, wherel : =is a tunable
parameter. Larger values oftypically leads to more accurate results, at the cost of
being more expensive.

Description of restricted KRR method

We have largely described kernel and GP tting algorithms in abstract terms, as
minimum norm interpolants in a Hilbert space, solutions to in nite-dimensional
regularized least-squares problems, or as conditional expectations of Gaussian pro-
cesses. More prosaically, kernel interpolation is just interpolation of scattered data

1G—# by a linear combination of functiorfs — Gfor G2 D:
0

6= M-GL (6.3a)
@D
For KRR, we t the data by a function of this form that minimizes a regularized
least-squares loss. More precisely, following Theorem #48,chosen to satisfy

# = argmink®1D-D# yk?  _ # ~D-DO#e (6.3b)
#2KD

To reduce computational cost and obtain a médeD ! K with fewer parameters,

it is natural to consider a restricted version of the full optimization problem (6.3)
where# 2 KP is only permitted to be nonzero in selected position§  D.
Denotingﬁ = #1S°, we have the followingestrictedversion of the KRR problem:

o
b= M_@) (6.4a)
Q@S
with
B = argmink*1D-S°®%  yk? B ~1S-SoB. (6.4b)

#2KS
We call (6.4) theestricted KRR methodts solution satis es th@ormal equations

SIS DOAD-SO | AS_SOLE = MG DOye (6.5)

The landmark se® is xed during restricted KRR, though it can (and should!) be
adaptively selected based on the datasing a procedure suchB®Cholesky. The
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landmarksS can be chosen by a psd column selection algorithmRiREholesky.
To facilitate comparison, we call (6.3) tial-data KRR methad

Observe that the restricted KRR problem (6.4b) is a regularized least-squares prob-
lem of dimension= :, where: = |Sj. Its solution de nes a regression functién

that can evaluated at a point using onlkernel function evaluations; compare to
the=kernel function evaluations required to evaluate the full KRR model (6.3a).

Remark6.2 (History and terminology)Methods for simplifying a regression prob-

lem by using only a subset of basis functions date back at least to work on scattered
data interpolation in the 1980s [Wah90, Ch. 7]. The modern literature on restricted
KRR began in the GP community with the work of Smola and Bartlett [SBOO0],
who coined the namsparse Gaussian process regress(8GPR). The method
reemerged in the kernel literature in the work of Rudi, Camoriano, and Rosasco
[RCR15] as théNystrom method

| nd the terms sparse Gaussian process and Nystrom method both to be po-
tentially misleading. In sparse Gaussian process regression, it otheient
vector# that is sparse, not the kernel matrix or the target sollio@onfusingly,
methodologies where one designs a kernel with compact support [Wen04, Ch. 9]
or zero out small entries in the kernel matrix, resulting in a sparse kernel matrix,
are also common [FGNO6]. As we have seen already and will continue to see in
this thesis, there are several non-equivalent ways of using Nystrom approximation
to accelerate the solution of KRR problems, so the term Nystrom method can also
be ambiguous. For these reasons. | use the term restricted KRR for (6.4), which
my co-authors and | introduced in [DEFT+24].

Restricted KRR as Nystrom approximation of the kernel

So far, we have presented restricted KRR as an ad hoc solution to reduce computa-
tional costs. We can also give interpretations of this method in both the RKHS and
GP formalisms. We look at the RKHS formalism rst.

Recall that a subs& D induces a Nystrém approximation
AlD_SOAlS_SOY/\lS_DO

to the kernel matrix**D-D° and a Nystrom approximation of the entire kernel
function”:
BsiG-B= rGSNMS-SVYNMS-&  for G- X»
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This observation leads to an interpretation of restricted KRR, which was suggested
to me by Yifan Chen:

Theorem 6.3(Restricted KRR as Nystrom approximation of the kernebt S

D X be nested nite subsets of a base spX¢and lety 2 KP be data. Assume
the regularization parameter j 0 is positive and the kernel matrix1S-S° is in-
veriible. The restricted KRR functidhgiven by(6.4a)is the output of the full-data
KRR method applied to the daya2 KP with the Nystrom approximate kernel:

B = bt -DOsPgiD-DO . |Vslye (6.6)

To prove this result, we will employ the following lemma:

Lemma 6.4(Nonsymmetric ridge regression identitp)etH4d 2 K~ - be matrices,
and choose 2 K to ensure that the matrix inverses below are well-de ned. Then

IHI , _I°tH =H4H , _I°o%

The caseH = | , yields the identitH H, 1° 'H = H *HH , _I°, useful in the
analysis of ridge-regularized linear regression, which may be called the (symmetric)
ridge regression identity. The formula is easily checked by multiplying to clear the
inverses and checking that the left- and right-hand sides agree. It may also be
derived using the Sherman Morrison Woodbury formula.

Proof of Theorem 6.3Let denote the right-hand side of (6.6). Our goal is to show
b= . We prove the casej O.

Using the de nition of the Nystrom-approximate kernel, we may write
=M _gonig So g poynip-gonig ge aig po o [ye

IntroduceH = AD-S°21S-S° 1 andl = A1D-S°, and invoke the nonsymmetric
ridge regression identity to obtain

= A1 _SO0y\1G_S0 1/\18_D0/\1D_So |1/41/\15_So 1/\1D_SOy
= AL_SOS_DOAID-SO | A1S-S01/,1A1D-Soye

Utilize the normal equations (6.5) to complete the proof. ]
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Sparse Gaussian process regression

The GP framework provides alternative perspectives on the restricted KRR method.
In their original work, Smola and Bartlett [SBOO] introduce SGPR as a way of
restricting the GPR problem to a subset of basis functions to increase computational
e ciency, similar to our original derivation of restricted KRR above.

One may also develop probabilistic interpretations of restricted KRR. The easiest
interpretation is that restricted KRR is equivalent to ordinary Gaussian process
regression on theestricted prior

B = E»? ] ?1S%%

The restricted prio averages out all the randomness in the initial pfiaxcept

at the landmark pointS. The equivalence of this approach with restricted KRR
follows from Theorems 3.13 and 6.3. There is also a more sophisticated probabilistic
interpretation due to Titsias [Tit09].

Experiment

Experiments for restricted KRR witRPCholesky and other column Nystrom
methods on a scienti ¢ dataset are provided in [CETW25, Y4.2]. Here, we provide
a more conceptual experiment to illustrate the bene tRBCholesky as a method

for selecting the subs& for use with restricted KRR.

We consider the task of tting a functios: R?! RfromdataD R?andy =
5:D° 2 RP. For concreteness, we choose the function t6he = sintl!G, G+10°
andD to consist of = 10 points inR? forming a smiley face with radiuk0; see the
right panel of Fig. 6.2 for illustration. We use the Matérn-5/2 kernel with bandwidth
f =40, and we set the regularization ta= 0.

Results for restricted KRR with botRPCholesky-selected points and uniformly
selected data points are shown in the right panel of Fig. 6.2. We see that the error,
measured as the largest di erence between the true fun&iand the modeb on
the dataseb,
error:= maxj5x°® 6x°j-— (6.7)
x2D

is substantially lower foRPCholesky restricted KRR than uniform restricted KRR.
An explanation for why can be seen in the left panel of Fig. 6.2, which shows
: = 100points selected either BigPCholesky or uniformly at random. Each eye
comprises just’?>  =data points, which are easy for uniform sampling to miss.
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Figure 6.2:Left Error (6.7) for restricted KRR witlRPCholesky-selected points
(orange asterisks) and uniformly selected points (purple squares). Lines show the
median of 100 trials, and shaded regions show the 10% and 90% quaRiidgt:

Sets of: = 100 points selected either BRPCholesky or uniformly at random,
overlayed on the data (black translucent circlesRPCholesky is seen to produce

an even coverage of the data, whereas uniform sampling misses the right eye.

RPCholesky, by contrast, selects points that are well-distributed across the whole
data set, including both eyes.

6.3 Active learning for kernel interpolation and ridge regression

So far, we have seen two approaches to thaRP€holesky and other subset selec-
tion algorithms to improve the e ciency of KRR. First, in Section 6.1, we employed
column Nystrom approximations to precondition the full-data KRR problem. Under
ideal conditions, the cost of this approach was as lo® &s° operations. Next, in
Section 6.2, we used subset selection algorithmestrict the KRR problem to a
set of: selected centers, at a cost@t: °=° operations. In both of these sections,
we assumed access to a dataset ofata pointsD X with labelsy 2 K=. In

this section, we will consider aactive learning settingvhere we are given just the
unlabeled training dat X and must choose what data to label.

For now, we suppose the set of data poidtso potentially label is nite. Unlike

our other settings, the assumption tBais nite is non-vacuous; one can imagine
applications where there is an in nite set of points that we could label. We will
return to this in nite setting in Chapter 7. Given the €stwe can select points

to label by runningRPCholesky (or another subset selection algorithm). After
we have a subse&® D, we are free to t whatever model we want to the data
S and labelsy 2 KS. In this framework, it is most natural to use a kernel or GP
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Program 6.2 rpcholesky active_krr.m . Active kernel ridge regression with
data points selected ByPCholesky. Subroutinekrr andacc_rpcholesky are
provided in Programs 5.2 and 8.4.

function [g,beta,S] = rpcholesky_active_krr(y,kernel,D,lamb,k)

% Input: Outputs y, kernel function kernel(x,x"), inputs D,

% regularization lamb, and number of points k

% Output: Kernel interpolant g, coefficients beta, and subset S

Acol = @(S) kernel(D,D(S,))); % Column subroutine

Asub = @(S) kernel(D(S,:),D(S,3)); % Submatrix subroutine

d = ones(size(D,1),1); % Diagonal of kernel matrix
b = ceil(k/2); % Block size for acc. RPC

[~,S] = acc_rpcholesky(Acol,Asub,d,k,b); % Subset selection by RPC
[0,beta] = krr(y,kernel,D(S,:),lamb); % Apply KRR

end

method, like kernel interpolation or KRR, to t the data. One could also combine
kernel-based subset selection with any type of machine learning method such as an
arti cial neural network. Code for active KRR witRPCholesky is provided in
Program 6.2, and theoretical guarantees are provided later in Corollary 7.6.

Remark6.5 (Is this active learning?)rhe term active learning is contested in the
literature. Miller and Calder suggest drawing a distinction betveeeeset methods
which leverage the geometry of the underlying dataset. . . but not the set of labels
observed at labeled points during the active learning process aeiiek learning
methods which use both the geometry of the data Beand the observed labels

H; at queried points5 2 D [MC23, Y3.1]. Other researchers do not make this
distinction and refer to any machine learning that chooses points to label as an active
learning method [CP19; MMWY22]. We shall adopt the second de nition in this
work, though our methods would be described as a coreset method in Miller and
Calder's taxonomy.

To testRPCholesky as a method for active learning, we apply active kernel inter-
polation to= = 10° randomly selected points from tt8JS\ataset [BSW14]; we
hold out an additionat randomly selected points as a test set. Data is standardized.
We compare active kernel interpolation with subsets selected uniformly at random
to those selected BRPCholesky. As the kernel, we use a Laplace kernel with

2 distances and bandwidth = 4. As a baseline, we also report the errors with
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Figure 6.3: Comparison of active (line solid lines) and restricted (dark dashed lines)
kernel interpolation with subs@& selected byRPCholesky (orange asterisks) or
uniformly at random (purple squares).

restricted KRR (with regularization parameter 0) using the same subseds

Results are shown in Fig. 6.3. We see tR®Cholesky active kernel interpolation
outperforms active kernel interpolation with uniformly selected points for most
values of: ; the bene ts are pronounced when the number of labeled points is
small, say,, Y 100. The baselines results for restricted KRR show much smaller
errors than the active learning methods, demonstrating that it is valuable to use label
informationHz at each poinG2 D if it is available.



105
Chapter 7

TO INFINITE DIMENSIONS

One should never try to prove anything that is not almost obvious.

A sentiment attributed to Alexandre Grothendieck by Allyn Jackson in
As if summoned from the void, the life of Alexandre GrothendizeiO4]

We have seen thBRPCholesky algorithm is e ective at producing low-rank ap-
proximations to a psd matrix. In the previous chapter, we applied this algorithm to
the kernel matrix associated with a nite set of data points, and we used the result-
ing low-rank approximations and subsets of landmark points to accelerate kernel
machine learning algorithms.

In Chapter 5, we worked with kernets: X X! K de ned over an in nite base
spaceX, but we only applied)RPCholesky to kernel matrices*D-D° associated
with nite subsetdD  X. It is natural to ask:ls there an in nite-dimensional
version ofRPCholeskythat we can use to construct low-rank approximations to the
in nite kernel function™ and to identify landmark pointS X for the in nite set

X? This chapter answers this question in the a rmative.

Sources.This chapter is based on the following paper:

Ethan N. Epperly and Elvira Moreno. Kernel Quadrature with Randomly Pivoted
Cholesky . In: Advances in Neural Information Processing Syst&®g2023),

pp. 65850 65868.url : https://dl.acm.org/doi/10.5555/3666122.36689

97.

The material has been signi cantly expanded, including a much lengthier introduc-
tion to the functional analysis setting, the new Theorem 7.1 (generalizing Theo-
rem 4.1), and a new application to active kernel interpolation in Section 7.4.

Outline. Section 7.1 sets the stage by introducing appropriate operators and func-
tion spaces for in nite-dimensional low-rank approximation. Section 7.2 presents
the in nite-dimensionaRPCholesky algorithm, and Section 7.3 discusses imple-
mentations of this procedure using rejection sampling. Sections 7.4 and 7.5 provide
applications to active learning and quadrature.
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7.1 Mathematical setting

In this section, we develop a functional analysis setting for low-rank approximation
of kernels and subset selections on general, possibly in nite sets, following the
treatments given in [HB04; Bacl17; BBC19; EM23]. Inspired by the Grothendieck
guote at the start of this chapter, our goal will be to develop a function space setting
where the in nite dimensional extension BiPCholesky and its analysis is a direct
translation of the ordinary matrix setting.

Function spaces.Our setting will be a topological spae¢eendowed with a Borel
measure , upon which we de ne an RKH$! of functions5: X I K. We let
A X X1 Kdenote the reproducing kernelldf which we assume is continuous.

This setX supports two spaces of functions, the RKH&nd the space of square
integrable function&?1" °. The relation between these spaces will be crucial to our
development. To ensure these two spaces place nicely with each other, we make the

assumption that the kernglis integrable along the diagonal:
1

MG-GIN e Y 1
X
andthatisdensein.?t" °, These assumptionsimply thais compactly embedded
in L?1" ° [HBO4, Prop. 2].

Discovering the integral operatorSinceH is compactly embedded i?t" ©, the
identity mapping 5 := 5de nes a compact linear mga H'! L2 °. The mapg
forgets that a function5belongs tdH and treats it as a function irf2" ©. Introduce
the symbol :=] for its adjoint. The adjoint : L?2°° 1 H maps a function
D2 L2t © (which, in general, can be quite rough) to a smooth functién 2 H.
What could this mysterious operatorbe?

We shall discover the correct answer by a formal calculation. D.2tL21" ° and

52 H be arbitrary, and compute the inner product
1

H5-D2z 0= 5:CDAd 13
X
Recall that the adjoint is de ned via the relatibfb —D2:-o = h5—-D 1, SO we must
nd a way of introducing theH inner product. To do so, employ the reproducing
propertyh5 -2~ G = 5'@ to obtain

1

H5-D20= h5-2-G{D'Cd G
X
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Pull the integral ove6into the inner product, yielding
1

H5-Damo= 5- M—@I@d @ = h5-Pige
X H

We conclude that the adjoint =] is the integral operator
1

D= M_@)ed G (7.1)
X

A rigorous version of this argument is provided in [HB04, Prop. 2].

Properties of the integral operatorThe integral operator, de ned by (7.1), can
also be seen as an operator lott" ©, which we denote |20, 210. Using the
forgetting map]: H! L2t ©, this operator can be written

L21°0] 210 = |21°0] H ]: ]] ¢

Thus, since the inclusion operafios compact (sincél is compactly embedded in
L?1" 9), we conclude that | 2.0 210 iS cOmMpact and psd.

To this point, we have been very careful about domains and codomains of linear
mappings; we will now permit ourselves to be more lax and will use refer to the
transformation (7.1), whatever its domain and codomain are. Sins& compact

psd operator oh?!" ©, it admits a spectral decomposition

o
= e (7.2)
&1
where 1 0 are the eigenvalues of andf4gg form an orthonormal

basis ofL?1" °. (We will tacitly assume that?t* ° is in nite-dimensional for this
chapter, though the formalism all carries through for nite-dimensional spaces as
well.) Here, we let

D = D 210 L2001 K

denote the adjoint of a functidd2 L2t °, identi ed with the linear transformation
U7! UDfromK! L2t"°,

In addition to being compact, the operatopn 21" ° is trace-class. Its trace is
1

trt °=  AMG-Gi'e (7.3)
X

This conclusion may be derived formally as follows. . Observe that an arbitrary
function inL21" °© can be represented a linit= lim=y ! a1 44.°D. Therefore,
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we Compute
1 1 @
AlG—‘{}j\ - 481@148A1 _@)d‘ 1(3)
X X a1

1 @ 1

= MA-HIEPd 1G° 48 d 1@

X a1 X

@ 1 1

= ME- L@ d 1@ 4GP d 1GP
g1 X X N
€] €]

= h48—@.|_21‘0: _8:trl Oe
81 81

A rigorous proof of (7.3) is provided in [SS12, Thm. 3.10].

From the eigendecomposition (7.2), we can de ne the operator square root

Q
1.2 = _é.24848 . L21‘ 0] L21‘ Oe
&1
In fact, the range of the linear transformatioti? is H and the map 1*2 : L% 0 |

H is an isometric embedding. To see this, rst tdk& H and compute
ku(EZl‘O = D- Q21‘0 = hD- DH =h 1.2D_ l'ZDH =k 1'2D(a.

The second equality is an invocation of the adjoint relatibr §2.-o = hD— 5.
SinceH is dense inL21" °, we conclude that 1*2 : L21°° | H js an isometric
embedding.

Since '2:L%1°°1 His an isometric embedding, it follows thbt *24¢gt | =
f_é'24gg§51 is an orthonormal system id. In fact, it is an orthonormal basis, and
2 is anisometry [SS12, Thm. 3.1].

The expression (7.2) constitutes an eigenvalue decomposition for the integral oper-
ator associated with the kerné] but what about itself? Does it have such an

eigendecomposition? Proceeding formally again, we compute
1 ~

€]
MG-PDEd 1= DI@= At CHg-D2io
X &1 |
@ 1 1 ~ H
= At @4 PP d 16P = At @4 DG d 1Cbe
g1 X X g1
Since this equation holds for &land allD, it is natural to conjecture that

~

e]
MG-B= G4 O

&1
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Indeed, thisviercer decompositioholds true, and the convergence holds pointwise
[SS12, Thm. 3.1].

7.2 In nite-dimensional psd low-rank approximation and RPCholesky

Having established the proper in nite-dimensional setting, we can now formulate
the appropriate low-rank approximation problem and devise an in nite-dimensional
version of randomly pivoted Cholesky to solve it.

As we saw in Section 5.2, a sub&t X induces a rank- approximation
Bs!G-8:= MGSoNS SVNMS_ &
to the kernel functior?. It also de nes the residual
AS =N bSo

These objects suggest an in nite-dimensional version of the psd low-rank approxi-
mation and column subset selection problems:

In nite-dimensional column subset selection problem. Find a subset

S Xofsize: that approximately minimizes the trace error
1 1

ASIG-QI 1@ = MGG MGSOMS-SVAS-G d G
X X

\ 7

Using the formalism developed in the previous section, we can recast this problem

in terms of integral operators. Indeed, introduce the Nystrém-approximate operator
1

b.D= bsl-@CEd 1@ (7.4)
X

Since the residual kernék!G—G= MG-G bs'G-Ts psd and integrable along
the diagonal (Proposition 5.13), the residual operator Pg is psd, and the trace

error is 1

trr b= AglG-@l 1@ (7.5)
X

Thus, choosing a subs8tto control the integrated diagonal of the resid(alis
equivalent to construction a Nystrom approximation of the integral operatath
a small trace errart ~ bgo,

Given this setup, the in nite-dimensional versionRPCholesky is natural.
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Figure 7.1: 50 random points in the unit square generateldP®@holesky (left)
and uniform samplingr{ght). Points sampled usin@PCholesky are more spread
out, demonstrating the repulsive nature of RECholesky sampling process.
RPCholesky is implemented using the uniform measure Unif :»0-1%4° and the
Laplace kernel with bandwidthO.

RPCholesky on a general spaceBegin from the empty subs&p = ;,
iterate for8= 0-12eee—: 1

1. Samplea random pivot
B1 "s!G-G Q@ (7.6)

from the diagonal of the residual kerng),!G—G Here,B ato de-
notes a random element sampled fronurnormalized nite measure
a. Thatis,PfB2 Bg= a'B°+a!X° for every measurable sBt

2. Induct the sampled pivot into the landmark sBg,1 = Sg[f B 10.

\ 7

This procedure is easy to state, but it is unclear how to implement the sampling step
(7.6). We will turn to the issue of implementation in Section 7.3.

An illustration of the landmarks selected BPCholesky on a continuous space

is given in Fig. 7.1. We see that the points produce®RBCholesky are more
well-distributed across the region, whereas points generated by uniform sampling
are more clustered. This example demonstrates thaRB@holesky sampling
process is repulsive; once a landmark is selected, it is less likely that nearby points
will be selected as landmarks.

The error bounds from Section 4.3 (Theorems 4.1 and 4.3) generalize to in nite-
dimensionalRPCholesky in the natural way. The proofs are the same, modulo
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appropriate details to handle the in nite-dimensional setting; we omit the details.

Theorem 7.1(ContinuousRPCholesky: Trace error) Instate the prevailing nota-
tion and assumptions, & landY j O, and introduce the relative error of the

best rankAapproximation i,
. _8
[ = _|_1—8:A 1 .
g1-8
The continuouRPCholeskymethod is guaranteed to produce a pivotSethieving

the guarantee 5
Etrt  bge 11y g
&A1
after running for any number of stepssatisfying
A 1

\—(,Alog Y_[ .

Theorem 7.2(ContinuousRPCholesky: Spectral norm of expected errothstate
the prevailing notation and assumptions, fet 1 andY j O, and introduce the

relative error of the best rankapproximation
Iy
[ = i8A 1-8,

g1-8
The continuouRPCholeskymethod is guaranteed to produce a pivotSethieving
the guarantee

¢
_max1El bS00 1 s Y _8
&A1
after running for any number of stepssatisfying
1 1
— Alog == -
v "9 7

Here, max © denotes the largest eigenvalue of a Hermitian operatot.n ©. In
particular, for such: and any functiorg 2 L2t ©,
a
Em6+  Dg%i0 1, Y g k6KZ, o0

&A1

Theorem 7.2 originally appeared as [EM23, Thm. 7]. The in nite-dimensional trace
error bound Theorem 7.1 has not appeared in print before; it is an immediate trans-
plant of the nite-dimensional result Theorem 4.1, originally proven in [CETW25,
Thm. 1.1], to the in nite setting.
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Program 7.1 rejection_sample.m . General implementation of rejection sam-
pling from a target distributiog*® d" *@ using a proposal distributioct @ d” 13.
function s = rejection_sample(sample_proposal,pi,tau)

% Input: Function sample_proposal() generating a sample from

% proposal distribution, functions pi(p) and tau(p) defining

% (unnormalized) density functions for proposal and target

% Output: Sample s from proposal_distribution

while true
s = sample_proposal(); % Sample from proposal
if rand() < tau(s) / pi(s) % Accept with probability tau(s)/pi(s)
break
end
end
end

7.3 ImplementingRPCholesky using rejection sampling

How could we implement thRPCholesky method in in nite dimensions? Nomi-
nally, storing even a single columr*! —Bofthe in nite kernel matrix ”~requires

in nite memory, which makes a direct implementation of in nikPCholesky
similar to Program 4.1 impossible in general. We circumvent this limitation by
implementingRPCholesky in in nite dimensions using an alternative approach
based omejection sampling

Rejection sampling in general

Rejection sampling is a standard technique in probabilistic computing, originally
due to von Neumann [von51]. See [Liu04, Y2.2] for a contemporary introduction to
rejection sampling. Suppose that we are interested in samlingt@ d” 1@ from

an (unnormalized) target distributiaggi® d *@. Assume the target distribution

is di cult to sample from directly, but that we have easy access to samples from
an (unnormalizedproposal distribution? c!@d !@. Suppose additionally
that we know that the proposal distribution bounds the target distribution pointwise,
0 g c. Withthese preliminaries, the rejection sampling procedure is as follows.
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Rejection sampling. Repeat until termination:

1. Generatea sample? c1@d 1@ from the proposal distribution.

2. Accept/reject?With probability gt ?°sc1?°, acceptby settingB:= ?
and exiting this loop. Otherwisegjectthe sample and repeat step 1.

\ v,

A program implementing rejection sampling is given as Program 7.1.

The correctness of the rejection sampling procedure is established by the following
standard result, in essence due to von Neumann [von51].

Fact 7.3(Rejection sampling)The rejection sampling procedure works: Provided
g i Oon a set of positive measure, the procedure terminates with probabibiyd
it outputs a sampl® g:@d 1G.

The proof is short and simple; see [Liu04, Y2.2] for a proof whéithe Lebesgue
measure ofR™. (The proof is no di erent for general probability spaces.)

Rejection sampling for RPCholesky
We can use rejection sampling to perform the diagonal sampling steRRer
Cholesky . We assume access to two primitive operations:

1. Kernel evaluations We can evaluate tHeG—%at any pair of point§—& X.

2. Sampling from the diagonal. We have access to an e cient procedure for
sampling? "MG-Gl 1G.

In typical machine learning applications, these primitives are easily accessible, as
(1) the kernel functior* is often given by an explicit functional form and (2) the
kernel function often satis e§1G—G= 1 for all G so sampling from the diagonal
amounts to uniform sampling from. As we will see, access to these two weak
primitives will su ce to implementRPCholesky in in nite dimensions.

Consider steBof RPCholesky. We seek a samplg 1 "s,'G-Tl" 1@ from

the target distributiorts,*G—-%l" *@. To do so, we will employ rejection sampling
with MG-G@I" 1@ as the proposal distribution. These distributions form a valid pair
for rejection sampling in view of the inequality

0 "5,!1G-G MG-G foreveryG2 X—
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Program 7.2 rejection_rpcholesky.m . Rejection sampling-based implemen-
tation of RPCholesky on general spaces.

function [S,R] = rejection_rpcholesky(kernel,sample_diagonal,k,d)

% Input: Kernel function kernel(S,T) giving m*n pairwise evaluations

% of the kernel function on the rows of an m*d matrix S and
% n*d matrix T, function sample_diagonal() giving a sample
% from kernel(x,x) dmu(x) outputted as a row vector,
% number of landmarks k, dimension d of data
% Output: Set S of k selected landmarks stored as a k*d array,
% Cholesky factor R = chol(kernel(S,S))
S = zeros(k,d); % Landmark set
R = zeros(k,k); % Cholesky factor
for i = 0:(k-1)
while true

S(i+1,:) = sample_diagonal(); % Proposal

% Quantities needed to evaluate ratio
¢ = R(1:i,2:)" \ kernel(S(1:i,:),S(i+1,3));
kss = kernel(S(i+1,:),S(i+1,:));

d = kss - norm(c)"2;

if rand() < d / kss % Accept or reject
% Update Cholesky factor upon acceptance
R(1:i,i+1) = c;
R(i+1,i+1) = sqrt(d);
break % Exit loop and sample next point
end
end

end

which holds due to Proposition 5.13.

Since we have e cient access to proposals G-l 1@, implementing this
procedure just requires the ability to evaluate the ratio

"5,!G-G_ MG-G bg,'G-G

ratiogt@ = TR MGG

To do so, we maintain a Cholesky decompositté8g-Sg = XgXg0f the currently
selected kernel submatrix and evaluattos'G using the formula

MG-G kcgt@K?
MG_G

ratiogt@® = wherecg!@ = Xg "Sg-@ (7.7)

Once a new pivoR ; is accepted, the Cholesky factor can be updated using the
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formula " #
Xs Ce'By 1° i
0 1/\1&’ 1- @10 kCglﬁ 1°k2°1°2
This rejection sampling-based implementationRPCholesky is called Rejec-
tionRPCholesky . An implementation is given in Program 7.2.

Xaliz

Computational cost

The computational cost &tejectionRPCholesky can be characterized in multiple
ways. Each execution of the rejection sampling loop requires at mastrnel
function evaluations an@?*: 2° operations to perform the triangular solve in (7.7).
Thus, 1 proposals oRejectionRPCholesky expends at most: kernel function
evaluations an®11: %° additional arithmetic operations, where 1 denotes the
number of accepted proposals. An end-to-end cost estimate is provided by the
following result:

Proposition 7.4 (RejectionRPCholesky). Program 7.2 is correct: It produces
exact samples from the continudeBCholeskyalgorithm. To measure the compu-

tational cost, introduce the relative trace error of the best raBk1° approximation:
Iy
. 0=8_8
[g:= 1
o=1-8
The expected computational cost of Program 7.2 is at most
!

O 1 .
@) — 0 — rejection sampling steps
~ !
@) 8 .2
O — 0 — kernel function evaluatiors
a1 [8 [ :
~ !
O g .3
O - 0 — additional arithmetic operations

This resultis [EM23, Thm. 4]. The main idea is that, to sanile the probability
of each proposal being acceptedris bel_...,a@"-trlG0 [ s Ergo, the expected
number of proposals is a geometric random variable with expectitignand the
result follows.

This result demonstrates that rejection sampling-b&f@@dholesky su ers from a
curse of smoothnesthe runtime of the algorithm is higher when the eigenvaluges
decrease at a rapid rate. The reason for this curse is simple. When the eigenvalues
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decay rapidly, the Nystrom approximatiobg, become increasingly close to the
kernel®. As such, the acceptance probability (7.7) goes down, requiring more
proposals to achieve each acceptance.

Elvira Moreno and | proposed a potentially costly x for the curse of smoothness in
[EM23, Alg. 4]. Here is the idea: When the algorithm begins rejecting proposals at
a high rate (say, 10 rejections in a row), solve a global minimization problem

U maxratiogtG-
@X

whereratiog!@ was de ned in (7.7). Then, run rejection sampling with the rescaled
proposal distributiotd 1"G-@I" :@. This rescaling does not e ect the distribu-
tion of proposals? U MG-GI" 1@, but the acceptance probabilities are scaled
by a factorU 1. SinceU 1, this has the e ect of boosting the acceptance proba-
bilities. This procedure can be very e ective; our paper [EM23] reports speedups
of 39 over the non-accelerated version. However, the acceleRegattionRPC-
holesky procedure requires solving a global nonconvex optimization problem over
the domainX, which can be computationally costly. The development of tractable
rejection sampling schemes BPCholesky that avoid nonconvex optimization is

an interesting direction for future research.

7.4 Application: Active kernel interpolation

Consider the active regression task of approximating a funciiod H whose
value we may be query at locationsS = fB—e+++—-8 X, which we are free

to choose. A natural approach to this problem is to select the locaiarsng
RPCholesky, then interpolate the function values at those points using kernel
interpolation. Throughout this section, we 18 denote the kernel interpolant
through the points.

The success of this active kernel interpolation strategy can be analyzed by combin-
ing the following known result for kernel interpolation with the trace error bound
Theorem 7.1 foRPCholesky:

Proposition 7.5(Kernel interpolation: mean-squared errdrgt 5 2 Hbe afunction
and let & be its kernel interpolant through the poiris We have the error bound

k5 Bk, Kk5K; trt  Dgoe

Proof. The bound follows by integrating the pointwise bound Theorem 5.16 and
using the identity (7.5) forr ~ bge. O
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Figure 7.2:Top: Function5(left), kernel interpolan with RPCholesky (middle),

and errorj5  Bj (right). Landmarks selected BgPCholesky are overlayed as
white dots in the middle plot. Functiof, kernel®, and measure are described in

the text.Bottom: mean-squared error of kernel interpolation through three di erent
sets of nodes. Lines show a mean of 100 trials, and shaded regions show one
standard deviation.

Combining with Theorem 7.1 yields the following immediate corollary:

Corollary 7.6 (Kernel interpolation witRPCholesky). With the setting and value
of : from Theorem 7.1, a s& picked by. steps oRPCholeskysatis es the bound

~

€
Ek5 Bk, kS5K4 11, Y
&A1

g

Moreover, we have an estimate that is uniform over all functions in the RKHS:

(k5 Q;kEZTO ) @
T:52anOg 11,y &

Esup .
H &A1
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An example of the active interpolation methdology is shown in Fig. 7.2. Here, we
apply kernel interpolation to approximate the function

5ix0 =11 kxko !

on the domairX = R2, We use the standard Gaussian measuréNormal gr10- ,°
and set" to be the Laplace kernel with bandwidth

The top panels in Fig. 7.2 illustrate the approximation produced by active kernel
interpolation withRPCholesky-selected landmarks. The left panel plots the tar-
get function 5 over to the nite window» 4-4%. The middle panel shows the
kernel interpolantl; computing by interpolating througR00 points selected by
RPCholesky, shown as white dots. The right panel shows the absolute error
i5 Kj. RPCholesky kernel interpolation produces a small error near the origin,
with growing errors farther away. This behavior is expected, as the measure
places most of its mass near the center, leading most of the landmarks to be placed
there. Fortunately, higher error in regions of small measure is usually acceptable in
applications.

The bottom panel of Fig. 7.2 compares the mean-squared error of three di erent sets
of kernel interpolation through three sets of landmarks: uniformly random points
B—eee— g , points selected bRPCholesky, and points from a tensor product
gridS=E EwhereE =f 11128 102 :0:8= 1-eee_g Here, denotes

the cdf of the standard Gaussian distributidormal g10-1°. We estimate the
mean-squared erré&b %kﬁzl‘ , using the Monte Carlo estimatBr! 85:11 5GP

B,1GP92 whereG—»+++ (" *: we useB = 10° for these experiments. For each
value of: , we display the mean df0Otrials; error bars show one standard deviation.
The tensor product nodes are deterministic, so the error bars capture only the Monte
Carlo uctuations in the estimated mean-squared error, which are observed to be
small. TheRPCholesky method achieves the lowest error of these three point sets.

Remark7.7 (Beyond kernel interpolation)rhe continuousRPCholesky method
provides a general strategy for selecting points to label during active learning. While
we have used kernel interpolation as the learning method in this section, one can
also combindRPCholesky with any other functional regression technique. Kernel
ridge regression is one natural choice, but one can also use nonlinear approximation
methods such as arti cial neural networks.
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7.5 Application: Kernel quadrature
Another task we can appRPCholesky to is numerical quadrature. Given a weight
functionD 2 L2 ©, the task is to devise weights 2 K' and nodeg—s++ - B X
so that 1 .
O
D@53 d 1@ Fg5'BP forall 52 He
X 81
To simplify notation in later parts of this section, | have made the unorthodox choice
to complex conjugate both the weight functibrand the quadrature weighs in
this expression. The quality of a quadrature scheme (i.e., both weights and nodes)

for a given function5is quanti ed by the error:
o 0
ErrtS-w- 8 = DI@5@Ed 1@ Fg5'BP (7.8)
X 81
We will useRPCholesky to pick the nodeS = fB—+ e+ +— & and there is a standard
procedure for picking the weights. We begin by reviewing these ideal weights

and then prove error bounds for optimally weighREICholesky quadrature.

TheidealweightsThere are ve equivalentways of characterizing the ideal weights,
which | summarized in [Epp23a]. We quickly derive the ideal weights and review
these interpretations, as each sheds di erent light on the kernel quadrature problem.

Characterization #1: Minimizing the worst-case errddnder this interpretation,
we choosew to minimize the worst-case value of the error (7.8) overmal H
with k5ky; 1. To derive the worst-case error, use the integral operatand the
reproducing property to rewrite the error (7.8) as
0
ErrtS-w— 8= lD— Ko Fdt—B— 5y =jhD "t -S°w-— Byje (7.9)
&1
By the Cauchy Schwarz inequality, the maximum value of this quantity oveball
with k5ky  1is

ErrtS-we = I(rsnk:ﬂxl ErrtS—-w—8=kD " -S%wkye (7.10)

Minimizing this quantity overw is a linear least-squares problem. The normal

equations characterizing the minimizg¢ are
1

MS-Sow, = D1S°=  MB-@IGd @:1 8 : - (7.11)
X

We call the solution to this system tigeal weightswg .
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Characterization #2: Exactnes# classical way of deriving a quadrature rule on

. nodes is to require that it integratechosen functions exactly. Here, the natural
choice for: functions are the kernel functiorg .= ~* —B. Enforcing exactness
ErrtS—-w— § = 0 on these3yields the same system (7.11) characterizing the ideal
weights.

Characterization #3: Interpolate and integrateAnother classical approach to
deriving quadrature rules is to interpolate the function at the nodes, then integrate
the interpolant. Using kernel interpolation as our method of interpolation, this
approach yields ideally weighted kernel quadrature:

1
W I®5B° = DR 1@
&1 X

e)

Characterization #4: Conditional expectatiorOur last two interpretations will
drawn on a Gaussian process frame. Imagine the fundionGP**° is drawn
from a Gaussian process with covariance funcfioblnder this model, the integral
N 5:3@D'@d’ 1@ is a random quantity, and we can obtain a quadrature rule by
evaluating the conditional expectation of this random quantity conditional on the
value 5'Bf of the function at queried positioris Evaluating this conditional
expectation also yields kernel quadrature with the ideal weights:

1
Wel®5BP=E D'@5Q@d '@ 5!S°
&1 X

e)

Based on this interpretation, ideally weighted kernel quadrature is sometimes called
Bayesian quadrature

Characterization #5: Minimizing the mean-squared errds a last notion of how
the ideal weights could be designed, we could also choose the weights to minimize
the mean-squared erroof the integral for a functiorb  GP*"° drawn from the

Gaussian processP"°:
o 2
MSE'Sw° =E D@5Cd @ Fa5lBP o
X &1
We compute this mean-squared error formally. Begin by re-expressing the mean-

squared error using thd-inner product, following (7.9):

MSE!S-we = jhD 1 -Sow— B,
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Now employ a Karhunen-Loeve expansi@n= ! }ngl_é'248° The functions
43 (de ned above in (7.2)) form an orthonormal basis féy and the random
varlablesll— Iz—--- Normal, K10—1° are iid and Gaussian. Similarly, we may
decomposeD ~1-S°w = &, 181_é 24¢ in this orthonormal basis is well.
The sequencéldl a1 IS square summable, and it admits the Pythagorean identity
1,i142=kD ~t_s°wk?. By orthonormality off_g “4egl |, we compute
&) 2
MSE!S-we = EjhD 71 -S°w—5,2=E  lglg
&1

= jlg?=kD A -S°wie
&1
The mean-squared err®ISELS-we° for a function5 GP"\° is equal to square the
worst-case erroerrtS-we over all 52 H with k5ky, 1, in view of (7.10). Thus,
the same set of ideal weights minimizes both the mean-squared error and worst-case
error.

Error bounds for ideally weighted kernel quadratureThe fact that ve di erent

de nitions of the ideal weights all coincide is a powerful demonstration of the
robustness of the RKHS and Gaussian process formalisms. Having thoroughly
convinced ourselves that the ideal weights given by (7.11) are, in ve senses, the
natural way of weighting quadrature rules on RKHSs (or with respect to Gaussian
processes), let us now analysis the error for ideally weighted kernel quadrature.

Introduce the error
ErrtS° = ErrtS—wg°

for ideally weighted kernel quadrature. This quantity expresses both the worst-case
quadrature error over a function in the unit balFbédnd the root-mean-squared error

of a function drawn from the corresponding Gaussian process (see interpretations
#1 and #5 above). Combing formulas (7.10) and (7.11), this quantity may be written

Ernse?= D A1-§oas S0 1pigo fe (7.12)

(We assume here and throughout this sectiontHatS° is nonsingular.) Introduc-

ing the de nition of , we obtain

1 1 2

Emse?= M_@@d @ A -SMS-s0 MS_@p@d e
X X H

2
=1 bOD.
S 7H
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In the second line, we recognize the Nystrom approximate integral opé?gtor
de ned above in (7.4). In Section 7.1, we saw that? is an isometry and a
bijection betweerL?1" © andH. As such, it has an inverse, which we will denote

12 that is an isometry and bijection frohito L21" °. This transformations acts
according to the rule

25=  _ 1%434,5 for 52 He
&1
Additionally, for 52 H for which the sequencl’e_81148 5°gis square-summable we
may also de ne a map ! by the formula

~

5= My 5
&1

Using these linear maps, we may bound

2
Errtse2= 21 bgop
L21° 0

= ht bso L bSOD— QZl‘O ht bSOD— ero'

The last inequality is valid because Pg andPs are both psd operators. We have
established the following property:

Proposition 7.8(Kernel quadrature errar)rhe worst-case quadrature err&rrtS°
de ned in(7.12)admits the bound

ErrSe2 ht  bgoD_Dai o0

Combining with Theorem 7.2 immediately yields a resultRi*Cholesky kernel
qguadrature with ideal weights.

Corollary 7.9 (Kernel quadrature witRRPCholesky). Instate the prevailing nota-
tion and assumptions, and lat OandY j 0. Then

~

e
EEmMS? Y kDo A
A1l

whereS is selected by running steps oRPCholeskywhere
2 2
Alog 7'—17 .y

8&A1-8
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Program 7.3 kernel_quad_wts.m .-Program to compute the ideal kernel quadra-
ture weights for computing integralg 5*@D'G d" *@ of functions 5 drawn from

an RKHS.

function [w,integrator] = kernel_quad_wts(kernel,S,Au)

% Input: Kernel function kernel(x,x'), landmark set S, and integrals

% Au = int kernel(S,x) u(x) dx
% Output: Ideal weights w and function integrator(f) computing the
% ideally weighted quadrature approximation w'*f(S)

w = kernel(S,S) \ Au;
integrator = @(f) w*f(S);

end

Computational considerationsimplementing ideally weighted kernel quadrature

requires evaluating the integrals
1

MB-@GEd 1@ for8=1-2—eee—: (7.13)
X

that compose the right-hand side of the system (7.11). Many schemes for quadrature
on RKHSs have been proposed that avoid the computation of these exact integrals
[DM22; SDM22; HOL22], but the rate of convergence is reduced. There is no
obvious way to obtaigpectrally accuraté&ernel quadrature schemes without high-
accuracy evaluation of the integrals (7.13).

Example. As an illustration, we consider a simple problem in two dimensions. The
measure is = Normal 10 »°, the kernel is square-exponential with bandwidith
the weight function i© 1, and the function i5*x° = costkxk®. The integral is

known exactly:
1

P— P-
51x°d” 1x°=1  2F'1e 2°=0+27522154099299¢ «
X
Here,F is the Dawnson integraDawsonkn Mathematica). The values oD are
also known exactly:
kx k?
4

D 1x° = %exp

Figure 7.3 shows the results. The left panel shows 30 nodes selected by
RPCholesky, with the shading indicating the diagonal valég$x—x° of the resid-

ual kernel. The right panel shows the relative error for the outputs of ideally
weighted kernel quadrature with 60 nodes selected witRPCholesky
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Figure 7.3: Left: Quadrature nodes selected BfPCholesky (: = 30, white).
Shading shows the-diagonal elements of the residual kégighx°. Right: Error

in evaluating integral, 5'x°d" *x°using kernel quadrature for di erent numbers of
nodes. , selected byRPCholesky or by iid sampling. We also show the error of the
simple Monte Carlo estimatg, 5'x°d™ 1x° : ' i, 5ixg for x;—« -« ex; i~
The function 5, kernel”, and measuré are described in the text. Lines show a
mean of 100 trials, and shaded regions show one standard deviation.

and by iid sampling. We also compare the simple Monte Carlo integral estimate
Loxed 1xe 1L Bixg for xi—eeex. "¢ . The rate of convergence for
RPCholesky kernel quadrature is faster than both other methods.

See [EM23] for more experiments wiBPCholesky quadrature, accuracy and tim-
ing comparisons oRPCholesky quadrature to more methods for kernel quadrature
[BBC20; DM22; SDM22; HOL22], and an application to chemistry.
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Chapter 8

BLOCKED ALGORITHMS

Since all machines have stores of nite size often divided up into high
speed and auxiliary sections, storage considerations often have a vitally
important part to play.

Jim Wilkinson, The use of iterative methods for nding the latent roots
and vectors of matriceldVil55]

When designing algorithms, we often operate under the convenient ction that
all memory elements can be accessed equally quickly and that the runtime of an
algorithm is roughly proportional to the total number of arithmetic operations. Un-
fortunately, the performance of algorithms in practice is more complicated than this
simple model suggests. In particular, matrix algorithms tend to be more perfor-
mant when data is processedhlocksrather than column-by-column or entry-by-
entry. This chapter responds to this reality by discussing improved variants of the
RPCholesky algorithm that are more hardware-e cient and utilize block matrix
computations.

Sources.This chapter is based on the paper

Ethan N. Epperly, Joel A. Tropp, and Robert J. Weblkanbrace Rejection: Kernel
Matrix Approximation by Accelerated Randomly Pivoted Choleskypr. 2025.
arXiv: 2410.03969v3,

though some of the content appears in the orightRRCholesky paper

Yifan Chen, Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. Randomly
Pivoted Cholesky: Practical Approximation of a Kernel Matrix with Few Entry
Evaluations . In:Communications on Pure and Applied Mathemati8ss (2025),

pp. 995 1041.doi: 10.1002/cpa.22234 .

It expands on these references by providing a more detailed discussion of the bene ts
of block matrix computations (Section 8.1) and a more thorough discussion of the
RBRP Cholesky method of [DCMP24] (Section 8.3).

Notation. Throughout this chapter, we will be interested in computing a pivoted
partial Cholesky decomposition of a psd mat@X2 K= ~ of size=. The pivots will
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be denotedd—+ » « — Band G'® denotes the residual of the decomposition after the
rst 8elimination steps:

G¥=G GhfB—ssegpe (8.1)

The matrixL 2 K= - denotes the factor matrix computed by the pivoted partial
Cholesky algorithm (Program 3.1), which satis &hfB—eees@ = L1 : L L
-1:8 forevery8

Outline. Section 8.1 discusses the bene ts of blocking for matrix computations with

a focus on kernel computations in particular. The next three sections present three
blocked versions of thRPCholesky algorithm, referred to aBlock RPCholesky
(Section 8.2)RBRP CholeskySection 8.3), an@cceleratedRPCholesky(Sec-

tion 8.4). A comparison of these methods appears in Section 8.5.

8.1 Why blocking?

Why are blocked algorithms faster than unblocked algorithms? The answer boils
down tomemory transfers Applied mathematicians and computer scientists tend

to analyze numerical algorithms by counting the number of arithmetic operations.
However, on modern computing architectures, movement of data between random
access memory and the cache can become the rate-limiting factor in the speed of
algorithms, exceeding the cost of oating point operations [DFFG+03, pp. 13, 581
582].

A simpli ed model for kernel matrix computations

To get a sense of why memory transfer costs can make blocked algorithms faster than
unblocked methods, consider the following simpli ed scenario. Suppose we wish
to generate columns of a kernel matfix= "1D-D°, whereD X is a set of=data

points taking values in some s¢t We consider an extremely simpli ed computing
machine with a memory hierarchy consisting of two layers; the data eleiG&nis

are stored iemory In order to perform computations on data elements, they must
be moved from memory into theache However, the cache has a limit size and is
only abletostord C =elements oK at once.

First, suppose we generate columnd@®bne at a time, as is done in the standard
RPCholesky algorithm. To generate each columiD— Grequires bringing each
entry of @ 2 D into memory one at a time and evaluatiitg®- & Since the cache
hasC =entries, most entries & must be brought back from memory to the cache
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for each column generation. Thus, generatingplumns require®©*:=° memory
transfers.

Now contrast this with a strategy where we generate columioicksB of size
jBj=1 C 1. To evaluate a block of columrsD-B°, we can now generate
the matrix row-wise*@E-B°, moving each® 2 D from memory to the cache in
sequence. The consequence is we can genallatecolumns at once using just
memory transfers. Generating 1 columns in blocks of sizé& requiresO1=:+1°
memory transfers, a factérsmaller than the one-column-at-a-time approach. Thus,
for an algorithm whose runtime is dominated by memory movement, the blocked
algorithm can be signi cantly faster.

Remark8.1 (Cache and memory: Models and realitfhe model we have used in

this section is a simpli ed version of thdeal cache moddFLPR99]. The memory
architecture for a modern computer is signi cantly more complicated than the basic
description given here. In particular, memory hierarchies are divided into many
more than two levels and data is moved between levels in chunks of xed size called
cache lines Given this complexity, we advise against using the model described
above to make quantitative predictions about the runtime of algorithms (i.e., it is not
typically true that generating columns in blocks of sizis preciselyl times faster

than generating one-at-a-time). Rather, our point should be taken as qualitative and
conceptual.

The submatrix access model

In view of the discussion in the previous subsection, we see the entry access model
described in Section 3.1 may be too simplistic an abstraction to describe the behavior
of kernel matrix algorithms. A better abstraction, introduced in [ETW25], is the
submatrix access model

Submatrix access model.We are given a matrixd 2 K< = that may be
e ciently accessed by submatriceld!S—T° of small sizejSj jT] <=.
The access is most e cient when bothandT have size 1.

The goal of this section will be to develop version&RI¥Cholesky that are e cient
in the submatrix access model.
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Matrix matrix arithmetic

Memory transfers also help explain why block matrix operations like matrix matrix
multiplication are fast on modern computers. The core idea is that, with careful
implementation to manage data movement, computing a matrix matrix pratluct

all at once requires fewer memory transfers than computing the product one column
Hcgat a time.

Achieving high performance for block matrix arithmetic on modern computer archi-
tectures demands signi cant programming e ort. Fortunately, much of this work
has already been done, with hardware vendors providing optimized implementations
of matrix multiplication as part of the Level-3 Basic Linear Algebra Subprograms
(BLAS3). Modern linear algebra libraries such B&APACK are built to exploit
these routines, computing matrix factorizatiohd/{ Cholesky,QR, etc.) through
sequences of matrix multiplications implemented®igAS3. For the algorithm de-
signer or numerical programmer, the takeaway is clear: To maximize performance,
it is advantageous to reorganize computations to rely on matrix matrix operations
rather than on matrix vector or vector vector operations.

8.2 Algorithm 1: Block RPCholesky
Given currently selected pivotg— e« ¢ Bthe standardRPCholesky algorithm
draws a single next pivot at each iteration using the sampling rule

B diagtG?®o-

and it computes the next colunfiy ; of the factor matrix. by the formula

_ ag, L'-1:8L'K.1:8 .
0g,8, L'B1-1:8L'B-1:8 012

(8.2)

(Recall the de nition of G in (8.1).) Each iteration exposes a single coluag
of the matrixG and evaluates the matrix vector product.-1 : LB -1 :8 .

To create a block variant of this algorithm, we can draw multiple random pivots at
once
iid

Byi—+egB" diagiG®°- (8.3a)

wherel 1is auser-speci ed block size. Setti®) = f B 1—* * * 5 Bg, a block of
1 new columns of the factor matrix can be generating using the formula

L1:-8 1:8, 1°:=1G1-8® L 1:-1:8L15%1 :® oX - (8.3b)
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Program 8.1 block_rpcholesky.m . Block RPCholesky algorithm for psd low-
rank approximation and column subset selection. Subrosgjreevnormsis de ned
in Program F.3.

function [F,S] = block_rpcholesky(Acol,d,k,b)

% Input: Function Acol for producing columns Acol(l) = A(,l) of A,

% diagonal d of A, rank k, block size b

% Output: Factor F defining a rank-k approximation Ahat = F*F', pivot

% set S

n = length(d); % Matrix size
F = zeros(n,k); % To store output
S = zeros(k,1); % To store pivots
shift = 4*max(d)*eps; % Shift to ensure positive definiteness
i = 0; % Index to store current position
while i < k

b = min(b,k-i); % At most k pivots

% Random sample using current diagonal as sampling weights
Snew = datasample(1:n,b,"Weights",d,"Replace"”,false);

S(i+1:i+b) = Snew; % Update pivots
G = Acol(Snew) - F(;,L:i)*F(Snew,1:i); % Columns of residual
R = chol(G(Snew,:) + shiftreye(b)); % Shift for stability
F(.,i+Lli+b) = G / R; % Update factor
d = d - sgrownorms(F(:,i+1:i+b)); % Update diagonal
d = max(d,0); % Ensure nonnegative diagonal in floating point
i =i+ b; % Update index
end
end
where

X X=Gtsls® 1521 @ 18201 :@ = G¥150sh. (8.3c)

is an upper-triangular Cholesky factorization. Equation (8.3b) is the block Cholesky
analog of (8.2). The update steps (8.3) genetatelumns of the kernel matrix,
and they employ block matrix matrix operations to update the factor mairix

We call the procedure (8.3) thdock RPCholeskyalgorithm Code is provided in
Program 8.1.

The redundant pivot problem.The blockRPCholesky algorithm is simple and
performant. However, it can su er from thhedundant pivot problemrhe selected
pivots SO = fB 1— ¢ »gBg can contain similar information to each other, resulting
in a submatrixG ®1S%.-S® that is ill-conditioned. Redundant pivots can hurt the
performance of the algorithm in two ways:



130

1. Cholesky decomposition failure.On some examples, the mat&® 1S-S®
can be (numerically) rank-de cient, causing the Cholesky decomposition
(8.3c) to fail.

2. Lower quality approximation/pivot set. For a xed rank:, a low-rank
approximation with redundant pivots is less accurate than an approximation
where each pivot is distinct. Additionally, for subset selection problems, the
computational task is to selectdiverseset of representatives for a data set;
selecting redundant pivots is contrary to this goal.

The rstissue can be addressed by adding a shift on the order of the machine precision
to the matrixG®1S%.S® in (8.3c) or applyingRPCholesky to a shifted version

G, | of the matrix. My coauthors and | have experimented with di erent values
for the shift parameter across di erent papers and di erent versions of our software,
with the goal of nding the minimum possible shift that guarantees convergence of
the algorithm. Our current recommendation is to use a sh#dtrodX OggD, where

Dis the unit roundo © 10 1%in double precision).

The second issue may or may not be serious depending on the application. We
emphasize that redundant pivots do hatt the quality of the approximation (at
least in exact arithmetic); by Proposition 2.9(c), the quality of a low-rank approx-
imation GIS [ Sregundark With redundant pivots is never worse than the low-rank
approximationGhSi without redundant pivots. Rather, each redundant pivot is a
wasted opportunity to nd a better pivot that better represents the data set. The next
two sections outline improved versions of bloRlPCholesky that subsamplghe

set of iid pivots (8.3a) to remove redundant pivots.

Analysis. The blockRPCholesky bound satis es the following guarantee, which
we take from [ETW25, Thm. 4.1].

Theorem 8.2(Block randomly pivoted CholeskylLetA 1 be an integery j O
be a real number, an& 2 K~ ~ be a psd matrix. Introduce the relative error of the
best rankAapproximation:

[ =tr'G E GEQLetrtGPe

Fix a block sizel that divides the rank. Block randomly pivoted Cholesky produces
an 'A—%approximation (3.2)) provided

A 1
Z 1A 1%0g = . 4
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The guarantee (8.4) for blodkPCholesky is very similar to the guarantee (4.1) for
standardRPCholesky; the only di erence between the bounds is that te 1°

factor in the blockRPCholesky bound is replaced b§in the standar@®PCholesky
bound. The implication is that trworsi-case¢ gualanteesfor standard and block
RPCholesky are similar for any block siz& 1 O A. However, while the
theoretical bounds for standard and bldgRCholesky are di erent, the perfor-
mance of these methods di ers greatly in practice. On some instances, standard
RPCholesky produce far smaller errors than bloBfCholesky. (On the other
hand, blockRPCholesky can be much faster than stand&BCholesky, so it can
accommodate a larger value:ofjiven a xed runtime budget.)

We refer the interested reader to [ETW25, Thm. 4.1] for a proof of this result,
which proceeds by a comparison with the acceler®ie@holesky algorithm (Sec-

tion 8.4). See also the discussion around [ETW25, Thm. 4.3] for a discussion of the
error bounds for blociRPCholesky that can be inferred from the earlier works of
Deshpande, Rademacher, Vempala, and Wang [DRVWO06].

8.3 Algorithm 2: RBRP Cholesky

The rst approach to improving on blodRPCholesky is robust blockwise random
pivoting (RBRP), which was proposed by Dong, Chen, Martinsson, and Pearce
[DCMP24]. This approach was developed concurrently with and released prior
to the accelerateBRPCholesky algorithm, which we describe in the next section.
The RBRP strategy was originally developed for use with the randomly pivoted
QR algorithm (Chapter 9), but the idea works equally well when combined with
RPCholesky. We describe th&PCholesky variant here.

The RBRP algorithm is delightfully simple. Just like ordinary blé®RRCholesky,
we begin by drawing a set of iid random pivots

S0=fE),—ee+2Bg with HB—«e+28 diag:G'®o.
Then, form the submatrix
N = G%15.sb = cGglshb | 1801 :915%7: 9.

To Iter any redundant pivots, we apply a step Dong et al. caliust blockwise
Itering , which runs Cholesky with greedy pivoting (Program 3.2)Mmuntil the
trace has been reduced by a factp2 10-1°. (Dong et al. suggesy = 1+1.)
Letting T  S°denote the set of pivots selected by the greedy method, we induct
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Program 8.2 robust_block_filter.m . Implementation of robust blockwise
Itering, a subroutine for the RBRP Cholesky algorithm (Program 8.3).

function [T,L] = robust_block_filter(H,tau,Imax)

% Input: Psd matrix H, tolerance tau, maximum number of pivots to

% accept bmax

% Output: Set of pivots T, Cholesky factor L = chol(H(T,T), "lower")

b = size(H,1); % Matrix dimension

F = zeros(size(H)); % Store Cholesky factor
T = zeros(b,1); % Store pivots

d = diag(H); % Diagonal of H

orig_trace = sum(d); % Original trace of H

for i = 1:min(b,lmax) % Don't exceed Imax pivots
[~ T®M] = max(d); % Largest diag entry
hi = H(,T(®) - FC,2:60-1)*F(T(i),1:i-1)"; % ith col of H-F*F'
F(,i)) = hi / sqrt(hi(T(i))); % Rescale
d = d - abs(F(:,i)."2; % Update diagonal
if sum(d) <= tau * orig_trace; break; end % Terminate?
end
T = T(1:0); % Extract pivots
L = F(T,L:length(T)); % Extract Cholesky factor
end

the subselected pivots as new pivots:
%1 = %_BﬁZ = %_..._38:: By whereT = f%_ooo_ggo

Observe that this procedure inducts a random number of plvots = jTj 1 at

each step. Code for the robust blockwise Itering and RBRP Cholesky procedures
appear in Programs 8.2 and 8.3. At present, theoretical analysis for RBRP Cholesky
is unavailable.

8.4 Algorithm 3: Accelerated RPCholesky

AcceleratedRPCholeskyis another blocked variant &®8PCholesky that solves the
redundant pivot problem [ETW25]. Itis conceptually similar to the RBRP Cholesky
algorithm but uses rejection sampling in place of robust blockwise Itering. Com-
pared to blockRPCholesky and RBRP Cholesky, acceleratBPCholesky has

the virtue that it producethe sam« randorr outpui as stardard RFCholesky (Pro-
gram 4.1). Thus, itinheritRPCholesky's theoretical guarantees (Section 4.3), and
it can be used for applications where the precise distribution oRfP€holesky
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Program 8.3rbrp_chol.m . RBRP Cholesky algorithm for psd low-rank approx-
imation and column subset selection. Subroutir@sust block_filter and
sgrownormsared de ned in Programs 8.2 and F.3.

function [F,S] = rbrp_chol(Acol,Asub,d,k,b)

% Input: Function Acol for producing columns Acol(l) = A(,l) of A,

% function Asub for producing submatrices Asub(l) = A(l,I) of

% A, diagonal d of A, rank k, block size b

% Output: Factor F defining a rank-k approximation Ahat = F*F', pivot

% set S

n = length(d); % Matrix size

F = zeros(n,k); % To store output

S = zeros(k,1); % To store pivots

i = 0; % Index to store current position

while i < k
% Random sample using current diagonal as sampling weights
Sp = datasample(1:n,b,"Weights",d,"Replace",false);
H = Asub(Sp) - F(Sp,L:)*F(Sp,1:i); % Residual submatrix
[T,L] = robust_block_filter(H,1/b,k-i); % Block filtering
T = Sp(T); % Get selected pivots
| = length(T); % Number of pivots
S(@i+1:i+l) = T; % Update pivots
G = Acol(T) - F(,21:0)*F(T,L1:); % Columns of residual
FGi+L:i+l) = G / L, % Update factor
d = d - sgrownorms(F(:,i+1:i+l)); % Update diagonal
d = max(d,0); % Ensure nonnegative diagonal in floating point
=i+l % Update index

end

end

pivots is important, such as xed-size DPP sampling (Section 4.5). We will discuss
the relative strengths of the three algorithms in Sections 8.5 and 8.6.

Recall from Section 7.3 that rejection sampling allows one to sample from a (po-
tentially complicated}arget distributionusing samples from a simpl@roposal
distribution In that section, we used the diagonal of a kernel functi@s a pro-
posal distribution, with th&PCholesky sampling distribution as the target. Here,
we will use the same principles in a somewhat di erent way.

Suppose we have sampled an initial batch of pigtse « « g Bjiving rise to the
residual matrixG™¢. We are interested in sampling a new set of PiNEts-* 5B
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Program 8.4 acc_rpcholesky.m .  Accelerated RPCholesky method for
psd low-rank approximation and column subset selection. Subroutine
rejection_sample_submatrix is de ned in Program 8.5.

function [F,S] = acc_rpcholesky(Acol,Asub,d,k,b)

% Input: Function Acol for producing columns Acol(l) = A(,l) of A,

% function Asub for producing submatrices Asub(l) = A(l,I) of

% A, diagonal d of A, rank k, block size b

% Output: Factor F defining a rank-k approximation Ahat = F*F', pivot

% set S

n = length(d); % Matrix size

F = zeros(n,k); % To store output

S = zeros(k,1); % To store pivots

i = 0; % Index to store current position

while i < k
% Random sample using current diagonal as sampling weights
Sp = datasample(1:n,b,"Weights",d,"Replace" true);
H = Asub(Sp) - F(Sp,L:)*F(Sp,1:i); % Residual submatrix
[T,L] = rejection_sample_submatrix(H,diag(H),k-i);
T = Sp(T); % Get selected pivots
| = length(T); % Number of pivots
S(@i+1:i+l) = T; % Update pivots
G = Acol(T) - F(,21:0)*F(T,L1:); % Columns of residual
FGi+L:i+l) = G / L, % Update factor
d = d - sgrownorms(F(:,i+1:i+l)); % Update diagonal
d = max(d,0); % Ensure nonnegative diagonal in floating point
=i+l % Update index

end

end

each of which has distribution
Bg1 diagtG® %o for 9= 0—see— 1¢

We shall sample these distributions using rejection sampling, didtyt G &° serv-
ing as the sampling distribution.

More precisely, we do the following. As in the other algorithms, we draw a block
of proposal pivotss®= f B—« « « 2giid from the diagonal of the residual matrix:

B—««+ 28 diag: G'¥o.

We emphasize that the sampling must be perforwith replacement (The other
algorithms can be implemented with or without replacement.) We now use this
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block of pivots to perforni proposals of rejection sampling. Beginning witk O,
we perform the following step for each= 1—eee—1

o]

G?8 “1P_
With probability ——————acceptby setting . landg I%-

R
The output of this rejection sampling loop is a collection of new pifts-+++ 5B
of random sizel 1. (We have 1 since the rst pivot is always accepted.)
Having selected new pivots, we then generate colubmhs8 1 :8, © using the
block update formula (8.3b). In the next round, we use the diagor@if as the
new proposal distribution for selecting new pivots. The acceler@te@holesky
method is shown in Program 8.4.

The accelerateBPCholesky method uses rejection sampling to simulate the per-
formance of the origindRPCholesky method while taking advantage of blockwise
matrix operations. We emphasize that the output of acceleRi&holesky has
thesame«randor distribution as the output of the origin&PCholesky algorithm.

RejectionSampleSubmatrix subroutine. For computational e ciency and ex-
tensibility, the rejection sampling steps in the acceler&e€holesky program

are encapsulated in a subroutine calRegjectionSampleSubmatrix, shown in
Program 8.5. This subroutine takes as input a submbitrix G'#1528® 2 KS° S°

and proposal distribution subvectar diag*N° 2 R?O. The vectoru stores

the entries of the proposal distribution for the proposed pi@dtsin accelerated
RPCholesky, the proposal weights amdiag! G ¥1S2S%°. One can alsd&Rejec-
tionSampleSubmatrix to develop a block version of the in nite-dimensioriP-
Cholesky sampler (Program 7.2), in which case the proposal distribution subvector
is u = diagt"1Ses®o,

This subroutine works by performing a Cholesky decompositidd of place, with
a probabilistic decision made at each step whether to eliminate 8wirygnore it
entirely. For9= 1— e+ +— Ho the following:

1. Accept/reject. With probability N*E- &« utB° accept and induc as a
new pivotT  T[f E%g and go to step 2. Otherwise, reject and skip step 2.

2. Update and eliminate. Perform a step of Cholesky decomposition to elimi-
nateE. Speci cally, set

NEee 08 B NE e 3 FeN ) B2
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Program 8.5rejection_sample_submatrix.m . Sample a set dRPCholesky
pivots using rejection sampling. This subroutine is used in Program 8.4.
function [T,L] = rejection_sample_submatrix(H,u,Imax)

% Input: Psd matrix H and proposal distribution u

% Output: Indices T of selected pivots, Cholesky factor L

% = chol(H(T,T), "lower")
b = size(H,1); % Matrix dimension
T = zeros(b,l); % Buffer for accepted pivots
num_accepts = 0; % Counter for acceptances
for j = 1:b

if u()) * rand() > H(,)) % Rejection sampling

continue % If reject, continue

end

num_accepts = num_accepts + 1; % Increment counter

T(num_accepts) = j; % Accept i as pivot

H(:b,j) = H(:b,j) / sart(H(,j)); % Overwrite H with Cholesky
% Update residual (Schur complement)
H(j+1:b,j+1:b) = H(+1:b,j+1:b) - H(+1:b,j)*H(+1:b,))";

if num_accepts == Imax; break; end % At most Imax pivots
end
T = T(1:num_accepts); % Fix buffer size
L = tril(H(T,T)); % Extract Cholesky factor
end

then update
N 13%, 1:1_5%, 11° N 15%, 1:1_5%, 11° N 18%, 11~ BN 15%, 11~ B

with S§ ;) = B ;—*++28

This procedure terminates withstoring the set of accepted pivots and the lower tri-
angular portiorR of N1T-T° containing a Cholesky factorization of tiiesubmatrix
of the (unmodi ed) input matriXN 1T-T°. Code is provided in Program 8.5.

Comparison ofRejectionRPCholesky and acceleratedRPCholesky. We now

have two di erent strategies for implementilRPCholesky using rejection sam-
pling, RejectionRPCholesky and accelerate®PCholesky. A comparison is
warranted.

We originally introducedRejectionRPCholesky for sampling from an in nite
spaceX endowed with a positive-de nite kernel functidn but the algorithm also
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works for implementingRPCholesky on a nite psd matrixG. RejectionRPC-
holesky uses the same proposal distributidiag! G° throughout the algorithm,
and it forms only the pivot s, not the factor matrit . Assumingdiag*G°® = 1
is the vector of ones, thieejectionSampleSubmatrix runs in roughly

O1: 3+[ . operations

where[. = tr'G E GE °-tr'1G° is the relative error of the best rank- 1°
approximation. (Here, we assume that a random integer betlvee® =can be
generated irD1° operations, which is true in the WordRAM model of computa-
tion.) The runtime of the algorithm isdependenof the dimensiorF, but it su ers
from thecurse of smoothneswith the algorithm slowing when the eigenvalues of
G decay rapidly. The reason for the curse of smoothness is that the proposal distri-
butiondiag* G° remains static throughout the algorithm, and the probability of each
proposal being accepted becomes smaller and smaller as the didgap@ €° of

the residual shrinks. An additional weaknessRujectionSampleSubmatrix is

that it does not generate the factor matrixalthough it can be assembled@: 2=°
operations if desired.

The acceleratedRPCholesky defeats the curse of smoothness by updating the
proposal distribution after everlyproposals. The cost of the algorithm is at most

01 2= :120 gperations and: , 1°=, :12 entry accesses

only slightly more than standaRIPCholesky provided the block siz# is not large.
Moreover, accelerateBPCholesky is designed so that most of the operations
are performed in a block-wise fashion, making it ® 40 faster than standard
RPCholesky in practice.

Ultimately, RejectionSampleSubmatrix (or a block version of it) is a useful algo-
rithm for certain scenarios, namely for applyiR§Cholesky to matrices with slow
spectral decay or for extremely large or in nite-dimensional problems. Accelerated
RPCholesky, by contrast, is excellent fageneral-purpose usand | recommend

the algorithm for deployment in practice.

Picking the block size.An advantage of the acceleratB®Cholesky algorithm

over the blockRPCholesky algorithm is that it can accommodate a very large
block size while maintaining approximation quality, as the rejection sampling step
helps lter any redundant pivots. When the number of pivots set by the user in
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advance, | recommentl = : <10 or evenl = : *3 as a good default value for the
block size.

One can also set the block size automatically to avoid additional algorithmic pa-
rameters. Here is one procedure | have used in my code. Initialize the block size
1 at some default value. Each round of the algorithm, time both the rejection step
(i.e., sampling proposals® forming the submatrixG¥1S2S®, and runningRe-
jectionSampleSubmatrix ) and the processing step (reading colun@is-T° and
updatingL ). LetGandG be the respective runtimes. We may assume for simplicity
that the runtimes of these steps satisfy the proportionality relations

G 212 and G 2yle (8.5)

for appropriate constantd and 2,. It is reasonable want the rejection step to
comprise a modest fraction of the total runtime, say, 20%. Se@irg)+25G and
solving (8.5) suggests choosing the next block sizé& a&sGe14¢°. To make this
procedure robust, we make sure that the block size does not change too much from
iteration to iteration, and weset a maximum block sizgx (€.9.,1max = : *3if : is

known in advance). The resulting update rule is

: 1
1 max min % 1-dl-51e— hax -3 °

Analysis. One can show that the acceleraRBCholesky algorithm achieves the
1A—%guarantee using a limited number proposals. Speci cally, we have the
following result [ETW25, Thm. 4.1]:

Theorem 8.3(Accelerated randomly pivoted Cholesky)et A 1 be an integer,
Y i O0be areal number, an& 2 K~ ~ be a psd matrix. Introduce the relative error
of the best rankAapproximation:

[ =tr'G E GELetr1 G

Fix a number of round€and a number of proposals per rourdid Accelerated
randomly pivoted Cholesky producessk—%approximation toG provided that

A 1
— 1 o — e
1C v A, 1°log VI (8.6)

We omit the proof, which is a more involved version of the stand®&P€Cholesky
analysis (Theorem 4.1). The similarity between the bIBE&Cholesky guarantee
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Figure 8.1: Error ratio ((8.7)eft) and speedup over standd&&Cholesky (right)
for block RPCholesky and accelerateldPCholesky on a testbed of 125 psd kernel
matrices. The data is taken from [ETW25, Fig. 3].

(8.4) and the accelerat&PCholesky guarantee (8.6) is no accident. Theorem 8.2
follows as a corollary of Theorem 8.3 under the principle that Accepting more
pivots can only help the approximation quality.

8.5 Experiments

In [ETW25, Y3.1], my coauthors and | compared the error and runtime of block
RPCholesky and accelerate®PCholesky for rank-L000 approximation of 125

test matrices with sizes betwedn 10* and 10, including both synthetic and

real data. | reproduce the data from those experiments here in Fig. 8.1. Standard
RPCholesky provides a baseline for both speed and accuracy, and Fig. 8.1 plots
the speedup and error ratio

algorithm error

8.7
standardRPCholesky error 8.7

error ratio:=

for each matrix in the test suite. The runtimes in this data were computed using the
Python code employed in [CETW25; ETW25], not the MATLAB code provided in
this thesis. The block size was setlie- 150,

We see that accelerated and bl&tIRCholesky achieve comparable speed to each
other, with both methods achieving speedupsbofto 40 over standardRP-
Cholesky. These experiments demonstrate the large bene ts of blocking for the
speed oRPCholesky-type low-rank approximation algorithms.

These results show that the accuracy of bl&kCholesky and accelerate®P-
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Relative trace error Runtime (sec)

Block RPCholesky 3.89e-04 1.40e-04 7.00 0.63
AcceleratedRPCholesky 4.85e-07 3.60e-08 7.43 1.06
RBRP Cholesky 6.62e-07 1.35e-07  7.53 0.80

Table 8.1: Runtime and relative error for rabB800 approximation produced by
three blockedRPCholesky algorithms for the synthetic test matrix of dimension
== 1P from [ETW25, Fig. 1]. (All methods use block siZe= 120) The table
shows the mean and standard deviation computedl®@irials, and data is taken
from [ETW25, Tab. 3].

Cholesky di ers signi cantly. On all test matrices, the acceleratB&Cholesky
method achieves the same error as stan&&@holesky, which makes sense be-
cause both methods produce the same random distribution of outputs. On 100 out
of 125 examples, the error of bloékPCholesky is similar to the other methods,

with an error ratio between 1.00 and 1.16. Because of the redundant pivot problem,
block RPCholesky su ers signi cantly higher errors (up t@000 ) than standard
RPCholesky.

Our paper [ETW25] does not provide detailed experiments comparing RBRP
Cholesky to the other blockedPCholesky algorithms, but it does compare the
algorithms on a single challenging synthetic matrix. We reproduce this table as
Table 8.1. We see that the performance of RBRP Cholesky and accelBfted
Cholesky are similar, with acceleratd®PCholesky being slightly more accurate

and faster. (Notably, the output of accelera®&ICholesky is alsdess variableéhan

RBRP Cholesky, which is curious because the acceleRRholesky algorithm

uses more randomness than the RBRP Cholesky does.) The small advantage of
accelerate®PCholesky over RBRP Cholesky on this example pales in comparison

to the large improvement in accuracy both methods have over BB&holesky.

8.6 Comparison of three algorithms
All three blockedRPCholesky algorithms have merits for some use cases.

The blockRPCholesky is simple and fast, and it performs operations on chunks of
data ofxed size= 1. Assuch, bloclRPCholesky algorithm is ideal for computing
hardware like GPUs that are optimized for repetitive operations on data bu ers of
xed size. Additionally, the blockRPCholesky algorithm may be appropriate for
applications where its subpar accuracy can be compensated for by taking a larger
approximation rank .
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Both accelerate®RPCholesky and RBRP Cholesky algorithms both yield much
better low-rank approximations on tough examples than bREKholesky. At

least for the CPU experiments reported in Section 8.5, the cost of using these more-
accurate methods is minimal, as these methods achieve nearly the same speedup
as blockRPCholesky does. For this reason, | would recommend accelerated
eitherRPCholesky or RBRP Cholesky as a natural choice for most applications of
RPCholesky. The merits of these methods over biI&tRCholesky are particularly
pronounced when used for subset selection problems, where it is important not to
select redundant pivots.

The di erences between RBRP Cholesky and accelerRie@holesky are fairly
minor, but there are some reasons to prefer acceleR®&tholesky:

1. AcceleratedRPCholesky produces the same random pivot distribution as
standardRPCholesky. As such, it inheritlRPCholesky's theoretical guar-
antees (Section 4.3), and it can be used in applications where the precise
distribution of pivots is important (e.g., sampling from a projection DPP,
Section 4.5).

2. In my computational experience, accelera®RICholesky sometimes pro-
duces modestly better low-rank approximations on some examples (like the
one in Table 8.1).

Notwithstanding these di erences, accelerai®¥eCholesky and RBRP Cholesky
tend to perform similarly in practice, and both are natural choices for deployment in
software.
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Chapter 9

RANDOMLY PIVOTED QR: LOW-RANK APPROXIMATION OF
GENERAL MATRICES

But the idea of using actual columns and rows of the ma&{for
low-rank approximation] can be highly attractive. Those vectors have
meaning. They are often sparse and/or nonnegative and they re ect
useful properties that we wish to preserve in approximatg

Gilbert Strang and Cleve MoletlU andCR Elimination[SM22, Y6]

So far, this thesis has focused on low-rank approximation of psd matrices. Al-
gorithms for this task can achieve remarkable results, producing a near-optimal
low-rank approximation tanypsd matrix after reading a fraction of its entries. The
algorithms we have seen accomplish this goal by forming a column Nystrém ap-
proximation to a matrixG using a judiciously chosen subset of columns. Among the
available algorithms for psd low-rank approximation from limited entry evaluations,
RPCholesky and its variants are among the fastest and most reliable.

The impossibility result Proposition 3.3 shows that producing accurate approxima-
tions to a general matrix is impossible from a small budget of entry evaluations
without additional information. Therefore, to produce a low-rank approximation to
a general matrix, we are generally interested in algorithms that read the full input
matrix, opening up a much larger design space for algorithms. In particular, natural
algorithms include the randomized SVD and its variants (Sections 2.3 and 2.4),
which multiply the input matrixH by a randomized test matrix (constructed
independently fronH).

Still, there are reasons in some applications to prefer low-rank approximatiéhs to
spanned by a subset of the column$1ofThis chapter will reviewandomly pivoted

QR algorithms for constructing such low-rank approximations and describe their
connection tARPCholesky and other methods for psd low-rank approximation.

Sources. The algorithm we call randomly pivoteQR algorithm was originally
proposed as adaptive sampling by Deshpande, Rademacher, Vempala, and Wang
[DRVWO06; DV0O6]. Our treatment follows the papers
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Yifan Chen, Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. Randomly
Pivoted Cholesky: Practical Approximation of a Kernel Matrix with Few Entry
Evaluations . In:Communications on Pure and Applied Mathemaii8ss (2025),

pp. 995 1041.doi: 10.1002/cpa.22234

and

Ethan N. Epperly, Joel A. Tropp, and Robert J. Weblignbrace Rejection: Kernel
Matrix Approximation by Accelerated Randomly Pivoted Choleskpr. 2025.
arXiv: 2410.03969v3.

These papers revisited the randomly pivot@eR algorithm, though their focus
was more onRPCholesky. This chapter's treatment of randomly pivot€R

is substantially expanded from those papers. It contains new research including
discussion of numerical stability issues.

Outline. Section 9.1 introduces column projection approximations for approxi-
mating a matrix using a subset of their columns and discusses pivoted QzRtial
algorithms for computing them. Section 9.2 presents randomly pivQted and
Section 9.3 discuss fast implementations using rejection sampling. Related work
on sketchy pivoting is discussed in Section 9.4, and numerical experiments are pro-
vided in Section 9.5. Finally, Section 9.6 concludes by discussing the history and
connections between randomly pivo®& and randomly pivoted Cholesky.

9.1 Low-rank approximation via column selection

Recall from Chapter 2 that many of the commonly used low-rank approximations
for general matrices angrojection approximationsGiven a matrixd 2 K< =and

a test matrix , the projection approximation td is

R= 4 H=WWH whereW=Orth1H ©e

Throughout this chapter, | denotes the orthoprojector ormangé L °.

Just as we obtained coluniNystromapproximations from choosing the test matrix
= |1:-5° to be a column submatrix of the identity matrix, we may obtain column
projectionapproximations in the same way:

De nition 9.1 (Column projection approximation).et H 2 K< = be a matrix and
letS f 1-eee—gbe a set opivot indices Thecolumn projection approximation
to Hinduced byS is

A= H1.so He
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Naturally, the column projection approximationy:. socH is the projection approx-
imation (De nition 2.2) toH with test matrix = 11:-S° As column projection
approximations are projection approximations, they enjoy the properties listed in
Proposition 2.3.

Pivoted partial QR decomposition

Just as column Nystrom approximations can be computed by pivoted Cholesky
decompositions, column projection approximations can be computed using pivoted
QR decompositions. We collect the low-rank approximation in a factorization
R = WL, whereW 2 K< * andL 2 K= . Beginning from initial residual

H'® := H, do the following for8= 0-1-—2—eee—: 1:

~ Select a pivot.Choose givot indexB 2 f 1 « e -grassociated with a nonzero
pivot columnb™® < 0.

" Update approximation. Setqg = bg- kbgk and fg:= H gg Observe that
dsf 5 = gagH? is the orthogonal projection of the residual matk onto
its Bth column.

" Update residual. De ne H& ¥ := H'® qgfg =1 qg°H?.

As written, this procedure is e ectively a Gram Schmidt orthogonalization: We suc-
cessively select a pivot column and orthonormalize the remaining columns against
it. Neglecing rouncing errors, the matrixW produced by this procedure has or-
thonormal columns. See Program 9.1 for an implementation.

Remark9.2 (Numerical stability of Gram Schmidt)in fact, the implementation of
pivoted partialQR we described above and presented in Program 9.1 is actually
themocd ed Gram Schmidt algorithm. The di erence between the modi ed and
classical Gram Schmidt algorithms in our context is that modi ed Gram Schmidt
orthogonalizes the entird matrix against the selected pivot column, whereas clas-
sical Gram Schmidt orthogonalizes only on an as-needed basis, forming columns of
H'® on an as-needed basis using the formga= by %1 dg0gbg The modi ed
Gram Schmidt method has dramatically better properties in nite precision arith-
metic than classical Gram Schmidt; see [Hig02, Y19.8] for discussion and analysis.
Even using this modi ed Gram Schmidt procedure, the columns of the mafkfix
produced by this procedure can lose orthogonality in nite-precision arithmetic.
To ensure one obtains\& matrix with numerically orthonormal columns, one can
perform pivoted partiaQR using Householder re ectors; see [GV13, Y5.1].
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Program 9.1pivpartgqr.m . Pivoted partiaQR decomposition based on modi ed
Gram Schmidt orthogonalization.

function [Q,F] = pivpartgr(B,S)

% Input: Matrix B and set of pivots S

% Output: Factors Q and F defining a rank-k approximation Bhat = Q*F'

[m,n] = size(B);

k = length(S); % Rank = number of pivots
Q = zeros(m,k); % Left factor (orthonormal cols)
F = zeros(n,k); % Right factor
for i = 1:k
s = S(i); % Get selected pivot
Q(:,i) = B(:,s) / norm(B(:,s)); % Normalize column
FG,i) = B' * Q(,i); % Column of factor matrix
B =B - QC,) * F(G,; % Modified Gram-Schmidt
end
end

The pivoted partiaQR algorithm computes a column projection approximation:

Proposition 9.3(Pivoted partiaQR computes a column projection approximation)
Pivoted partialQR decomposition (Program 9.1) with input matikand pivot set
S computes a column projection approximatiop:. seH = WL .

Two factorizations of a column projection approximation
In applications, there are two common ways of representing a column projection
approximation in factored form. The rstway is a pivoted par@d® decomposition:

HisoH=WL for W= Orth1H>.-S°°andL =W He

The pivoted partiaQR algorithm (Program 9.1) returns this factorization.

Another convenient way of representing the projection approximation istee
polative decompositio@iD, [MT20, Y13]), which takes the form

HisoH = Hl:—SO] Where] = H1:-S% He (91)

Theinterpolation matrix] approximates the columns bfas linear combinations
of the pivot columngH!:-S°. The pivot columns are represented perfectly by the
interpolative decomposition, and, provided:-S° is full rank, the pivot columns
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of] are] 1.-S° =1. The interpolative decomposition is a key ingredient for
rank-structured matrix computations [Marl11; Wil21] and tensor network algorithms
[OT10; TSL24].

The pivoted partiaQR decomposition, as produced by many of the methods in
this chapter, can easily be converted to an interpolative decomposition. Indeed,
L 1:-8°=L1S=° is an upper-triangular matrix, so

HisoH=WL =WLS=° L1S=° L =H:-8%L1S=° L %

Ergo, the interpolation matrixis = LL 1S—=° 1 which can be computed {d1=:2°
operations using triangular solves.

To facilitate discussion of other algorithms later in this chapter, let us also introduce
the notion of annexactinterpolative decomposition.

De nition 9.4 (Exact and inexact interpolative decompositioAh exactinterpola-
tive decomposition is a decomposition of the form (9.1). iAexact interpolative
decompositions any low-rank approximation of the form

A = H1-sob .

We say a randomized algorithm for computing an inexact IBeigr-optimalif it is
guaranteed to produce an output satisfying

kH H1:-S°IP k2 const H Hl:_SoHi

with 90% probability forany matrix H and pivot ses.

The Gram correspondence: Equivalence between Cholesky ar@R

The Gram correspondence (Theorem 2.12) establishes a link between column pro-
jection approximation and column Nystrom approximation and, consequently, a
link between the pivoted parti@R and Cholesky algorithms. The general Gram
correspondence theorem (Theorem 2.12) yields the following corollary:

Corollary 9.5 (QR and Cholesky)Let G be a psd matrix and letl be any Gram
square root ofG (that is, G= H H). LetWandL be factors produced by pivoted
partial QR applied toH with pivot setS. The following conclusions hold.

(a) Same factor.The pivoted partial Cholesky o@ with pivot setS produces the
factor matrixL , up to a possible scaling of the columns by elemken®sK of
unit modulus.
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(b) Connection between low-rank approximation$he low-rank approximation
R =wL produced by pivoted partiaQR is a Gram square root of the
approximationé = LL produced by pivoted partial Cholesky,

e=h A-

(c) Same errorsForany? 1, the approximation errors are related
_ 2
kG 8ks,=kH RK3 -
Here, k ks, denotes the Schatteiinorm.

(d) Connection between residual#ét every stej8 the8stepQR residualH'® :=
H WL-1:8L1-1:8& isaGram square root of thestep Cholesky residual
G®=G Lu1:8L11:8,

(e) Diagonals and squared column normgAt each ste@ the squared column
norms ofH'® are the diagonal entries d&'®.

As we shall see, this result allows us to to seamlessly convert Cholesky-based
algorithms for psd low-rank approximation @R-based algorithms for computing
column projection approximations to a general matrix. We restate the transference
of algorithms principle below:

Gram correspondence: Transference of algorithms. Every algorithm
producing a projection approximation to a general matrix should have jan
analogous algorithm that produces a Nystrom approximation to a psd matyix.

9.2 Randomly pivotedQR

Under the transference of algorithms, tR®Cholesky procedure has an analog
for computing projection approximations to a general matrix ugiRgdecomposi-
tion. We will call this algorithmrandomly pivoteddR (RPQR) [DRVWO06; DVO6;
CETW25]; its history will be discussed later in Section 9.6.

The randomly pivote@R algorithm is straighforward: Execute a pivoted partial
QR decomposition, drawing a random pivot column at each iteration

B1 scritH %o
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Program 9.2 rpgr.m . A modi ed Gram Schmidt-based implementation of the
randomly pivotedQR algorithm for computing a column projection approximation.
Subroutinesqcolnorms is de ned in Program F.4.

function [Q,F,S] = rpar(B,k)

% Input: Matrix B and rank k

% Output: Factors Q and F defining rank-k approximation Bhat = Q*F',

% set of pivots S

[m,n] = size(B);

Q = zeros(m,k); % Left factor (orthonormal cols)
F = zeros(n,k); % Right factor

S = zeros(k,1); % Pivots

for i = 1:k

% Random sample using current diagonal as sampling weights
[~,s] = datasample(1:n,1,"Weights",sqcolnorms(B));

S(@) = s; % Set pivot
Q(:,i) = B(:,s) / norm(B(:,s)); % Normalize column
FG,i) = B' * Q(,i); % Column of factor matrix
B =B - QC,) * F(G,i); % Modified Gram-Schmidt
end
end

sampled according to thsquaredcolumn norms of the current residual matrix
H'®. The squared column norm distribution is the natural analog of the diagonal
samplingB 1 diag? G®° used inRPCholesky in view of Corollary 9.5(e). See
Program 9.2 for an implementation.

Theoretical results
Under the Gram correspondence, theoretical resultRRELholesky immediately
lead to results for RPQR. In particular, we have the following:

Corollary 9.6 (Randomly pivotedQR). Let H 2 K= = be a matrix, and xA 1
andY 0. Introduce the squared relative error of the best rafdpproximation:
H EHE, 7

kHK2 )

(9.2)

Randomly pivote@R produces an approximatioﬁ satisfying

EKH RKkZ 11, YkH E HpEk2e
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provided the number of steps satis es

A 1
More concisely, RPQR produces aA—¥2-2°-approximation after (9.3) steps.
(Recall De nition 3.6 and the Lyapunov inequaliBkH Rkz * EKH Rk2012)

Implementation

We will not spend too much time on the implementation of the standard RPQR
algorithm, as we mainly advocate tlaeceleratedRPQR algorithm for practical
computations, which will be introduced in the next section. Therefore, we describe
only a few implementation details for RPQR.

The implementation of RPQR in Program 9.2 is based on a modi ed Gram Schmidt
procedure; see Remark 9.2 for discussion. This implementation is numerically stable
enough for most use cases, but it may be worth using an implementation based on
Householder re ectors if obtaining & matrix that has orthonormal columns up to
machine accuracy is necessary.

A second potential implementation issue is hardware e ciency. As we described
in the previous chapter, the fastest matrix algorithms are based on block matrix
computations; the implementation of RPQR provided in Program 9.2 is inherently
sequential, selecting a column and orthogonalizing the entire matrix against it at
every iteration. This de cit will be addressed using rejection sampling with the
accelerated RPQR algorithm, but there are other xes that have been proposed for
pivotedQR decomposition with deterministic greedy pivoting that are worth men-
tioning. For fully deterministic implementations, the state of the art is provided
by theLAPACK routinexGEQP.3Quoting from thd APACK manual, this routine

only updates one column and one row of the rest of the matrix (information neces-
sary for the next pivoting phase) and delays the update of the rest of the matrix until
a block of columns has been processed [ABBB+99, Y2.4.2.3]. This modi cation
improves the e ciency of pivoted)R decompositions signi cantly and reorganizes
computations so a signi cant fraction of them utilize block matrix operations. A
second more recent idea is to use randomized dimensionality reduction, applying the
slow sequential pivote@R algorithm to the matriH after it has been compressed
using randomized dimensionality reduction; see [MBMD+25] for details.
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Block randomly pivoted QR

For historical reasons, we also mention that there is a straightforward block imple-
mentation of RPQR, analogous to bldelPCholesky (Section 8.2). For most use
cases, robust block random pivoting [DCMP24] or accelerated RPQR (introduced
next section) provide a better alternative.

9.3 Accelerated randomly pivotedQR

The accelerate®RPCholesky method (introduced in Section 8.4) uses rejection
sampling to simulate the performance of the origiR&lCholesky algorithm. It

is much faster than the stand&&Cholesky algorithm in practice due to runtime

e ciencies from block-wise computations, and it produces sam«randon out-

put as ordinaryRPCholesky. Under the Gram correspondence, the accelerated
RPCholesky algorithm has an analog, accelerated RPQR, that simulates the per-
formance of the RPQR algorithm while running much raster due to block-matrix
arithmetic.

Description of algorithm.One round of the accelerated RPQR algorithm may be
described as follows. Suppose we have already generated Bivots e -s Bampled
from the RPQR distribution, and, for eaéhdenote the residual as

H®=H W%W? H for W%=0rthtHLAB—+«-o§%
We wish to generate new pivos 1— ¢« » « g Bgenerated from the RPQR distribution
Bo scrtH@Fo.

To do so,we x a block sizd 1 and draw a collectio®?= fB—« « « 2giid with
replacementfrom the squared column norm distributiongf®

B—«es 98" scriH'®o.

Then, we lter the proposald S using rejection sampling, which can be
accomplished using thieejectionSampleSubmatrix subroutine (Program 8.5) on
N = »H®1.sby,H®1_sb with u = diag!N°; see Section 8.4 for details on
RejectionSampleSubmatrix. Once the new pivotR ;— <+ gBare inducted, we
updatew® °, columns of the factor matrik , and residuaH™@ ° as needed.

Below, we describe two implementations of accelerated RPQR using di erent types
of orthogonalization. The rst implementation (Program 9.3) is based on block
Gram Schmidt orthogonalization, and the second (Program 9.4) employs House-
holder re ectors.
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Program 9.3 acc_rpqgr_bgs.m. Block Gram Schmidt-based implementation of
accelerated RPQR algorithm for computing a column projection approximation to
a general matrix. Subroutinesjection_sample_submatrix  andsqcolnorms

are provided in Programs 8.5 and F.4.

function [Q,F,S] = acc_rpqr_bgs(B,k,b)

% Input: Matrix B, rank k, block size b

% Output: Factors Q and F defining rank-k approximation Bhat = Q*F',

% set of pivots S

[m,n] = size(B);

Q = zeros(m,k); % Left (orthonormal) factor

F = zeros(n,k); % Right factor

S = zeros(k,1); % Pivots

i = 0; % Index to store current position
while i < k

% Random sample using squared column norms as sampling weights
Sp = datasample(1:n,b,"Weights",sqcolnorms(B), 'Replace"”,true);

H = B(:;,Sp)*B(;,Sp); % Gram matrix of residual
T = rejection_sample_submatrix(H,diag(H),k-i);

T = Sp(T); % Get selected pivots
| = length(T); % Number of pivots
S(i+1:i+l) = T; % Update pivots
[QC,i+1:i+),~] = gr(B(;,T),"econ™); % Orthonormalize selection
FC,i+1:i+) = B*Q(:,i+1:i+l); % Update factor

B = B - Q(,i+L:i+)*F(:,i+1:i+l); % Update residual

B - Q(C,i+L:i+)*(Q(,i+1:i+1)*B);% Orthogonalize twice
=i+ % Update index

end

vy}
1

end

Implementation #1: Block Gram Schmidt.Our rst implementation of acceler-
ated RPQR is shown in Program 9.3 and uses block Gram Schmidt to perform
orthogonalization. It is a fairly direct extension of the modi ed Gram Schmidt im-
plementation of standard RPQR in Program 9.2. Throughout the algoBtsiores

the current residual, the columns of the left orthonormal fad¥@re obtained by
computing aQR decomposition of selected columns®fand the factor matrix is
computed using the handy formul#:—8 1:8, °=1H?® wWi:—8 1:8, °. Fol-
lowing best practices [GLREO5], we orthonormalize the residual métragainst

the newly orthonormalized column$:—8 1 :8, ° twiceto improve numerical
stability. This implementation has worse stability properties than the Householder
re ector-based implementation in Program 9.4.
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Implementation #2: Householde®@R. A more numerically robust implementation

of accelerated RPQR can be obtained using Householder re ectors. Rather than
storing the orthonormal factadV directly, we representVimplicitly as the rst:
columnsofaprodudtl; N. of Householder re ector matriceNlg each of which

takes the formNg =1  2ugug for a unit vectorug This representation remains
storage-e cient, as we only need to store the unit vectogsSee [GV13, YY5.1 &

5.2] for more on Householder re ectors a@R factorization.

The advantage of a Householder re ector-based implementation over a Gram
Schmidt-based implementation is that Househol@& methods are guaranteed

to produce aW matrix whose columns are orthonormal up to machine precision
[Hig02, Y19.3]. Gram Schmidt-type methods do not possess such a guarantee
[Hig02, Y19.8].

Program 9.4 provides a Householder-re ector based implementation of accelerated
RPQR. This implementation uses compact representations of the HouseQ&®der
decomposition and carefully updateQ® decomposition of the matriyd*.-S°
throughout the algorithm, even as the pivotSencreases in size. See Appendix A

for discussion.

9.4 Related work: Sketchy pivoting

Per-Gunnar Martinsson and collaborators have pioneered a di erent family of meth-
ods for column subset selection callgketchy pivoting methodsM17; DM23b;
DCMP24]. For completeness, we provide a brief introduction to the idea.

Fast random embeddings

The starting point for these methods is a type of matrix that we will cddsh
random embeddingr fast sketching matrixinformally, a fast random embedding
Y 2 K< 3is arandom matrix satisfying the following two properties:

"~ Fix an arbitrary: -dimensional subspad¢ K=<. With high probability,Y
preserves the lengths all vectors inU up to a constant factor

cikxk kY xk cokxk forall x 2 Ue (9.4)

Here, thec;—c; 1 are absolute constants. The embedding dimen3ion
should be nearly proportional to the subspace dimendon,0O:° or 3 =
O log:°.
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Program 9.4 acc_rpgr.m . Householder re ector-based implementation of ac-
celerated RPQR algorithm for computing a column projection approximation to a
general matrix. Subroutinegjection_sample_submatrix , hhqr, apply_Qt,
get_Q, andsqcolnorms are provided in Programs 8.5, A.1to A.3 and F.4.

function [Q,F,S] = acc_rpqr(B,k,b)

% Input: Matrix B, rank k, block size b

% Output: Factors Q and F defining rank-k approximation Bhat = Q*F',

% set of pivots S

[m,n] = size(B);
hous = zeros(m,k); tau = zeros(k,1);% Compact Householder QR
S = zeros(k,1); % Pivots
i = 0; % Index to store current position
while i < k
% Random sample using squared column norms as sampling weights
Sp = datasample(1:n,b,"Weights",sqcolnorms(B(i+1:end,:)),...
"Replace" true);
% Form Gram matrix of selected pivots

Bp = B(i+1l:end,Sp); % Bottom part of B stores residual
H = Bp*Bp; % Gram matrix

T = rejection_sample_submatrix(H,diag(H),k-i);

T = Sp(T); % Get selected pivots

| = length(T); % Number of pivots

S(i+1:i+l) = T; % Update pivots

% Update Householder QR factorization
hous(:,i+1:i+l) = B(;,T);
[hous(i+1:.end,i+1:i+l)tau(i+1:i+l)]... % Compute Householder

= hhgr(hous(i+1:end,i+1:i+l)); % reflectors
B(i+1:end,:) = apply_Qt(hous(i+1:end,i+1:i+l),... % Update

tau(i+1:i+l),B(i+1:end,.)); %  residual
=10+

end

Q = get_Q(hous,tau);
F B(1:k,:)";

end

" For any matrixH 2 K< =, the productY H can be computed in at most
Oi<=log<? operations.

Sketching will play a major role in Part Il of this thesis; see that section for formal
de nitions, constructions of fast random embeddings, and guidance on which type
of embedding to use.
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Sketching pivoting

Suppose we are interested in selectirgplumns of a matriH, where the parameter

. is knowr to the algcrithm in advance Using the sketchy pivoting approach, we
rst draw a fast random embedding of size, sy 2: , and computé’ H. Then, to
select a subset of columns fbit we apply some traditional column subset selection
algorithm, such as a pivoted matrix decomposition, testtetched matri¥ H. The

key feature of sketchy pivoting is that the traditional matrix decompositions needs
only be applied to the sketched mathxH, which is much smaller than the original
matrix H.

One major strength of sketchy pivoting is that the randomized embeddings the

e ect of regularizingthe matrixH. Empirically, one nds that one obtains a nearly
optimal set of columns even when one uses a poor column subset selection algorithm
onY H such ad.U with partial pivoting (applied to the adjointy H° ) [DM23a].

We will abbreviate the sketchy pivoting with partial-pivoted scheme aSkLUPP.

With an appropriate type of embedding (hamely, a sparse sign embedding with
constant sparsity parametg&r see Appendix B.6)SkLUPPrequires jusiOi<=

: =0 gperationsto seleci the columr se' S, faster than RPQR and its variants.

Quickly computing an inexact interpolative decomposition

To upgrade a skeleton s&tcomputed by a sketchy pivoting method to exact
interpolative decomposition (in the sense of De nition 9.4) requidgs<="° op-
erations, the same asymptotic cost as RPQR and its variants. Howeesylgp
optimal inexactiD (also as in De nition 9.4) can be obtained rapidly by applying
another level of sketching. The idea is due to [DCMP24] and is caileusam-
pled sketchy interpolative decompositiofhe idea is simple and clever: Generate
another random embedding2 K< 3 and solve the sketched least-squares problem

o =argmirk H t H:-Sb ko= »1 HL-SOY1 Hoye
]b

OSID is essentially an instantiation of tsketch-and-solvenethod for computing
an approximate least-squares solution, which will be discussed in Section 21.7.
Theoretical guarantees for sketch-and-solve are discussed in Section 21.7 and Ap-
pendix C, which con rm that with appropriate parameter choices OSID compi-
utes a nearly optimal inexact ID. The cost of sketchy pivoting with OSID may be as
low asOi<= , :2=° gperations.
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RPQR vs. sketchy pivoting

There are three main advantages of RPQR-based approaches over sketchy pivoting.
First, and least importantly in my opinion, RPQR-based approaches come with
theoretical guarantees of performance. At present, sketchy pivoting lacks such
theoretical guarantees, thought it has been put through extensive numerical testing.
Second, RPQR produces an exact ID, whereas theCfast | : 2=° version of
SkLUPP produces an inexact ID. One can use the column set B&ilJPP to
compute an exact ID, but then the total asymptotic co$d &k=° is the same as
accelerated RPQR. Finally, to be most e cient, sketchy pivoting methods require
(an upper bound on) the column subset size be known in advance. To determine

the number of columns at runtime may require periodically regenerating the
embedding matrix¥ and recomputingy H with a larger value o88. By contrast,
RPQR methods can be run for a general number of stesl stopped at whatever
iteration one pleases.

Notwithstanding these limitations, sketchy pivoting methods are asymptotically
faster for subset selection and inexact ID than RPQR methods. | regard both
technigues (and adaptive randomized pivoting methods [CK24]) as e ective, general
methods for column subset selection and ID computation.

9.5 Experiments

Throughout this section, we use the Househol@&-based implementation of
accelerated RPQR (Program 9.4) in all experiments. We also compare pivoted
partial QR with greedy pivoting (often simply callecblumn-pivoteR, CPQR in

the numerical literature) arBkLUPP. (Similarly to greedy pivoted Cholesky, CPQR
selects the largest-norm column as pivot at every stepRfdecomposition.) For
SKLUPP, we compute the interpolative decomposition exactly (i.e., not with OSID)
and choose the sketching matrix to be a sparse sign embedding with embedding
dimension3 = 2:; see Appendix B.6. We use the test matkx2 K~ = of
dimension= = 2500with entries

lgo= _t for every8— & 1—eee—=o (9.5)
Xg Yo
Here, pointsf xgg andfyqg are equispaced Cartesian grids @r1% >-1%and
»1-2Y4 -1Yrespectively. Matrices similar to this appear as discretizations of inte-
gral operators, and signi cant work has gone into developing ways of approximating
them (e.qg., by proxy point methods [Y XY 20]).
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Figure 9.1: Accuracy of RPQR (orange circles), greedy piv@®&l (purple as-
terisks), and sketchy pivoting metho8KLUPP, blue crosses) for computing a
low-rank approximation to the matrix (9.5). Lines shown median of 100 trials, and
shaded regions show 10% and 90% quantiles.

Accuracy. Figure 9.1 presents an accuracy comparison of RPQR, greedy piv-
oted QR, and SKLUPP on this matrix. We see that RPQR consistently achieves
smaller errors than the other methods on this matrix, demonstrating the virtues of
incorporating randomness into pivot selection for computing a pivoted p&Ral
decomposition. At rank = 50 on this example, RPQR B0 more accurate than
SkLUPPand4+2 more accurate than greedy pivoi@fR.

Speed. Figure 9.2 compares the runtime of the ordinary and accelerated RPQR
algorithms (Programs 9.2 and 9.4). For accelerated RPQR, we set the block size to
1 = max: +«2-200g. We see that accelerated RPQRL.&5 faster than standard
RPQR when we reach a rank of= =, at which point we have computed a full
pivoted QR decomposition of the entire matrix. At this point, we can compare
the performance of accelerated RPQR to MATLAB's greedy column-pivQ@ted
decomposition, executed f3,R,P] = qr(B) .We omit comparisons with sketchy
pivoting as it is not appropriate for computing a full pivot@& decomposition. We

see that MATLAB's built-in column-pivote@R decomposition subroutine, calling
appropriatd. APACK routines written in Fortran, isonlis6 faster than accelerated
RPQR, written in MATLAB. | consider these timing results to be promising, and it
suggests that an implementation of accelerated RPQR in a low-level programming
language might be faster than existibgPACK routines for column-pivote@R.
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Figure 9.2: Runtime for standard RPQR (blue crosses) and accelerated RPQR
(orange circles) for di erent approximation rankgsingle execution). The runtime

for MATLAB's (full) greedy pivotedQR (i.e., [Q,R,P] = qgr(B) ) is shown as a
purple asterisk.

More experiments.Many further demonstration of the virtues of random pivoting
for approximation of general matrices appear in the paper [DCMP24], including
comparisons of the blocked and unblocked RPQR algorithm and the RERP
algorithm.

9.6 RPCholesky and RPQR: History

In our presentation, we introduc&PCholesky rst and used the transference of
algorithms principle to derive the RPQR algorithm. Historically, it went the other
way around. Here is the story, as best | can tell it.

Squared column norm samplingln the late 1990s, theoretical computer scientists
and researchers in adjacent elds became interested in using randomization to ac-
celerate matrix computations, motivated by applications in data analysis [PTRV98;
FKV98]. As a fast way of constructing a low-rank approximation to a large matrix,
Frieze, Kannan, and Vempala suggested approximating a matrix by low-rank ap-
proximations spanned by columBg-e e« — B scritHo drawniid from the squared
column norm distribution [FKV98]. Their main result [FKV98, Thm. 2] establishes
the guarantee

EH  risgoepgH> H EHEZ, PRHIZ  for B—+ =+~ B scritHoe

Here, A 1lisany xedtargetrank. Introducing the squared relative-error of the best
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rankAapproximation from (9.2), we see that = O%2[° columns are su cient

to obtain a low-rank approximation comparable to the best Peaqiproximation to

H. This analysis is tightFor a wors-cas¢ input méetrix, : = *Ae[° columns from

the squared column norm distribution are necessary to obtain this guarantee; see
[CETW?25, Thm. C.3(b)].

Randomly pivotedQR introduced as adaptive sampling .The Frieze Kannan
Vempala algorithm suggests a natural improvement by iteration. Draw a single
column (or a small batch) from the squared column norm distribution, subtract o
the projection of the matrix onto these column(s), and repeat. This re nement was
proposed in 2006 by Deshpande, Rademacher, Vempala, and Wang [DRVWO06] and
expanded on later that year by Deshpande and Vempala [DV06]; these authors called
their methodadaptive sampling The algorithms we have called RPQR and block
RPQR are essentially the same as Deshpande et al.'s adaptive sampling algorithm,
up to implementation details. The papers [DRVWO06; DV06] also propuskane
sampling which draws a subs& of : columns ofH with probability proportional

to the squared volumdetsH!:-S° H':-S°% in modern language, the-volume
sampling distribution is the-DPP distribution on the Gram matrkt H.

Desphande and coauthors combine their three primitives RPQR, block RPQR, and
volume sampling in creative ways to prove existence results and algorithms for
computing column projection approximations. Underlying these combinations are
two main theoretical results, which we now summarize. The rst result [DRVWOG,
Thm. 1.2] shows that, with a su ciently large block size, block RPQR produces
accurate low-rank approximations.

Fact 9.7(Block RPQR: Large block size) etH 2 K< =be a matrix, and x target
rank A 1 and accuracy parameter 2 10-1°. Set the block size of block RPQR to
bel AeY, and execute the procedure fgiblock) steps. Then block RPQR outputs
a low-rank approximatiorh satisfying

EKH RkZ 11 Y kH E HEKE, YkHKZ

This result establishes the qualitative conclusion that block RFwith a su -
ciently large block size produces an approximation comparable to the best Aank-
approximation after drawing = O?Alogle[ °° columns, wherd is de ned in
(9.2). This result demonstrates axponential separatiotetween iid squared
column norm sampling and block RPQR in the paramieter
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The second result provides a sharp bound on column projection approximations
built from the volume sampling distribution and a very crude bound for the plain
RPQR algorithm:

Fact 9.8 (RPQR and volume samplinglet H 2 K< = and construct -column
projection approximationﬂvm and Plosg, using volume sampling and RPQR (with
block sizel), respectively. Then

EKH Ryk? t:, 1°H EHE 2- (9.6)

F
EH R 2

1:,1° H EHE (9.7)

2
=
The volume sampling bound is [DRVWO06, Thm 1.3], and the RPQR bound is
[DVO6, Prop. 2]. The volume sampling bound (9.6) is optimal in the sense that no
method can achieve a prefactor smaller thanl (which follows by Theorem 3.12

and the Gram correspondence). By contrast, the bound (9.7) is quite weak, and
seems to suggest that the unblocked versions of RPQR produce approximations
of extremely low quality. Using the weak bound (9.7), Deshpande and Vempala
produce algorithms with accuracy guarantees by combiAistgps of RPQR with
multiple rounds of block RPQR with a large block sike=  1A. The very weak
bound (9.6) is the only analysis of RPQR with block size= 1 established by
Deshpande et al.

Empirical evaluation of adaptive sampling/RPQR1 the years following the pub-
lication of Deshpande and coauthors work, there were various e orts to analyze the
empirical performance of adaptive sampling/RPQR-type algorithms and compare
them to alternatives. There was particular interest in using variants of the adaptive
sampling idea for Nystrém approximation of psd matrices. A comparison of column
Nystrém methods by Kumar, Mohri, and Talwalkar concluded [KMT12, p. 989] that
adaptive sampling requires a full pass through [the kernel ma@ia{ each iteration

and is thus ine cient for largeQ . As solution, the papers [KMT12; WZ13] pro-
posed cheaper, approximate versions of adaptive sampling that were more tractable.
Despite its appealing properties and attempts to address the method's weaknesses,
the adaptive sampling algorithm has not seen wide use for applied computation
in the 2010s and early 2020s; indeed, the algorithm is not mentioned in a recent
comparison of popular methods for column selection [DM23a].

Randomly pivoted Choleskyn 2017, Musco and Woodru considered the problem
of computing a low-rank approximation to a psd matrix from a small number of
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entry accesses [MW17]. Their goal was to produce a low-rank approxim&ion
to G that is competitive with the best ral@pproximation when measured in the
Frobenius norm

kG Bk 11, Y G EGE,. with ranki8 poly'Adeyes  (9.8)

Producing a low-rank approximation of this quality from a small number of entry
accesses is a stringent requirement; see Section 11.2 for more discussion.

To motivate why psd low-rank approximation is evyaossiblewithout reading the
whole input matrix, Musco and Woodru use what we have called the transference
of algorithms principle to extend adaptive sampling to an algorithm for psd low-rank
approximation. They write:

Since G*2G"? = G, the entryOggis just the dot product between the
gh and %h columns of G*2. So with G in hand, the dot products
have been “precomputed' and [adaptive sampling] yields a low-rank
approximation algorithm foiG*2 running in just= poly®: «Y° time.
Note that, aligning with our initial intuition that reading the diagonal
entries of G is necessary to avoid thenzt G° time lower bound for
general matrices [i.e., Proposition 3.3], the diagonal entri€3arfe the
column norms ofG**?, and hence their values are critical to computing
the adaptive sampling probabilities.

The algorithm Musco and Woodru describe is, in its esse®j@Cholesky.

The discussion oRPCholesky in Musco and Woodru 's work is brief, serving to
motivate the development of more sophisticated algorithms with stronger theoretical
guarantees. The original paper of Musco and Woodru does not provide pseu-
docode foRPCholesky, document an implementation of the algorithm, or report
any numerical experiments. (I have since learned from Cameron and Christopher
Musco that numerical experiments were done and not published.) Also, given the
brief treatment, some the subtleties of the adaptive sampling in Desphande and
coauthor's work go unmentioned, such as the speci ¢ mixtures of unblocked and
blocked adaptive sampling that Deshpande and Vempala use to obtain algorithms
with relative error guarantees [DV06, Y3.2]. To the best of my knowledge, Musco
and Woodru 's work is the sole mention of thRPCholesky algorithm for psd
low-rank approximation in the literature prior to our work. (As mentioned in Sec-
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tion 4.5, Poulson [Pou20] also uses the same computational st&»CGtsolesky
for projection DPP sampling.)

Our paper [CETW25], originally released as a preprint in 2022, revisite®REhe
Cholesky algorithm, reinterpreted the procedure as a partial Cholesky decomposi-
tion, and suggested the namadomly pivoted Choleskylo simply the algorithm

and remove the large block size limitation in Fact 9.7, we established new theoretical
results ensuring th&PCholesky produces near-optimal low-rank approximations
with block sizel = 1. (Our subsequent work [ETW25] extends this to general
block sizes.) This paper provided numerical experiments comp&#@holesky

to other algorithms for column Nystrom and usiRBCholesky to accelerate kernel
computations in scienti ¢ machine learning.

From adaptive sampling to randomly pivote@dR. After we released our paper on
RPCholesky, we were surprised by the amount of interest our colleagues had in
the QR version of the procedure, even though it requires signi cantly more com-
putational work thafRPCholesky (O1:=2° operations versu®1: 2=° operations).

This feedback, as well as input from anonymous referees during peer review, led us
to devote more attention to the column projection approximations for general ma-
trices in revisions of o uRPCholesky manuscript [CETW25] and in its followup
[ETW25]; | have tried to add further details in this thesis.

Let me summarize our contributions and proposals for RPQR. First, we reinterpreted
the adaptive sampling procedure of Deshpande and coauthors as a pivoted partial
QR decomposition with a random pivoting rule, and suggested the namemly
pivotedQR. We hope the new name will make this algorithm more transparent to
researchers in numerical analysis and scienti c computing and help to di erentiate
between theQR and Cholesky versions of the adaptive sampling idea. Second,
we proved new theoretical results [CETW25, Cor. 5.2] and [ETW25, Cor. 5.2].
These results demonstrate tfPCholesky and RPQR produce approximations
comparable to the best ral@approximation when the block sizZeis set to any
value betweeth andO . In particular, these results justify the use of the algorithm
without the multistep procedures and large block sizes used in Deshpande et al.'s
existing work. Third, we developed accelerated block implementations of RPQR
(Section 9.3). Finally, in this thesis, | discussed stable numerical implementations
using modi ed Gram Schmidt and Householder re ectors; related ideas appear in
[CK24].
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Chapter 10

CUR DECOMPOSITIONS

Thus,| and/or X can be used in place of the eigencolumns and
eigenrows, but since they consist of actual data elements they will be
interpretable in terms of the eld from which the data are drawn (to the
extent that the original data points and/or features are interpretable).

Michael W. Mahoney and Petros Drine&JR matrix decompositions
for improved data analysigviD09]

A CUR decomposition o€CUR approximation refers to a low-rank approximation
of a matrixH of the form

H I[X wherel = H:-S°andX = H1T—0%

The matrixH is approximated by a low-rank approximation spanned by a subset
of both its rows and columns. THREUR decomposition is valued for its increased
interpretability over other types of low-rank approximations like the SVD [MDO09].
The CUR decomposition is also favored in certain contexts because thed X
matrices inherit structural properties like sparsity from the mattiar because,

in some casesCUR decompositions can be constructed without looking at the
entire input matrix (see Remark 3.5). This section reviews the theo@QUR
decompositions and discussed algorithms for computing them based on random
pivoting.

Sources. This chapter presents original research that has not previously been
published. The references [MD09; PN25] have been helpful in shaping this chapter.

Outline. The CUR decomposition does not t into our existing taxonomy of ran-
domized low-rank approximation algorithms from Chapter 2, and it is not evident
how we should pick the middle factpr. To remedy this de cit, we shall begin

by brie y reviewing two additional types of low-rank approximation: two-sided
projection approximations (Section 10.1) and generalized Nystrom approximations
(Section 10.2). These two classes yield tinequivalent types of CUR approxi-
mations, which we will refer to aSUR projection approximations afdUR cross
approximations. Section 10.3 discusses numerically stable representa@hRof
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approximations, and Section 10.4 discusses random pivoting algorithms for com-
puting CUR decompositions. Finally, Section 10.5 reviews the Mahoney Drineas
algorithm for computingcUR decompositions and Section 10.6 presents a numer-
ical comparison.

10.1 Two-sided andCUR projection approximation

Given a test matrix 2 K~ -, the projection approximation is the Frobenius-
norm optimal approximation to a matrid 2 K< = in the column span oH
Given a second test matrix 2 K< , it is natural to de ne a@wo-sidedprojection
approximation as the Frobenius-norm optimal approximatiod tbat both lies in
the column span o and lies in the row span of H. To this end, we have the
following result [Ste99, Y4].

Proposition 10.1 (Optimal two-sided approximation)Fix matricesH 2 K< =,
_2K=< *,and’ 2 K= . Then the approximation

R= H =T for[ =_YHY

is the unique Frobenius-norm optimal approximation Howhose columns are
spanned by the columns ofand whose rows are spanned by the rows af

Proof. Consider the space of all approximations
S=f 72" :Z2K ¢

Geometrically, we are interested in characterizing the unique p&ir?2 S that is
closest toH. The vectorization operatiomec : 1K< "k k° ! 1 K<k k° is a
linear isometry, so we can equivalently nd the pouatc! Hg° closest tovectH° in

vedSe=fvec Z° °:Z2K' g=fl" °t:t=vedZ°2K' g
The second equality is the vec Kronecker product identity. Thus, we have

VectHg® = « tvedHoo=1" o017 oYyecHP

=17 o™’ YoyedHo=ved YH'Y " o

In the penultimate identity, we used the fact that the pseudoinverse of a Kronecker
product is the Kroncker product of the pseudoinverses, which follows by the SVD
and the mixed product property for the Kronecker product. In the last equality, we
applied the vec Kronecker product identity twice. Ergde = YHY * | as
promised. O
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This result motivates the following de nition:

De nition 10.2 (Two-sided projection approximation a@UR projection approx-
imation). Given test matrices 2 K= and 2 K< , thetwo-sided projection
approximationto H 2 K< s

hZ:HHH‘

If =11-8°and = [%-T° are column submatrices of the identity matrix, the
resulting then the two-sided projection approximation is call€éeliR projection
approximation It takes the form

R=I[X wherel =H:-S° X = HT=° and[ =1 YHXs

This de nition provides the rst natural choick = | YHXY for the core matrix

in a CUR decomposition. As a consequence of Proposition 10.1, this type of
approximation yields the smallest Frobenius norm error for any middle factor in a
CUR approximation. In view of this property, Park and Nakatsukasa [PN25] call
this type of CUR approximation aCUR best approximation For this thesis, we

will use the termCUR projection approximatiorio emphasize the connection with
(two-sided) projection approximations. It is important to emphasize ti@GUR
projection approximation achieves the lowest possible Frobenius normfor ar
giver choice of I anc X; with a bad choice of columns and rows, the accuracy of
this best approximation can be quite poor.

Remarkl0.3 (Decomposition or approximatiorip the literature, the term decom-
position is often used to describe the factored approximaﬁbn I[X H. |
prefer the termCUR approximation, as one typically hds < H in applications.
Conditions for exactness of t&@JR approximation are provided in [HH20].

Before going forward, we catalog the following useful and standard (for example,
see [MDO09; SE16; DM23a; CK24]) result:

Proposition 10.4(One-sided to two-sided)Fix matricesH 2 K< =, 2 K< °,

iH W H W i WH W Hili, d@iH H oy e
Proof. Apply the triangle inequality:

H W H W i dH W HiL Do tH H W e
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By the operator ideal propert§jLMjj KLk jjMijj, the second term may be
bounded as

w*H H oy o kwkjH H oy ji=gH H y

This completes the proof. O

10.2 Generalized Nystrom approximation andCUR cross approximation

The generalized Nystrém approximation is a powerful low-rank approximation for-
mat that encompasses both projection approximations and Nystrém approximations
as special cases. They also lead to another useful, inequalivant way of constructing
the middle factor folCUR approximations.

De nition 10.5 (Generalized Nystrom approximation a@dJR cross approxima-
tion). Given test matrices 2 K= and 2 K= , the generalized Nystrom
approximationto H 2 K< “is

Hh — i=1H ©°1 H %1 Ho.

If =11-S%°and = 1%-T° are column submatrices of the identity matrix, then
the generalized Nystrém approximation is calle@@R cross approximation It
takes the form

HRS-Ti = I[ X wherel = H1:-S°, X := H1T=° and[ = H1T-5%.

Generalized Nystrém approximation includes projection approximation and classi-
cal Nystréom approximation as the special cases| and =

The generalized Nystrom approximationngerpolatory. Consider the case when
and H isfull-rank. Then

Hh — i =H 1 H Y Ho=H .

Consequently, ifSj j TjandH!S-T° has full rank, therd := HIS-Ti agrees with
the matrixH in the selected columnsH:-S° = R1:-S°. Analogous statements
hold in the opposite case ().

CUR projection approximatiofi = | YHXY and CUR cross approximatiof =
H1S-T° are both natural. The former enjoys the optimality result Proposition 10.1,
and the latter satis es the interpolatory property just discussed. e cross
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approximation is particularly attractive for approximating very large matrices, owing
to the following property Once the indey set: S anc T have beeriderti ed, forming
theCUR cross approximation only requires accessing = entries ofH. Thus, the
CUR cross approximation forms the basis for low-rank approximation algorithms
for general matrices that avoid reading the entire matrix (Remark 3.5).

Remark10.6 (History and terminology)The generalized Nystrém approximation
has an interesting history. The rst references in the modern randomized linear
algebra literature are the seemingly independent works of Woolfe, Liberty, Rokhlin,
and Tygert [WLRTO08] and of Clarkson and Woodru [CW09]. An algebraically
equivalent type of approximation appears in [TYUC17b], and they suggest an im-
plementation with improved stability properties. The nage@eralized Nystrom
approximationwas suggested by Yuji Nakatsukasa [Nak20], who investigated dif-
ferent stable implementations that zero out small singular values in the core matrix

H . Per-Gunnar Martinsson and Alex Townsend trace the origin of this type
of approximation all the way back to the work of Wedderburn [Wed34, p. 69] in
1934, whose writings contain the formula for arank = 1generalized Nystréom
approximation. The generalization to= | 1 appears 45 years later in [CF79];
see the paper [CFG95] for more discussion. An important di erence between the
premodern usage of generalized Nystrom approximation and its contemporary usage
are the settings of the parameterand ; the early literature exclusively focused on
the case = , whereas the modern literature has exposed bene ts of oversampling
(e.g., =dl5:eor: =dl5 €).

The nameCUR cross approximation is taken from [PN25]. The narress approx-
imationfor the CUR cross approximation is classical [BR03], particularly when the
row and column subset have the same $&e= jT]. The name refers to the fact

that the decomposition can be computed from only a subset of columns and rows
of the matrix. If these subsets are contiguous, they form the shape of a cross on the
matrix [GTO1]; see Fig. 10.1 for illustration. Earlier literature also uses the term
pseudoskeleton approximatiofisTZ97; GZT97; GTO1].

WeightedCUR cross approximationsOne can also consider weighted versions of
the CUR cross approximation.

De nition 10.7 (WeightedCUR cross approximation)LetS f 1—ee+—gbe a set
of : indices andl f 1-e+e++—gbe a subset of indices, and le} ; 2 K- - and
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Figure 10.1: Diagram of cross approximation, showing how the entries selected to
form the approximation form a cross.

] 22K be positivedeinite. The weightedCUR cross approximation is

R = HE-S9 1] pHIT-S9] ;%] pHIT=e
= HL-S[H T=° for[ =] 1%] 2H!T-S°] ;%] e

If the matrix HL T-S° has full rank, then only one of the weight matrices plays a role
in the approximation. Indeed, if : andHT-S° has full column-rank, then

1 oHIT-8] 1 =] 4 1] pHIT-5°%-
and the core matrix only depends prp:
[ :1] 2H1T_Sooy] e

A similar result holds if: . In particular, if: = andH'T-S° is full-rank,
then A depends on neither weight matrix, aRdis just the ordinaryCUR cross
approximation.

The justi cation for considering weighteGUR approximations is provided by the
following result.

Theorem 10.8(The value of weighting fo€CUR approximations)Fix : 1 and
any < that is divisible by: | 1. There exists a matrix{ 2 R< 2 and a column
subseS = f1—-+++2: gof : elements such that the squaiurweightedCUR cross
approximation error is at least

2

H HE-SOHIT-SYHIT=0 2 165 H HL-SOHL-SYHIT=0 .

unless the row subs&tcomprises at least
13 2p§°< 04172 < elements
Conversely, for (diagonallyweightedCUR cross approximations, a row subset of
size
=0 log: , ;Y (10.2)



168

IS su cient to obtain the guarantee

H HL-S°1] ,H1T-S°%] 2H1T—:°|2: 11, YYH HL-S°HL-S%YHIT=° ,2:0

The proof is somewhat lengthy, so we defer it to Appendix D.2. | believe that the
dependence ofin (10.1) can be reduced to= O «Y° by extending the results of
[CP19] to least-squares problems with multiple right-hand sides.

This result establishes a fundamental separation between the approximation capa-
bilities of weighted and unweightedUR approximations. In short, the conclusion
of Theorem 10.8 may be summarized as follows.

( )

WeightedCUR cross approximations achievé& ;| Y°-type approximation
guarantees using a row-subset of size O*: log: , :*Y°, whereas un-
weighted approximations a constant fraction of the matrix rows 1<°to
achieve such a guarantee.

- v

In practice, the examples which demonstrate a separation between the weighted and
unweighted approximations are somewhat pathological, and unweiGhtBdaross
approximations are usually ne for applications.

10.3 Numerically stable representations
Standard implementations QUR approximations su er from issues of numerical
stability, as Martinsson and Tropp explain [MT20, Y13.1]:

A disadvantage of theQUR cross approximation] is that, when the
singular values oH decay rapidly, the factorizatioMS-Ti = I[X ]

is typically numerically ill-conditioned. The reason is that, whenever
the factorization is a good representationHfthe singular values of
H1T-S° should approximate the dominant singular values dfl, so

the singular values df end up approximating the inverses of these
singular values. This means tHatwill have elements of magnitude
1-f ., which is clearly undesirable when is small. In contrast, the
ID is numerically benign.

(We have modi ed this quote to have consistent notation with the rest of this chapter.)
The issues identi ed in this quote show that working with stardard regreserta-
tion A = I[X of theCUR approximation can be numerically problematic.
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To x this instability, the authors of [ADMM+15] propose representing theR
projection approximation using the factorization

A=W, W, (10.2)

whereW, = Orth1H!:-8%, W, = Orth1H'T=°° and = W HW,. While
this format is stable, it no longer represents the low-rank approximatiorCasRa
factorization A = I[X . In particular, the factor&, andW, no longer inherit
structural properties dfl such as sparsity, ant¥; andW, lack the interpretability
bene ts of approximatingH using columns and rows.

To remedy the numerical stability issues witlR approximation while maintaining

a factored representation using selected columns and rows, | propose the following
new way to stably represent tli&UR approximation. The observation is that it
can be more numerically stable to work with iamplicit representatiorof the core
matrix[ . Speci cally, we represerjt as a product

[ =V M (10.3)

of a well-conditionedmatrix M and a (possibly ill-conditioned) upper-triangular
matrix V. This representation can be computed in the following ways:

1. ForCUR projection approximations, rst use a stable algorithm to compute
arow interpolative decomposition

H ]H 1T=° for] = HHIT=%e

To compute a stable representation (10.3), we comp@R aecomposition
of the column submatriyd®:-S°:

H1:-S° =WV
and de neM := W] . The core matrix admits the factorization (10.3).

2. For (weightedCUR cross approximations with : and weight matri§ »,
we compute R decomposition

] 2HIT-S° = W\

and de neM := W] »,. The core matri admits the factorization (10.3).
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As we will see in Section 10.6, working withl and V matrices, rather than the
standard core matrix, can lead to signi cant stability improvements to t6&JR
approximation while maintaining the core essence of the decompositioiif X

We emphasize that, to reap the numerical stability bene ts of this approach, it is
critical to store the triangular matri, not its inverse V 1.

Motivation for improved stability. To motivate why the representation (10.3) is
more stable, rst consider a square matkx2 K= =, and work with the extreme
case wher§ = T = f1-e++—g= The standar€€UR decompositiorH = I[[X has
factorsl = X = Hand[ = H 1; in particular, formind as a dense array requires
explicit computation of the inversd . As can be seen in the following MATLAB
code segment, the reconstruction error with @R decomposition can be large:

B = rand_with_evals(logspace(0,-15,1000)); % Condition num = 1el5
norm(B - B*inv(B)*B)/norm(B) % Outputs 9.7e-3

If we instead compute ®R decompositiorH = WVand represent the inverse as
H 1=V W, the reconstruction error drops to the level of the machine precision:

[Q.P] = ar(B);
norm(B - B*(P\(Q*B))/norm(B) % Outputs 1.6e-15

The stability di erence between these two approaches is consequence of the fact
that, as a way of solving the systadt = |, the proceduréenv(B)*y is forward

bui not baclward steble [DT12], wherea$?\(Q™*B) is backward stable. Notions of
forward and backward stability are discussed a great deal in Part |1l of this thesis.

The above example demonstrates the ine ectiveness of explicit inversion in storing
and representing the core matfixin a CUR decomposition in extreme case when

S =T = f1l-«ee—g=The same principle that explicit computation of the inverse

of a matrix is bad motivates the use of the implicitly represented core matrix

[ =V 1 Mfor storing generaCUR approximations.

Using the stable representatiolhe stable representation (10.3) of the core matrix
allows theCUR decomposition to be used in a numerically stable way for down-
stream tasks. The approximati@ncan be stably reconstituted as a dense array by
the right left evaluatiorl 1V 1M X°° or the left right evaluatiort11V 1°MeX; the
mixed evaluation order 11V 1M°X° should be avoided, however. The left right
and right left evaluation orders can also be used to e ciently and stably generate
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submatrices or individual entries & One can also compute matrix products as

h A =] 1y liygixnooo o h =111 | oy lopjoxe

Storing aCUR decomposition with stable representation (10.3) is economical, as
it only requires retaining the two submatrides= H':-S° and X = H1T=°, plus

O °storage for the factored core matrix (10.3). If the matrix is structured, storing
| and X may be signi cantly more e cient then storing general matricé4 and

W, in the representation (10.2). In particular, when working with a function matrix
H = b1X-Y° (De nition 3.1), the entries of = H:-S° and X = HT=° need not
ever be stored all at once, as they can be generated on-the- y using the dath

Y and the functiorb.

Remark10.9 (Comparison with [PN25])Park and Nakatsukasa [PN25] also con-
sider the numerical stability d@UR approximation, focusing on unweight€@UR

cross approximations. These authors are principally concerned with developing sta-
ble algorithms foreconstructingaCUR cross approximation as a dense array, which

di ers from our emphasis on nding a stable way storea CUR approximation

while maintaining the traditiond[X factorization.

To convert theCUR approximationh = |[X to adense matrix, Park and Nakat-
sukasa compute an (economy-size) SMOT-S° =] \ and reconstructio®
using the formulal = 1|\ o1} Xo. (They also mention the possibility of
using aQR decomposition in place of the SVD, which agrees with our approach.)
Park and Nakatsukasa provide a formal proof of stability for their approach, and
discuss a variant where the pseudoinva&-S is regularized by setting the
small singular values dfi* T-S° to zero.

This work extends the insights of Nakatsuksa and Park by proposimg-¥e-MeX
format as a stable way of representingCblR decomposition ofany type. In
particular, we show how to use this format to stably represent wei@bitHel cross
approximations an@UR projection approximations, which is beyond the scope of
[PN25]. My hope is that this new work makes clear that, when appropriate care for
numerical stability is taken, theUR approximationstorage formais safe for use

in general-purpose computations, resolving the issues identi ed by Martinsson and
Tropp in the beginning of this section.
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Program 10.1rpcur2.m. Implementation ofRPCUR2for computing aCUR
projection approximation. Subroutimpqr is provided in Program 9.2.

function [S,T,U,G,C] = rpcur2(B,k,l)

% Input: Matrix B and ranks k and |

% Output: Column and row sets S and T, k*l core matrix U defining CUR
% approximation Bhat = B(;,S) * U * B(T,:), matrices G and R

% defining (more) stable representation U = G / R

[~,F,T] = acc_rpqr(B'I,floor(/2)); % RPQR approximation B ~ F*Q'

W = F/tril(F(T,:)); % Row interpolation matrix
[Q,F,S] = acc_rpgr(B,k,floor(k/2)); % RPQR approximation B ~ Q*F'
C = tril(F(S,:)); % R factor for qr(B(:,S))

G = Q*W, % Well-conditioned matrix
U=C\G; % Standard core matrix U
end

10.4 Algorithms

As CUR decompositions require identifying subsgtsndT of the columns and rows

of the matrixH that approximately span the matrix. As demonstrated throughout
this part of the thesis, random pivoting algorithms are well-suited to exactly this task.
There are a wide array of possible strategies for compu@idg decompositions

using the random pivoting approach. This thesis discusses two possible approaches,
which I will call RPCURZ2andRPCURLev The former approach separately applies
RPQR toH and H , and the latter approach applies RPQR to obtain a low-rank
approximationrH WL , then applies leverage score sampling\to

RPCUR2 Running RPQR twice

Our rst strategy for computing EUR decomposition is to simply run RPQR twice,
once onH to obtain a column se% and once orH to obtain a row sef. One
may be then combine these subsets to cre@i®&R decomposition oH. While
RPCURZ2can be used to create either typeliR decomposition, it is most natural
when used for computing @UR projection approximation. Code is provided in
Program 10.1.

Implementation. RPCURZ2requires two separate executions of RPQR, plus addi-
tional post-processing to construct the core matrix. The total runti@é<ds:1: | ©°
operations. For runtime speed and numerical stability, | use the Householder-based
accelerated RPQR implementation (Program 9.4) in my code. (I have found exam-
ples whereRPCUR2fails catastrophically when using the modi ed Gram Schmidt
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implementation in Program 9.3.)

Analysis. A priori error bounds for th&kPCUR?2algorithm can easily be inferred
from the results for RPQR (Corollary 9.6) and Proposition 10.4.

Corollary 10.10 (RPCUR2. LetH 2 K= = be a matrix, XA 1, and introduce
the squared relative error of the best raAlapproximation:

_ H EHE,Z
kHK2

RPCUR2(Program 10.1) produces an approximatiéhsatisfying
e 2
EkH Rk 4 H EHE, —
provided the parametersand satisfy:—  Alogles|°.

Automatic rank determination.If one wishes to compute @UR decomposition
with error controlled by a toleranag in someunitarily invariant norm, one can
achieve this goal by running each RPQR step with a tolerange 2)fin view of
Proposition 10.4.

RPCURLev: Combining RPQR and leverage score sampling

Our second algorithm for computing@UJR decomposition combines RPQR to
compute the column s@& with leverage score sampling (De nition 3.15) to de-
termine the pivot seT. It most naturally outputs a (diagonallweightedCUR
cross approximation, but it can also be used with to compu@&JR projection
approximation or unweighte@UR cross approximation if desired.

TheRPCURLevalgorithm proceeds as follows. First, run RPQR to obtain a column
projection approximatiodd WL . Recall that, for the matri¥¥with orthonormal
columns, its leverage scores= srn*WP are its squared row norms. We then form
T by sampling iid from the leverage score distribution

T=fG—ese—@ whereG—ses—t

We emphasize sampling is to be dcwith replacement For reasons that will soon
become more clear, itis most natural to output a weigllg&® decomposition with
weight matrix] , = Diag?, 1T°° 1°2,

Codeis givenin Program 10.2. We highlight that this implementation computes the
pseudoinverse numerically using a column-pivofde decomposition, discarding
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Program 10.2 rpcur_lev.m . Implementation ofRPCURLevfor computing a
weightedCUR cross approximation to a matrix. Subroutimegr andsqgrownorms
are provided in Programs 9.2 and F.3.

function [S,T,U,G,P] = rpcur_lev(B,k,I)

% Input: Matrix B and ranks k and |

% Output: Column and row sets S and T, k* core matrix U defining CUR
% approximation B ~ B(;,S) * U * B(T,:), matrices G and P

% defining (more) stable representation U = P \ G

[Q.,~,S] = acc_rpqr(B,k,floor(k/2)); % RPQR approximation B ~ Q*F'

lev = sgrownorms(Q); % Leverage scores of Q

T = datasample(1:size(B,1),l,"Weights",lev); % Leverage score sample
w = lev(T) A (-1/2); % Reweight rows

[Q.P.,p] = gr(w .* B(T,S),"econ”,"vector"); % Pivoted OR

dP = abs(diag(P)); % Diagonal of triangular factor
idx = find(dP > 20*eps*max(dP)); % Find large diagonal entries
Q = Q(,idx); P = P(idx,idx); % Delete negligible values in Q,P
S = S(p(idx)); % Filter pivots

G =0Q .*w, % Well-conditioned matrix
U=P\G; % Standard core matrix U
end

entries from the index s& to ensure thaH'T-S° is numerically full-rank. The
use of column pivoting makes this approach robust, even for sparse problems which
could have many zero entries.

Runtime. RPCURLevrequires running steps of RPQR, sampling elements
from a weighted probability distribution on items, and doing post-processing on
anO: ° matrix. The runtime oRPCURLevis Oi<=: _ :? ° | use accelerated
RPQR (Program 9.4) in my implementation. As we will see in Fig. 10.3, the
RPCURLevalgorithm can be meaningfully faster than RECUR?2algorithm.

Analysis. To analyzeRPCURLey we can make use of existing results from the
leverage score literature. We shall use the following result:

Fact 10.11(Leverage score sampling for least squarés}l 2 K< - be a full-rank
matrix, and letL 2 K< =. Let, = srntOrth !l °° be the leverage scores bfand
sample an index sét of elementsiid with replacementfrom, . Introduce the
diagonal weight matri§ = Diag?, *T° "2, Provided

slog: . —
OghY
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it holds with at least 99% probability that

L1l 1Tl 1T=% 1, YL Il YL .

This result is a variant of [CW17, Thm. 7.9], with the version stated here following
straightforwardly from the proof of that result. This result leads immediately to a
error bound foRPCURLev

Corollary 10.12 (RPCURLe\). LetH 2 K< “be amatrix, xA landY 2 10-1°,
and introduce the squared relative error of the best réddpproximation:
H E HE, 2
kHK2

With 99% probability, the weighte@UR cross approximationq produced by
RPCUR2(Program 10.1) produces an approximation satisfying

EskH RKZ 11, Y H EHE, -
provided the parametersand satisfy
— ., Alog — - clog: |, =
g g:, Y

Here,Es denotes the expectation over the randomness in the rstindex set

The proofis immediate from Corollary 9.6 and Fact 10.11. This result suggests (cor-
rectly) that both oversampling and weighting : are necessary fdRPCURLev
to produce high-quality approximations in general.

The RPCURLevprocedure represents only one way of combining RPQR with an
extra step of row sampling to produce a (weight€d)R cross approximation. In

my experience, it reliably produces high-quality approximatwher implemented

with mocerately high oveisanpling = O%: log: °; approaches using pivoting
[SEL16; PN25; CK24] are more e ective for small :. In place of leverage score
sampling, natural alternatives are volume sampling [DRVWO06; DW17; Derl8],
adaptive randomized pivoting [CK24], leveraged volume sampling [DH18], the
Chen Price method [CP19], and pivoting strategies such as the Park Nakatsukasa
algorithm [PN25, Alg. 3.2].

Parameter settings.On worst-case examples, the logarithmic oversampling
1: log: © suggested by Corollary 10.12 is necessaryRe®¥XCURLevto succeed.
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We recommend = dL<5: log: eas a sensible default value. If one wants to control
the error up to a toleranagin the Frobenius norm, we recommend running RPQR
with a lower tolerancede 3, say) to allow for the additional error produced by
selection of the row subsé&t

10.5 Related work: Mahoney and Drineas' algorithm

In their in uential work on CUR decompositions for data analysis, Mahoney and
Drineas [MD09] proposed a pure leverage score sampling-based approach to select
index setsS andT for CUR approximations; see also the follow-up work [DMMO08]
which obtains better theoretical results. Up to some small tweaks, their algorithm
works as follows:

1. SVD.Compute an SVIH=[ \

2. Column sampling. Choose a paramete® :, and sample indices
S = fB—+ « «— Biid from the leverage score distributionof:—1 : : ©:

B—seo— B g1\ 11 : ; o,

3. Row sampling. Choose a parametef , and sample indicesT =
fG— e« « «—did from the leverage score distribution of:—1 : ©:

G—ooo— srn1[ -1 ; o
4. Output. Return theCUR projection approximation with index seBsandT.

To achieve &A1, Y-2°-approximation, Mahoney and Drineas suggest choasirg

0= Aand:— = O!tAlogM+Y?, | believe the parameterss = O Y, Alog
should su ce with modern proof techniques, but | have not con rmed this. In
their original algorithm, Drineas and Mahoney suggest including or not including
eachelement B =orl1l C < inthe setsS or T independently with
some probability so that trexpectednumber of accepted indices ks> ¥4E» V=
O1tAlog A+ Y?°; we have modi ed the algorithm here to pick a xed number of
indices. In our experiments, we sel = d «t2log:°eand ° = de«'2log °e
We refer to this algorithm as Mahoney Drine&JR (MDCUR) and provide an
implementation in Program 10.3.

Runtime. The dominant cost of th®IDCUR algorithm is the SVD computation.
Using a dense SVD, its cost@'<= minf<—=g°®operations. We can accelerate the
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Program 10.3 md_cur.m Implementation ofMDCUR for computing aCUR
projection approximation.

function [S,T,U,G,P] = md_cur(B,k,l,U,V)

% Input: Matrix B, ranks k and I, and top left and right singular

% vectors U and V

% Output: Column and row sets S and T, k*| core matrix U defining CUR
% approximation B ~ B(:,S) * U * B(T,:), matrices G and P

% defining (more) stable representation U = P \ G

[m,n] = size(B);

S = datasample(1:n,k,"Replace” false,"Weights",sqgrownorms(V));
T = datasample(1:m,l,"Replace",false,"Weights",sqrownorms(U));
[Q,R] = qgr(B(T,:)","econ™);

W = (B*Q)/R'; % Row interpolation matrix
[Q,P] = qr(B(:,S),"econ");

G = Q*W; % Well-conditioned matrix
U="FP\G; % Standard core matrix U
end

algorithm by using a randomized SVD, reducing the coDte=1:0  ®° The
remaining steps of the algorithm incur a post-processing cadttef 2 = 20

Further alternatives. Another approach to computinQUR decompositions is

to use sketchy pivoting, discussed in Section 9.4 [DM23b]. The comparison of
randomly pivotedCUR methods to sketchy pivoting methods fOUR is similar

to the comparison of RPQR methods to sketchy pivoting methods for interpolative
decomposition. In particular, sketchy pivoting methods can be faster but generally
require an upper bound on the approximation ramé& be known in advance, which

is a signi cant limitation for some applications. See Section 9.4 and [DCMP24] for
further discussion on the relative merits of sketchy pivoting and random pivoting.

There are many other algorithms for computi@@R decompositions including
squared row and column norm sampling [DKMOG6], adaptive cross approximation
[BRO3], adaptive randomized pivoting [CK24], and more sophisticated multi-stage
sampling approaches [BW17]. Comparison of the random pivoting algorithms
against these approaches is a natural subject for future work.

10.6 Experiments
To begin exploring the performance of the two randomly pivai&tR algorithms,
we present some preliminary tests on three di erent example matrices.
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Figure 10.2:Left: Relative errokH hkFo kHke- computed by the following meth-
ods: RPCUR2(orange stars)RPCURLevwith (blue circles) and without over-
sampling (yellow squares), adMdDCUR (pink crosses). Solid light lines f@UR
algorithms use the stable representafion V 1 M from Section 10.3, and dashed
dark lines stord as a dense array. The error for the best rardpproximation

R = EHE. is shown as a dotted black line. We plot the median of 100 trials, with
error bars showing 10% and 90% quantiléRight: PointsF g in column subset
92 S selected by random pivoting methodsp) and the Mahoney Drineas algo-
rithm (botton) with : = 30.

Experiment #1: Function matrix. First, as a simple test of approximation quality
and numerical stability, we test the two randomly pivo@dR algorithms of the
previous section on a simple test matkh2 C= ~ with entries

1
lg Fg

1g9=

The pointslgandF gare chosen to be equispaced on the complex unit CTrebs:

.8 1 . =,81
lg:=exp 2ci o= — Rg=exp 2ci ’2_ for 8= 1-2—eee—=—

andwe set = 100Q The pointd gtrace the portion of the unitcircle in the upper half
plane, TIC°\f Imtl° OQg, and theF gtrace the lower halfT*C°\ f Imtl°® Og.
Matrices similar toH occur in the design of algorithms for structured systems
of linear equations and least-squares problems [CGSX+08; XXG12; XXCB14,
WEB25; BKW25].

Figure 10.2 shows results fdRPCUR2 RPCURLev (with oversampling =
dls5: log: eand no oversampling=: ), andMDCUR. As points of comparison, |
also include the optimal rank-approximation. We note the following conclusions:
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" Near-optimality for random pivoting. On this example RPCUR2and
RPCURLevwith oversampling both produces approximations of comparable
quality to the optimal rank-approximation MDCUR, by contrast, converges
at a slower rate. These results demonstrates the bene ts of using random
pivoting to select at least one of the row or column subsets.

Necessity of oversampling foRPCURLev. Comparing the accuracy of the
RPCURLevmethod with and without oversampling, we see that oversampling
i © is crucial to maintain accuracy of the procedure.

Stability bene ts of factored [ matrix representation (10.3). The solid

light curves show the results of tliJR algorithms with the stable represen-
tation (10.3), which eventually achieve machine accuracy and even slightly
beat the optimal rank- approximationdue to nite-precisior effects The

dark dashed curves show the results of @éR algorithms with an explicit

[ matrix. When the accuracy is smaller 02 for the random pivoting
methods), the explicit implementations have similar accuracy to the fac-
tored representation. However, while the relative error of the stable methods
improve past this point, the relative error of the unstable implementations
begins tancreasefor large values of . These results con rm the signi cant
numerical issues of the standard implementation oGk decomposition

for high-accuracy matrix approximation.

Visualization of column subsets. Column subset§ of : = 30 elements
selected by random pivoting methods and the Mahoney Drineas method are
depicted visually in the right panels of Fig. 10.2. Both methods cluster
landmarks near the edges of the semicircle, with random pivoting methods
producing a more even distribution. Because the Mahoney Drineas method
samples points iid, its landmark set contains examples of nearly overlapping
landmarks and regions that lack landmarks, which explains the di erences in
approximation quality with the random pivoting methods.

Example #2: Sparse matrixAs a second example, we evaluate the methods on the
Meszaros/large matrix from the SuiteSparse collection. This example was used
in the recent paper [CK24, Y6.1]. We store this matrix as a dense matrix for the
experiments in this section.

We evaluate the runtime and accuraclRFCUR2 RPCURLeVv(with oversampling
= dl*5: log: €), andMDCUR on this example. To make tidDCUR competitive
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Figure 10.3: Relative errotdft) and runtime ight) for RPCUR2(orange stars),
RPCURLev(blue circles), anMDCUR (pink crosses) oMeszaros/large sparse
matrix. We plot the median of 100 trials, with error bars showing 10% and 90%
guantiles.

in terms of runtime, we use the randomized SVD (Program 2.1) with r&nk
to approximate the dominant left and right singular vector$iofRPCUR2and
MDCUR are implemented without oversampling= . Due to the sparsity of
H, the column pivotedQR decomposition in Program 10.2 is necessary for the
algorithm to succeed.

Results are shown in Fig. 10.3. TMDCUR algorithm is the fastest, alRPCUR2

is the slowest. BotiRPCUR2andRPCURLevachieve accuracy comparable to the
optimal rank: approximation, whereaBIDCUR lags behind the other methods,
particularly when: 300. These results demonstrate how, on di cult exam-
ples,MDCUR can produce approximations comparable with the best rank-¢)
approximation, whereas the random pivoting approximations empirically produce
approximations comparable to the best rankpproximation. The need for over-
sampling presents a weakness of pure leverage score sampling based approaches
over random pivoting approaches.
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Chapter 11

RANDOM PIVOTING: OPEN PROBLEMS

We conclude this part of the thesis with two open problems: improved error bounds
for RPCholesky (Section 11.1) and whether there are simple, e ective algorithms
for approximating a psd matrix from a small number of entry accesses when errors
are measured using the Frobenius norm, rather than the trace (Section 11.2).

11.1 Open problem:RPCholesky error bounds
The bound Theorem 4.1 already provides a useful description of the performance of
RPCholesky, showing that one achieves &A—%approximation (De nition 3.6)

in
A

1
v Alog Y_[ steps (11.1)

Here, L

_tr''G E GEY

B triG°
is the relative error of the best raMlapproximation. The bound Theorem 4.3 pro-
vides weak but sometimes useful control related to the spectralnorm. There are a
few directions along which one could hope to improve our theoretical understanding
of RPCholesky.

Bounds in the limit[ # 0. As noted in Remark 4.2, the bound (11.1) degenerates
to in nity in the limit when the relative errof # 0. At least in some cases,
this bound badly mischaracterizes the performance oRfP€holesky algorithm,
which converges in exactisteps when applied to a matrix witank G = A

For cases wheis small, [CETW25, Thm. 5.1] establishes that tAe-¥guarantee
holds when

é, A, max 0-Alog!2° A AlogllsY e
This bound is nice because it purges the relative drrisom the bound entirely
On the other hand, is required to be«quadraticin Ato produce an approximation
comparable to the bestapproximation ouch!

R. J. Webber and | conjecture that this bound can be improved as follows.

Conjecture 11.1(Better[ -free RPCholesky bounds) RPCholeskyachieves an
LA—%approximation to any psd matrix kY, O* Alog*/Ae Y°° operations.
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Here is one concrete approach that could resolve this conjecture. Speci cally, we
make another conjecture:

Conjecture 11.2(ImprovedAstep bound) For any psd matrixG, the AstepRP-
Choleskyresidual G* satis es

tr'G G”®°  120t1G EGEL for 1 =polyt/Ps (11.2)

Conjecture 11.2 would imply Conjecture 11.1. Unfortunately, we are currently ex-
ponentially far from proving Conjecture 11.2; our best bound [CETW25, Lem. 5.5]
establishes (11.2) with 14 = 2A

Spectral-norm boundsFor reasons that will be described in Section 11.2, it is not
possible forRPCholesky or any psd low-rank approximation algorithm that uses
limited entry accesses to produce a relative-error approximation in the spectral norm
(that is, an*A— Y2 -approximation) inO=poly’Ae Y°° entry access operations.
However, it is reasonable to hope thiRPCholesky produces approximations that

are accurate when measured in the spectral norm once the number of steps is
comparable to the ective dimensionde ned in De nition 3.16. Indeed, we saw
earlier in Fact 3.17 that ridge leverage score sampling achieves such a bound. We
conjecture thaRPCholesky does equally well.

Conjecture 11.3(RPCholesky: Spectralnormboundshet 0. If RPCholesky
is executed for = Ode ' °polylogide * °kGke °° steps, it produces an index
set satisfying

Ghsi G Ghsi,

with at least 99% probability. Hergaolylogdenotes an unspeci ed polylogarithmic
function.

If such a result were true, it would provide theoretical support for the empirical
observation thaRPCholesky performs similarly to or better than RLS sampling
for column Nystrém preconditioning (Section 6.1). To be conservative, | have
included polylogarithmic factors in the conjecture, but | believe the conjecture will
also be true without them.

11.2 Open problem: Frobenius-norm psd low-rank approximation
The goal of this part of the thesis has been to develop algorithms that evaluate a small
number of entries to compute aA— Y:2-approximation to a psd matrix. Recall
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from De nition 3.6 that antA— Y-2-@pproximation is a random matr such that
EKG Bks, *1, Y G EGE, g °

Recall thatk kg, is the Schatter?-norm. It is frame the question: Does the psd
low-rank approximation problem admit e cient algorithms whén;j 1?

Many of the algorithms we have considered so far, incluRRgholesky, uniform
column Nystrom approximation, greedy pivoted partial Cholesky, and the entire
family of GibbsRPCholesky methods (Section 4.4), atkagonal column access
algorithms These methods interact with the mattonly by reading the diagonal
and full columns. As we will see, diagonal column access algorithms have fun-
damental limitations for psd low-rank approximation, and a more general class of
algorithms are needed order to comptae- Y-2-approximations fof? j 1.

The following result establishes establishes limits on both general and diagonal
column access psd low rank approximation algorithms.

Proposition 11.4(Psd low-rank approximation: Lower boundjix ? 2 »1-1%4 On
a worst-case input matrix,

" Adiagonal column access algorithm must read=> ** ?° entries to guaran-
tee atl-c— P-approximation.

" Any algorithm must read *maxf=—2 2'?g°entries to guarantee &l-c— ?-
approximation.

Here,c i Ois a universal constant.

Proof sketch.Choose=to be large, and construct the matrix

| o
G=y “d4=ve V-
o 1.1

R=17e"=I""e

whereV is a uniformly random permutation matrix. The optimal rank-one approxi-

mation to this matrix is
n #
EGE, = V 0 0 \Y;
B = 01 1

®=1"7e"=1""e
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We compute
KGks, = 1= d2="7e0 1, 1d2=t"ed 12 sifeect 7
R B 1e?
G EGE = = d2="%° 1 =11, >t100=17

To produce a nontrivial low-rank approximation requires identifying a nonzero o -
diagonal entry.

Since each diagonal entry is one, any diagonal column access algorithm must keep
accessing columns until it nds a nonzero o -diagonal entry. Each column access
has a2="""ee== 12_>1190=1"? 1 probability of identifying a nonzero o -diagonal
entry, so it takes 1=! 1*?° column accesses ( 1= 1*?° entry accesses) to nd a
nonzero o -diagonal entry with high probability.

A general psd low-rank approximation algorithm is free to query o -diagonal entries
one-by-one. Until a nonzero entry is found, each query nds a nonzero o -diagonal
entry with probabilityD1=%"? 20 so it requires 1=? 2?° accessesto nd a nonzero

o -diagonal entry with high probability. The fact that it always require$=°
accesses to produce a nontrivial low-rank approximation can be established by
considering the matrigg; where8 Unif f1—eee—g= O

Proposition 11.4 shows that, f®PCholesky and other diagonal column access
algorithms, approximating matrices in the trace norm is essentially as good as
one can expect, at least for an algorithm with @& runtime. However, this
result leaves open the possibility of achieving relative-error approximations in the
Frobenius norm witlD 1=° operations using a more general access pattern. Indeed,
such O1=° algorithms for producingA— Y22-approximations do exist. The rst
such algorithm was discovered by Musco and Woodru [MW17], which produces
antA- Y2 in ©1=A Y% entry accesses; this was improved@é=/A Y° entries in
[BCW20]. Despite these appealingly low entry access counts, the algorithms of
[MW17; BCW20] are complicated and have large prefactor constants. That leads
us to the open question:

Is there a simple, e ective, and practically performant algorithm for psd lowy-
rank approximation that achieves relative error guarantees in the Frobefius
norm?

As Proposition 11.4 shows, such an algorithm must use a more sophisticated access
model than diagonal and column accesses alone. Additionally, even basic existence
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guestions are open, as far as | am aware. For instance, does there exist a set
S of poly*Ae Y° pivots de ning a column Nystrom approximatioBhSi that is an

LA— Y2 approximation? Or must we use more sophisticated low-rank approximation
formats, such as weight€€lJR cross approximations, to produce Frobenius-norm
relative-error approximations?
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Chapter 12

MATRIX ATTRIBUTE ESTIMATION PROBLEMS

This kind of structure [sparsity] is readily exploited by the iterative
methods we shall discuss, for these algorithms use a matrix in the form
of ablack box The iterative algorithm requires nothing more than the
ability to determineGx for any x, which in a computer program will be

e ected by a procedure whose internal workings need be of no concern
to the designer of the iterative algorithm.

Lloyd N. Trefethen and David Bau, IINumerical Linear Algebra
[TB22, p. 244]

Frequently in applications, we encounter problems where we wish to learn infor-
mation about an unknown matrkt 2 C= = that can only be accessed by matrix
vector product8 7! H8 and, possibly, matrix vector products with the adjoint

8 7! H 8. As examples, we might be interested in learning the matrix tra&#,

the matrix diagonatliag*H®, or individual entrieslgg

In this part of the thesis, | will present a new approach to designing randomized
algorithms for suchmatrix attribute estimatiomproblems called théeave-one-out
approach. The leave-one-out approach leads to fast, resource-e cient algorithms
with state-of-the-art accuracy. After introducing the necessary preliminaries in
Chapter 13, we will discuss the leave-one-out approach in Chapter 14. This initial
chapter serves to motivate the problem of estimating attributes of a matrix through
matrix vector products. We will address the questions When are we able to access
a matrix H only through matrix vector products? and Which attributes Hfdo

we want to estimate in applications?

Sources.This is an introductory chapter and is not based on any particular research
article. The resources [US17; Pop23] are useful resources for applications of trace
and diagonal estimation algorithms, respectively.

Outline. Section 12.1 discusses matrix attribute estimation problems and the
matrix vector ( matvec ) model for measuring their computational cost. Sec-
tion 12.2 discusses examples of matrix attribute estimation problems including
trace, diagonal, and row-norm estimation. It also discusses applications.
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12.1 Matrix attribute estimation and the matvec model

Linear algebraic algorithms that access a makttithrough matrix vector products

(a ectionately abbreviatednatvec} are extremely common. Examples include
power iteration for computing eigenvalues [GV13, Y8.2] as well as Krylov iteration
for solving linear systems [Saa03], computing eigenvalues [Saall], and applying
matrix functions [Che24]. For these classical iterative methods, the midtrix

often stored explicitly in memory as either a dense or sparse array, and matvec
algorithms are used due to their computational e ciency (particularly wkeis
sparse, making 7! Hzis cheap to compute).

This thesis focuses on an alternative setting where the ntatsinot stored explicitly
andH canonlybe accessed through matvecs (and possibly matvecs with the adjoint
H ). This more restrictive setting is motivated by the following examples:

" Products of matrices. The matrixH is a product of several other matrices,
H=11 > | .ltisexpensive to evaluate the mattil as it requires form-
ing the product, but matvecs witthcan be computed e ciently by multiplying
a vector against thegmatrices one at a timdd8 =1 ;1 ,* 1 8° ©°
Important special cases are the Gram maittix | | and powerdH =1 .

Matrix functions. Letl 2 CT ~be a matrix ands: C! C be a function
de ned on the spectrum df . SetH = 5! ° using the standard extension
of scalar functions to matrix inputs [Hig08, Y1.2]. Computidg= 5! ©°
explicitly is typically costly, but matvedd8 = 5| °8 can often be computed
e ciently by algorithms such as the Arnoldi method orlifis Hermitian, the
Lanczos method [Hig08, Y13.2]. (In particular, for the special &ake=| 1,
computing products 8 is equivalent to solving linear systems of the form
ly =8, for which there has beanuchwork [Saa03].)

Automatic di erentiation. Given atwice di erentiable functiorb: R=! R
and an inpuk 2 R™, automatic di erentiation allows one to compute matvecs

251x° 8 with the Hessian matrix 25!x° 2 R™ = in a small multiple of
the runtime required to evaluateix® [BR24]. Similarly, given a function
6:R°! R, matvecs6 x° 8 with the Jacobian matrix6 1x° 2 R* =
are also e ciently computable by automatic di erentiation.

In all of these settings, matvecs with the adjoktt are typically also available.
These examples motivate theatveamodel:



189

Matvec model. A matrix H 2 R* = is provided that can only be accesse
through matvec8 7! H8 and adjoint matvec8 7! H 8. The cost of an
algorithm is measured by the number of matvecs used.

Under the matvec model, the entire matrbcan be recovered one column at a time
by computing the matveckle;— e+« *He- with each of the standard basis vectors
eg Thus, in the matvec model, any problem can be solved at the trivial cost of
= matvecs. Thus, in this model, an algorithm is considered e cient if it beats
this trivial cost of= matvecs. In this part of the thesis, we will seek algorithms
that produce approximate solutions but will expend a number of matvecs that is
independenof the dimensions: and= of the matrix.

Problems that are trivial for a matrkt stored in memory become more challenging
when considered in the matvec model. For instance, consider the trace

~

G
triHo = 1gg
&1
of a square matrixd 2 R™ =. If H is stored in memory, the trace can be computed

exactly inO=° operations. However, in the matvec model, computing the trace
exactly by either a deterministic or randomized algorithm incurs the trivial cost

of =matvecs. This observation motivates the study of algorithmagproximaing

the trace in the matvec model. We will discuss trace estimation in the matvec model
throughout this part of the thesis.

Trace estimation is a member of the familyroétrix attribute estimation problems

4 )

Matrix attribute estimation problem. Let&*H° denote some attribute of
a matrix such as its tradet H® or its entrylggin position18—% The matrix
attribute estimation problem is to compute an estindafer & 1H°. The cost
an algorithm is measured by the number of matvecs, and the quality of fhe
solution is measured by the ern’& &1HOj.

. 7

We have writter& 1 H° for a scalar-valued attribut&*H° 2 K, but vector-valued or
matrix-valued attributeg*H® 2 K3 or WLHe 2 K<" = are ne as well. In these
cases, we will measure the error using an appropriate norm.

In a sense, any linear algebra problem is an example of a matrix attribute estimation
problem. Inthis thesis, we will use this term more narrowly to describe attributes like
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the trace that are linear or quadratic functions of the métiaxid are computationally
challenging only within the matvec model.

As we will see in this part of the thesis, the matvec model provides a convenient
framework for designing and analyzing algorithms. However, like all computational
models, the matvec model is idealized. We note a few weaknesses:

" Post-processing costs.In the matvec model, we measure the cost of an
algorithm only by counting the number of matvecs. However, for problems
where the matvec operations are relatively cheap, the computational cost can
be dominated by post-processing to assemble the collected matvecs into the
estimator. Responding to this weakness, this thesis will focus on algorithms
with fast post-processing. We will even develop improved implementations
of one estimator with up t@ faster post-processing (Remark 14.5).

Blocking. Another de cit of measuring algorithm cost through matvec count

is that itignores the computational bene ts of blocking. For reasons discussed
in Section 8.1, performingmatvecdH8 1— ¢« *H8 individually can be much
more expensive than performing these matvecs in a batch, i.e., by computing
the matrix matrix productH»8 ; 8 Y The algorithmsin this thesis will
always compute matvecs in batches, so they remain e cient even accounting
for the bene ts of blocking.

Opening the black box. The matvec model treats the matvec subroutine
8 7! H8 asablackbox. But, for matrix functioh$= 51 °, matvecs5'| °8

are often computed by the Arnoldi or Lanczos methods, which utilize matvecs
with | . In this context, matvecs with are the primitive operation that
should be minimized. Tyler Chen and collaborators have productively used
this observation to develop faster Krylov-aware matrix attribute estimation
algorithms [CH23; PCM25].

Notwithstanding these limitations, we will use the matvec model in this thesis.

12.2 Examples of matrix attribute estimation problems: Trace, diagonal, and
row-norm estimation

There are several interesting and practically useful matrix attribute estimation prob-

lems, including trace, diagonal, and row-norm estimation.
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Trace estimation

The trace estimation problem is to approximixtéd° in the matrix vector product
(matvec) model. Trace estimation has a number of applications, some of which
were surveyed in the paper [US17]. Here is a partial list:

~ Triangle counting. Counting the number of triangles in a graph is a basic
problem in network science, and it is necessary to compute the clustering
coe cient[AD18]. This problem is a trace estimation problem, as the number
of triangles in a graph with adjacency matiG&is tr: G3°+6. This problem
is a natural demonstration of the matvec model, as matvecs@fittan be
computed by iterated multiplicatio®! Gt G8°°.

" Log-determinant [MMB21; WPHC+22]. Estimates of the log-determinant
are used in maximum likelihood estimation for Gaussian process methods
(Remark 5.22). This problem can be viewed as a trace estimation problem,
in view of the identitylog det G° = trlog*G°. Matvecs withlog* G° can be
computed using the Lanczos method.

~ Continuous normalizing ows [CRBD18; GCBS+19; SSKK+21; Now22].
Several machine learning models such as neural ODEs [CRBD18], FFJORD
[GCBS+19], and di usion models [SSKK+21] evolve a random initial value
x10° under continuous dynamic&xle = 5'x1C-€ These algorithms must
estimate the instantaneous rate of change of the log-likelihogé®fwhich
is the negative trace of the JacobiatriD 5°. Matvecs with the Jacobian can
be computed using automatic di erentiation.

Statistical physics. The partition function of a quantum system with Hamil-
tonian G at inverse-temperaturé | Ois | = trexpt VG°. Other thermo-
dynamics quantities can also be expressed as matrix traces; for instance, the
average energy i8 = | 1tritGexp* VGP°. Trace-exponentials also appear

in network science as Estrada index centrality measures [Est22].

Norm estimation. Computing or estimating the norm of a matrix is a ubig-
uitous task in matrix computations. This computation can be seen as a
trace estimation problem, as the Schattemorm iskHkg, = tr»H Ho?*2y,
Matvecs withtH H°?*2 can be computed by iterated multiplication ?ifs an

even integer) or by the Lanczos method.
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Diagonal estimation
Given a square matrild 2 K= =, the diagonal estimation problem is to estimate
diag*H° 2 K=. There are several applications of diagonal estimation algorithms.

"~ Statistics. The diagonal entries of a covariance mat@for a random vector
X 2 K~ are the variances of the individual entri@gg= VartGP. Similarly,
for jointly Gaussiar randorr variables the reciprocals of the diagonal of
the inverse-covariance matrix (precision matri®)* store theconditional
variances:

m: VartGj G—-+++35G-G1—*** =B
Centrality measures. Many centrality measures for graphs are de ned using
the diagonal of functions of the graph adjacency maB¢or related matrices
such as the graph Laplacian). For instance, the number of triangles incident on
vertex8is thegh diagonal entry of3%« 2 [AD18], and thesubgraph centrality

of vertex8is the 8h diagonal entry oexp'G° [Est22]. For a survey on
centrality measures, see [BJT23].

Optimization. The convergence of gradient descent methods can be slow if
the problemis poorly scaled. This issue can be remedied by using the diagonal
of the Hessian matrix to precondition the descent method [YGSM+21]. An-
other application of diagonal estimation to semide nite programming appears
in [Lin23].

Other applications of diagonal estimation include electronic structure calculations
in materials science [BKS07; LLYC+09], uncertainty quanti cation for linear re-
gression [Pop23], low-rank matrix approximation algorithms [FL24]. Chapter 16
discusses diagonal estimation algorithms.

Row-norm estimation

The problem of estimating the (squared) row- or column-norms of a mhitrix

K< = also has many applications. This problem has received signi cantly less
attention than trace or diagonal estimation. Assuming matvec access tbl both

H , the row- and column-norm problems are equivalent, as column-norm estimation
on H is row-norm estimation ol . Here are several applications:
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" Leverage scores.As introduced in De nition 3.15, the leverage scores of
a matrix G are the squared row norms of any orthonormal basis mhtrix
for rangé G°. Row-norm estimation algorithms play a crucial role in fast
algorithms for leverage score estimation [DMMW12]. Related ideas are used
to estimate e ective resistances in networks [SS08].

Matrix computations. Many standard linear algebra algorithms require
computation of row norms, and many of these algorithms are robust to those
row norms being computed approximately. For such algorithms, row-norm
estimates can allow for signi cant acceleration (see, e.g., [FL24]). Many
of the codes in this thesis require row or column norms, and can also be
accelerated using row-norm estimates (see Remark 18.2).

Electronic structure theory. In electronic structure theory calculations, the
electron density can be obtained from the row norms of an implicit matrix,
making it possible to accelerate the computation using row-norm estimation
algorithms. This application appears in the thesis of Aleksandros Sobczyk
[Sob24].

Row-norm estimation also has close connections to the diagonal estimation problem
(Section 17.2), and many of the most e ective algorithms for diagonal estimation
for psd matrices proceed through row-norm estimation [MMB21; Lin23; FL24].
See Chapter 17 for more discussion of and algorithms for row-norm estimation.
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Chapter 13

FUNDAMENTAL TOOLS: LOW-RANK AND MONTE CARLO
APPROXIMATIONS

What we are calling a quadratic trace estimator is often called the
Hutchinson's trace estimator, especially wheis chosen uniformly from
the set of vectors with entriess 2. However, [Hut89] was not the rst
use of quadratic trace estimators for the task of approximating the trace
of an implicit matrix; [Hut89] itself cites [Gir87] which addresses the
same task by using samplesvadrawn uniformly from the unit
hypersphere. Algorithms based on the use of random vectors date back
at least to the mid 1970s [ABKS75; WW76; WW77; Dd89].

Tyler Chen,Lanczos-based methods for matrix functiffse22, Y4.1.1]

This chapter introduces two approaches to matrix attribute estimation Monte Carlo
approximation and low-rank approximation which serve as building blocks for ma-
trix attribute estimation algorithms. After introducing these techniques individually,
we will see that they become more powerful when used in combination, as demon-
strated in the famoublutch ++ algorithm. This ideas will be re ned in the next
section, where we will use them in combination with tbave-one-out approado

the design of randomized matrix algorithm.

Sources. The main aims of this section are expository, and it is not based on any
particular research article. Section 13.3 discusses variance reduction technique for
matrix attribute estimation andutch ++ algorithm from the paper [MMMW21b].

The concept of resphering matrix attribute estimation algorithms, which we dis-
cuss throughout this section, was rst introduced in [ETW24].

Outline. Section 13.1 introduces the Monte Carlo approach to matrix attribute
estimation, and it shows how this approach can be used to develop Monte Carlo
estimators of the trace, diagonal, and row norms. This section also discusses choice
of random distribution for such algorithms and introduces the idea of resphering a
Monte Carlo estimator for a matrix with a known nullspace. Section 13.2 discusses
the use of low-rank approximation to estimate matrix attributes, and Section 13.3
describes how low-rank approximation can be used/iasiance reductioechnique
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to improve the accuracy of Monte Carlo estimators. This variance technique is
exempli ed by theHutch ++ algorithm, which is discussed in this section. We
conclude Section 13.3 by discussing weaknesses diititeh ++ algorithm which

will be addressed by the leave-one-out approach in Chapter 14.

13.1 Monte Carlo approximation

Monte Carlo approximation is a simple yet powerful method for constructing ran-
domized estimators of a matrix attribute. In its basic form, the approach is to design
an unbiased estimatd@for a quantity of interes@(so thatExgd,= @, and then
average several independent copie@ibd reduce variance [Liu04]. More general
versions of the method also allow for estimators that are not fully independent or
that introduce slight bias.

For matrix computations, many Monte Carlo estimators can be built isitrgpic
random vectors

De nition 13.1 (Isotropic random vector)A random vectoB 2 K~ isisotropicif
it satis esExB8 Vi |.

Examples of isotropic random vectors include standard Gaussian vetors
Normal x*04° or vectors8  Unif 1pEle=°° drawn uniformly from the sphere
of radiuspE. Both of these constructions are de ned in either the eld of real or
complex numbersK 2 fR-Cg. Another popular isotropic random distribution is

the random sign distributiodnif f 1g.

An isotropic random vecto8 gives rise to a rank-one matrB8 that serves as

an unbiased estimator for to the identity matrix. This estimator can be improved by
forming an averag® ! gl 8 8 g of independent copieB ;—« * 8- dg Using

this observation, one can design unbiased estimates for matrix attributes by intro-
ducing a copy of the identity matrix and replacing it by a stochastic approximation.
In the following examples, we develop several classical Monte Carlo estimators in
matrix computations using this perspective.

Example: Girard Hutchinson trace estimator

As a rst example of a Monte Carlo algorithm for matrix attribute estimation, we
consider the trace estimation problem. Ee2 K= ~be a square matrix. To estimate
trtH°, introduce a copy of the identity matrix

trtHe = trtH 1°
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Program 13.1girard_hutchinson.m . Unoptimized MATLAB implementation
of the Girard Hutchinson estimator (13.1). Thandom_signs subroutine is de-
ned in Program F.2.

function tr = girard_hutchinson(B,n,s)

% Input: Function B() computing matrix products B(X) = B*X, number

% of rows n, and number of matvecs s
% Output: Estimate tr of trace(B)

tr = 0

for i = 1:s

om = random_signs(n,1); % Generate vector of random signs
tr = tr + om™*B(om) / s; % Update trace estimate
end

end

. . i o .
and use the stochastic approximat®n gl 88g I, resulting in the estimator
!

1 G
Bou=tr H = 885 trtH 1°=1trtHo

B8:1

Invoking the linearity and the cyclic property of the trace, we can rewrite the
estimatorgy in the more computationally useful form

~

bron = 8g H8g » (13.1)

1
By
The formula (13.1) clearly demonstrates thaf; can be computed usirBmatvecs.
See Program 13.1 for un-optimized MATLAB code.

Estimators of the form (13.1) were used by Girard [Gir87; Gir89] and popularized
by Hutchinson [Hut89], so we will call this approximation t@érard Hutchinson
estimator Tyler Chen has conducted an in-depth study of the history of trace
estimation. His analysis identi es estimators related to (13.1) in work from quantum
physics dating back as early as the 1920s [Che22, Y4.1.1].

Example: BKS diagonal estimator

Another Monte Carlo algorithm for a matrix attribute estimation problem is the BKS
diagonal estimator. Again, we begin with a square mattiand writeH = H 1.
Replacing with the stochastic approximatidh? gl 88 |yieldsthe diagonal
estimator . I

daggys = diag H 1 88 diagtHos (13.2)
B8:1
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Program 13.2bks.m. Bekas Kokiopoulou Saad estimator for the diagonal of a
matrix. Subroutineandom_signs is provided in Program F.2.

function d = bks(B,n,s)

% Input: Function B() computing matrix products B(X) = B*X,

% number of columns n and number of matvecs s

% Output: Estimate d of the diagonal of B

Om = random_signs(n,s); % Matrix of random signs
d = mean(B(Om) .* Om,2); % BKS diagonal estimate

end

This estimator can be simpli ed by means of the identity
diagtab®=a b fora-b 2K~ (13.3)

Here, denotes the entrywise product of vectors, arddenotes the entrywise
complex conjugate. Applying (13.3) and the linearity of the diagonal map yields a
simpler form for the diagonal estimator (13.2):

1 G
dlaggus = = 1H8¢ Be (13.4)
B
&1
Estimators similar to (13.4) appear to have originally developed by Bekas,
Kokiopoulou, and Saad [BKS07]. In this work, we will caflagg,s the BKS
diagonal estimatar Code for the BKS diagonal estimator appears in Program 13.2.

We discuss diagonal estimation more thoroughly in Chapter 16.

Example: The Johnson Lindenstrauss row-norm estimator

As a nal example, we consider the problem of estimating the row norm«possi-

bly rectangular matrix H 2 K< =. Row-norm estimation is an interesting problem
because the row norms amenlinear functions of the matrix. We shall focus on
developing unbiased estimates for 8ggiaredrow norms ofH, which we denote

SItHO == kH18°k*:1 8 < 2R"e (13.5)

To fashion an estimator farn1H°, we rst invoke the identity
srntH° = diag*HH ©e

Now insert a copy of the identity matrix in the milddle of the matrix proddét =
H | H,and use the stochastic approximat®h 218888 I, resulting in the
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Program 13.3jl_rownorm.m . Johnson Lindenstrauss estimator for the (squared)
row norms of a matrix. Subroutineandom_signs andsqrownormsre provided

in Programs F.2 and F.3.

function srn = jl_rownorm(B,n,s)

% Input: Function B() computing matrix products B(X) = B*X,

% number of columns n and number of matvecs s

% Output: Estimate srn of the squared row norms of B

Om = random_signs(n,s); % Matrix of random signs
srn = sgrownorms(B(Om))/s; % JL row norm estimate

end

Monte Carlo estimator

srny =diag H 885 H SrniHCe

1
Bes

This estimator can more conveniently be written as

~

G

srny. = %s jH8 g%~ (13.6)
&1

where the functiof j° denotes the squared modulus, evaluated entrywise for a vector
input. We call this estimator th#&ohnson Lindenstrauss row-norm estimatas it

can be analyzed using the Johnson Lindenstauss lemma [JL84]. Code is provided
in Program 13.3. We discuss row-norm estimation more in Chapter 17.

Which isotropic vector to use?

Having seen that isotropic random vectors can be used to build Monte Carlo estima-
tors of matrix attributes, we now discuss the choice of which isotropic distribution
to use.

Let us rst catalog the popular options, many of which have separate de nitions
over the eldsK = RandK = C of real and complex numbers:

" Gaussian. A standard Gaussian vect8r  Normal x*0° is isotropic.
Its entries are independent and drawn from the real or complex standard
Gaussian distribution. (Recall that a complex standard Gaussian random
variable6 Normal ¢10-1° takes the forn® = 161, i62°-p§, where6;— 6
Normal r*0-1° are independent real standard Gaussians.)
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" Sphere. A random vector8  Unif 1p581K=°° is isotropic. One can be

generated by drawing a standard Gaussian vegt@r Normal x*04° and
scaling it to have constant lengdh:= P=, kgk g.

Random signs.A vector of random sign8  Uniff 1g" is isotropic. This
distribution has very low resource requirements, requiring sitiglependent
uniformly randombits to generate. The random sign distribution is often
called theRademacher distribution

Random phasesAn analog of the random sign distribution for the complex
eld is a vector of random phasés  Unif 1T1C°™°, de ned to be a random
vector whose entries are independent and drawn uniformly from the complex
unit circleTC° .= fq 2 C : jgj = 1g. The random phase distribution is also
called theSteinhaus distribution

Note that the random signs and random phases distributions can be uni ed
8  Unif 1T1K®°™ by de ning the unit circle of the real numbers to be
TR =fq2R:jgj=1g=f 1g

Random coordinate. Last, one can also generate an isotropic random vector
by drawing a random standard basis eleng&nt Unifpregz 1 8 =g
appropriately rescaled.

Which of these options should one use? To answer this question with some degree
of precision, we will focus on which of these random vectors to use for estimating
the trace of a real symmetric matr@ 2 R~ ~ using the Girard Hutchinson trace
estimator, although the same principles apply for other matrix attribute estimation
problems and algorithms as well.

Recall that the Girard Hutchinson estimator f@ris de ned as
16

bon== 8gG8; for8i—++8. "8

&1

We will compare the accuracy of this estimator with several random isotropic vectors
8 by using the mean-squared erEfrgy  tr: G°°2. Because the tern&; G8gare
iild and unbiased estimators fot G°, the mean-squared error is

1
Etfion  1G°?= = Var'g G8° (13.7)
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In particular, we see that the mean-squared error decay® Hiea ° rate regardless

of the choice of isotropic test vect8r. TheO1le<° convergence rate in the mean-
squared error is typical of Monte Carlo methods. The quality of a distribution for
trace estimation is quaniti ed by the prefactgar'8 G8°, which depends on the
choice of test vecto8 .

Fact 13.2(Girard Hutchinson estimator: Variance formulad)et G 2 R~ ~ be a
realsymmetric matrix with eigenvalues—+* » — 2 R. Denote the mean eigenvalue
_==Mne==1 ., gandthe mean diagonal elemént==1" g Ogg The
following equations give the variance of the basic Girard Hutchinson estimate
8 G8 for several choices for the isotropic random vecgol C™:

&
Varl8 G8° = CikGk2 =Cx _3 for8 Normal \10-4°-
&1
_ 2 G _ P—
Var'8 G8°= ¢ G _| = gk lg _© for8 Unift =StK70o_
C) F &1
Varl8 G8°=Cy 02 for8  Unif 1T1KO™—
&9
& o_
Vart8 G8°==> 10gg 0°2 for8 Uniff =egy g -
&1

The prefactors ar€€gr =2, Cc =1, r=2=1= 2° and ¢ ==1=, 1° These
equalities become upper bounds for a real nonsymmetric matrix.

These variance formulas are standard, and | have collected the simplest proofs of
these formulas | know in [Epp23b]. The random phase distributioif 1 T1K°=°

and sphere distributiodnif 1p581K:°° are known to be optimal in certain senses,
and these optimality results are also discussed in [Epp23b]. We may draw several
conclusions from these formulas:

The Gaussian distribution is dominatedl he variance for the Gaussian distribution

8 Normal x*04°is higher than both the sphere and random sign/phase distribu-
tions. Compared to the sphere distribution, the Gaussian distribution has a variance
depending on thaggregate sizef G's eigenvalues, whereas the sphere distribution
depends only on thepreadof G's eigenvalues. This size/spread distinction can
make a big di erence for a matri% with large eigenvalues that are tightly clustered.
Compared to the random phase distribution, the variance for the Gaussian distribu-
tion depends on Frobenius nork®kZ = g_§2, which re ects the magnitude of
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all of G's entries. By contrast, the variance of the random sign/phase distribution
depends on g 4034 which omits the contribution fron®'s diagonal entries. This
property makes the random sign/phase distribution especially e ective for matrices
with a heavy diagonal. | describe the case against Gaussians for stochastic trace
estimation in more detail and provide numerical evidence in [Epp24a].

Sphere vs. signs/phaseghe sphere and sign/phase distributions both dominate the
Gaussian distribution, but which should be preferred? Ultimately, both choices of
distribution are e ective, and we will use both in this thesis. The random sign/phase
distribution has the bene t that itignores the in uence of the diagonabomaking

it e ective for matrices with a heavy diagonal. The random sphere distribution,
however, is known to be (minimax) optimal for matric&drawn from unitarily
invariant families, such as the class of all symmetric matrices wiBk- 1.

This optimality result appears to have rst been discovered in unpublished work of
Richard Kueng [Tro20, Prob. 1.23]; see [Epp23Db] for a proof.

Real vs. complex.The variance formulas in Fact 13.2 show that using complex-
valued test vector8 results in a variance about half that of their real-valued coun-
terparts. However, when applied to real matri€gshis bene t is typically o set

by the increased computational cost of using complex arithmetic. Further, existing
codes for evaluating the matvec operation might not be compatible with complex
data. As such, the reduced variance of complex-valued test vectors is usually not
worth the additional cost when the matiiis real-valued. For a complex-valued
matrix H 2 C =, however, it is generally preferable to use complex-valued test
vectors8.

Coordinate sampling is often dangerouslhe variance for trace estimation with
random coordinate vectors is often much higher than alternate approaches. This
can be seen by a simple back of the envelope computation: Consider a matrix
G where all the entries are roughly of unit magnitu@eg 1, with a similar
number of positive and negative entries, so that the average of diagonal entries is
small: 0 0. Then the variance of the Girard Hutchinson estimator with random
coordinate sampling has scaling=2, whereas the other isotropic distributions in
Fact 13.2 have a variance of=2. Thus, in view of (13.7), the coordinate sampling
distribution may require up te matvecs to achieve accuracy comparable to what
other estimators can achieve with a single matvec. This is a dismal state of a airs,
particular since the trace estimation problem can be solved exactlyratvecs.
Random coordinate vectors do have their uses, particularly in computational models
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more restrictive than the matvec model [BKM22], but they are best avoided except
in special situations.

Resphering: Improved Monte Carlo for rank-de cient matrices

So far, we have designed Monte Carlo methods for matrix attribute estimation based
on introducing the identity matriH = H | and replacing with an unbiased
stochastic approximation. As we will see shortly, we will have many occasions to
apply Monte Carlo approximations to a rank-de cient maitrixvith a known (right

or left) nullspace. In such cases, we can tespheringto obtain lower variance
Monte Carlo estimators. Here is the main de nition:

De nition 13.3 (Isotropic random vector on a subspadedtU K~ be a subspace
over the real or complex numbers, and letdenote the orthoprojector dd. A
random vector is said to basotropic onU if E».. Y&

For any subspadd of dimensionB a uniformly random vector  Unif 1p?51U°°

from the sphere of radiu%_Bin U is isotropic onU. This will be our only example
of an isotropic vector on a subspace in this thesis.

To see how isotropic random vectors on a subspace can be employe@, &t ~ be
a square matrix and suppose we have access to a éagi€™ - with orthonormal
columns for whichHW= 0. To design a trace estimator fbk, write

H=H for =1 WW-e

To approximate , generate isotropic random vectorﬁ—i- * » g 0N the subspace
rangéWe? and introduce the stochastic approximat®h 2, . 5 g This leads to

theresphered Girard Hutchinson trace estimator
~ ! ~
rscn = -1
SGH—tr H '8'8 —_B .8 H.8.
<3

1
Bg 1

1
To generate isotropic random vectors
. P—

Unif = : StrangéWe’°

on the subspacengéW? proceed as follows: Draw a random vec8irom the
normal or sphere distribution, orthogonalize it agaiWseind rescale to the proper

norm
P— P—

HOWWB = e W ek

k1 WWPe°8 k

18 WIW 8% (13.8)



203
We call the process of replaci®by . in this wayresphering
When applied to a rank-de cient matrb{ whose nonzero eigenvalues are clustered,

the resphered Girard Hutchinson estimator can lead to signi cantly lower variance
than the standard Girard Hutchinson estimator. Here is an example result.

Corollary 13.4 (Resphered Girard Hutchinson estimator: Variandsgt G 2 R™
be a symmetric matrix with at mogtnonzero eigenvalues;—ee+—, let _ :
Al 9:1_8 denote their average, and let  Unif 1pTA S'rangé G°°° be a test
vector. Then the resphered Girard Hutchinson estimatoG. has variance

e)
Var, G.o= AT e
A2,

Excepting the trivial case wherg = O for all § the variancevart. G.° is always
strictly smaller than for the plain Girard Hutchinson estimatdart8 G8° with
8 Unifi"= siRoo,

The technique now called resphering was rst introduced in [ETW24], where it
appeared under the name normalization. Inthisthesis, | adoptthe more descriptive
term resphering, a name suggested to me by Joel Tropp.

13.2 Low-rank approximation

Low-rank approximation provides another paradigm for solving matrix attribute
estimation problems. As we saw in Chapter 2, we can cheaply compute near-
optimal low-rank approximations to a general matrusing the randomized SVD
(Section 2.3) or to a psd matri® using Nystrom approximation (Section 2.5).

Low-rank approximation gives a natural approach to any matrix attribute estimation
problem. To estimate an attribufe H° of a matrixH 2 C* =, simply replaceH by

a low-rank approximatiorh and use th& 1R° as an estimator fo& 1H°. This use

of low-rank approximation in this way was proposed by Saibaba, Alexanderian, and
Ipsen for trace estimation [SAIL7].

The quality of the approximatio&lh0 &1H° is dictated by the quality of the
low-rank approximatiorH A and, consequently, the rate of singular value decay

in the matrix H (recall Facts 2.5 and 2.11). For matrices with rapid singular
value decay, low-rank approximation-based estimators can produce highly accurate
results. On the other hand, for matrices with slow singular value decay, plain low-
rank approximation based estimators are often wholly inaccurate. This inconsistent
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performance makes pure low-rank approximation based estimators only situationally
useful.

13.3 Combining Monte Carlo and low-rank approximation
The Monte Carlo and low-rank approximation approaches can be combined to
achieve better and more consistent results than either approach yields by itself.

Let us illustrate by deriving a simpli ed version of thdutch ++ algorithm for
trace estimation [MMMW21a]. Suppose we wish to estimate the trace of a ma-
trix H 2 C ~ and are given a xed budget @ matvecs to accomplish the task.
Assume, for simplicity, thaBis divisible by3. Begin by running the randomized
SVD (Section 2.3) to compute a matt 2 C=* B which de nes a rankB 3°
approximatiorh = WWH to H. By linearity, we may decompose the tracetbf

triHo = tr1R | triH RO = tr!WWHO | trit]  WWOHo.

The rst term, tr1R° = tr'WWHe, can be computed exactly by forming H.
To estimate the second term, we employ a Monte Carlo method, speci cally the
Girard Hutchinson estimator:
p 83
trtH e $5 1 WWOLIHSY
B3
&1
Here,$,—* * «$5 5 denote freshly generated isotropic random vectors, independent
of each other and the random test matrix used to execute the randomized SVD.
Combining the exact computation of the rst term and the stochastic approximation
of the second yields the (simpli edjutch ++ estimator
1 62
Ospes = rAWAW HOO | —  $o 1] WWOIH$P?  for W= Orth1H Oe
B3
&1
(13.9)
The computational cost of the simpli eHutch ++ estimator isB matvecs 2B 3
with H andB 3 with H ) plus O 1B=° additional arithmetic operations.

The full Hutch ++ estimator contains two optimizations over the simpli ed version
(13.9):

1. In some contexts, matvecs with are expensive or are entirely unavailable.
To avoid matvecs withH , we use the cyclic property of the trace to write

trtRe = trWAW HOO = triW 1H\APOs



205

Program 13.4 hutchpp.m. Hutch ++ algorithm for trace estimation. The
random_signs subroutine is de ned in Program F.2.

function tr = hutchpp(B,n,s)

% Input: Function B() computing matrix products B(X) = B*X, number

% of rows n, and number of matvecs s

% Output: Estimate tr of trace(B)

k = floor(s/3); % Rank is s/3

Om = randn(n,k); % Random Gaussian matrix
Y = B(Om); % Collect matvecs

[Q.,~] = ar(Y,"econ"); % Randomized SVD

BQ = B(Q); % Collect matvecs

k = s-2%k; % Remaining matvecs

Ga = random_signs(n,k); % Random sign vectors

X = Ga - Q*(Q*Ga); % Orthogonalize against Q
BX = B(X); % Collect matvecs

tr = trace(Q"*BQ) + trace(X*BX) / k; % Hutch++ estimator

end

The expressionr!W tHWP® can be evaluated using only matvecs with
removing matvecs withkd from theHutch ++ algorithm entirely.

2. The matrixi WW is an orthoprojector and thus satis €&s WW = 1|
WWP02. Therefore, the residual trace can be written more symmetrically as

trtH RO =tri1]  WWOHO = trit]  WWO2HO = tri1] WWOHI| \WWooe

The symmetrically projected matrid WW°H!I WWP° always has a
smaller Frobenius norm than the one-sided projection WW°H, so we
expect a smaller error in applying the Girard Hutchinson estimator to the
former matrix rather than the latter (cf. Fact 13.2).

Combining these two optimizations yields the standdundch ++ estimator

1
Bee = AW IHWO = §g 1 WWe H 1 WWe$g - (13.10)
81

whereW= OrthtH ©. Code is provided in Program 13.4.

The combination of low-rank approximation with Monte Carlo for trace estimation
and related problems was explored prior to the origttaich ++ paper. Notable



206

examples include the works of Gambhir, Stathopoulos, and Originos [GSO17] and
Lin [Lin17]. Meyer, Musco, Musco, and Woodru [MMMW21a] crystallized these
ideas in theHutch ++ algorithm, provided mathematical analysis, and established
lower bounds on the best-possible accuracy for any trace estimation algorithm.

The Hutch ++ algorithm illustrates the use efriance reductiorin Monte Carlo
methods [Liu04, Y2.3]. Specialized to trace estimation, the key idea of variance
reduction is to choose a matr called acontrol variate that closely approximates

H and whose trace can be computed exactly. Instead of applying a Monte Carlo
estimator to estimatg*H° directly, we instead estimate the trace of the residual
H R and add the result tw2R°. This strategy typically yields an estimator with
lower variance. In principle, this variance reduction strategy can be applied using
any type of approximatiorh H, but low-rank approximations have proven the
most e ective for trace estimation so far.

Theoretical analysis ofHutch ++

Error bounds forHutch ++ can be derived by combining error bounds for the
randomized SVD ((2.5)) with variance bounds for the Girard Hutchinson estimator
(Fact 13.2). We will state and prove such a bound here, as it will serve as a
useful comparison for the error bounds for Xierace andXNysTrace estimators
developed in the next section; see Section 15.1.

Theorem 13.5(Hutch ++ mean-squared errorlet H 2 R~ ~ be areal matrix
and lettry++ be theHutch ++ estimator(13.11)with areal standard Gaussian test
matrix 2 R™'B¥ and iid$;—+++$53 2 R~ drawn from any of thirealisotropic
distributions from Fact 13.2, except the random coordinate distribution. Then

2 6 B
E by triHe =

. N . 2
mn ——— H EHE, e 13.11
B AB32B 3A 3 AF ( )

Proof. Using thereduced matrix
Hreg =1t WWP°H WW°—

the error ofHutch ++ may be expressed as

3 B3
16 1
bH++ trl HO - — 8 8Hred8 8 trl Hredo - — 18 8Hred8 8 tl’l Hredoo.

B3 gy B3 g1

(13.12)
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The right-hand side of (13.12) is a sum of mean-zero random variables that are iid
conditional onH,eq. Therefore,

1
E Wy tr1 Hoo2 Hred = QVar 8 HresB 1 Hred *

Applying Fact 13.2, we obtain

6
E Wh.s triHoo2 Hred B kHredk|2:'

Multiplying by an orthoprojector can only reduce the Frobenius norm. Therefore,
KHreake K1l WWOHK-e
Combining the two previous displays and taking the expectation, we obtain
Elrye.  triHoo? % Ekil  WWOHK2e

Invoking the randomized SVD error bound (2.5) establishes the desired re8ult.

In Theorem 13.5, we assumed the matrixvas real to use Fact 13.2. Versions of
this result are easy to derive for complex vectors.

The error bound (13.11) shows that the mean-squared ertdutch ++is propor-
tional to 1+ Btimes the (squared) Frobenius norm error of the best Aeabprox-
imation, whereA B3. A bound similar to Theorem 13.5 appears in [ETW24,
Thm. 1.1]; see also [Mey21] and [MMMW21b, Y5] in tlarXiv veision of the
Hutch ++ paper.

The bound (13.11) describes the mean-squared error dfitieeh ++ method in
practice, but it can be a bit imposing. Therefore, it can be informative to derive
simpli ed versions of the bound. Choosifg= B6 1 in the minimum (13.11)
yields
2 12 o 2

E Bres  triHO 5 H EHEge. - (13.13)
To further simplify, we can employ a crude bound on the best feagbproximation
error (see, e.g., [GSTVO7, Lem. 7], MMMW?21a, Lem. 13], and [ETW24, Fact 5.5]

for versons of this result).

Fact 13.6(RankAapproximation error)For any matrixH 2 K< =andA 1,

L kHk L kHk
H E HE, A1 and H EHE, ﬁ.
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Using Fact 13.6, we can further bound (13.13) as

2 72
E by triHe 5 kHk?e (13.14)

This result shows that the mean-squared erréhdth ++is dominated by a quantity

that decays at &1+ B rate, improving on the Monte Carl® 1« B rate (13.7) of

the Girard Hutchinson estimator. However, the reader should be aware that this
O1+ B° convergence rate foHutch ++is easy to misinterpret; see Section 15.2.

As a nal simpli cation, suppose we appliutch ++ to a psd matrixG. In this
case, the trace norm and the trace are the same, and (13.14) implies that

5 12 6p
E by triGe YtrtG® whenB v (13.15)

NI

We obtain a root-mean-squared erroraf! G° when the number of matved

is B= O1«Y°. Meyer et al. show that thB= O1eY° parameter complexity is
optimal for trace estimation; in particular, no algorithm achieves relative é&fror
usingB= 011« YO9°% matvecs for every input matri® [MMMW21a, Y4] (see also
[Mey24, Y2.3.5]).

Remarkl3.7 (High probability bounds)it is straightforward to prove error bounds

for Hutch ++that control the errgifry.+  trtHoj with high probability by combining
high-probability error bounds for the randomized SVD with the Hanson Wright
inequality. For the former, see relevant results in [HMT11; MM20; TW23]. For
the latter, see [RV13; Epp22b]. Using this approach, Meyer et al. established the
following result [MMMW?21a, Thm. 1.1]:

Fact 13.8 Hutch ++ High probability error bound)When applied to ireal psd
matrix G, Hutch ++with random sign vectors achieves the guarantee

e tr1GP) YtriG®  with probability at leastl. X (13.16)

. P—r
usingB= 01y 1 " logl1eX® , loglle X°° matvecs.

This result establishes that the probability of failing to produce a trace approximation
of relative errorY decreases exponentially in the number of mat\&cs

Improving Hutch ++using resphering
In passing, let us observe that we can enhanceHiliteh ++ algorithm by using
resphering, introduced in Section 13.1. Simply use the resphered Girard Hutchinson
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Program 13.5 hutchpp_resphere.m . Hutch ++ algorithm with resphering for
trace estimation. Thegcolnorms subroutine is de ned in Program F.4.

function tr = hutchpp_resphere(B,n,s)

% Input: Function B() computing matrix products B(X) = B*X, number

% of rows n, and number of matvecs s

% Output: Estimate tr of trace(B)

k = floor(s/3); % Rank is s/3

Om = randn(n,k); % Random Gaussian matrix
Y = B(Om); % Collect matvecs

[Q.,~] = ar(Y,"econ"); % Randomized SVD

BQ = B(Q); % Collect matvecs

k2 = s-2%k; % Remaining matvecs

Ga = randn(n,k2); % Gaussian random vectors
X = Ga - Q*(Q*Ga); % Orthogonalize against Q
X = sqgrt(n-k) * X ./ sqcolnorms(X)'.~0.5; % Resphere

BX = B(X); % Collect matvecs

tr = trace(Q"*BQ) + trace(X"*BX) / k2; % Hutch++ estimator

end

estimator rather than the Girard Hutchinson estimator to estitnste WW°H1|
WWpe°. Code is provided in Program 13.5.

The bene ts of resphering are demonstrated in Fig. 13.1, which compares the Girard
Hutchinson estimator to theutch ++algorithm with and without resphering. | use
input matrix

step =] Diaglil—{-z <140 3—{-Z --m}3°[ 2 RO 10%, (13.17)

50 times 950 times

Here,[ is a Haar random orthogonal matrix. The matstep has: = 50 large
eigenvalues, after which the spectrumis at. It takesktuech ++methods roughly

B 3. = 150 matvecs to compute a low-rank approximation capturing these
dominant eigenvalues, explaining the substantial drop in the error ¢iubeh ++
methods aB= 150 matvecs. With resphering, the error drops two more orders of
magnitude aBis increased beyont0, owing to the relatively at distribution of
nonzerceigenvalues of the projected mattix WWP°step I WW. ForB= 300,
Hutch ++ with resphering is 50 more accurate thadutch ++ without resphering
and 1800 more accurate than the Girard Hutchinson estimator.
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Figure 13.1: Comparison of Girard Hutchinson aHdtch ++ estimators with and
without resphering on thetep matrix (13.17). Lines show median of 100 trials,
and error bars show 10% and 90% quantiles.

Weaknesses oHutch ++

TheHutch ++algorithm is an elegant approach for trace estimation, and it achieves
excellent accuracy compared to the Girard Hutchinson estimator when applied to
matrices with rapidly decaying singular values. Even so, we recognize opportunities
for improvement, which will be realized by th€Trace andXNysTrace estimators

in the next chapter.

Apportionment. In its standard form, thelutch ++ algorithm uses a xed division

of 2B 3 matvecs for low-rank approximation ari®3 matvecs for residual trace
estimation. For a given matrix, this apportionment need not be optimal. For
matrices with rapidly decaying singular values, the ideal strategy would be &l put
matvecs into low-rank approximation; for matrices with slowly decreasing singular
values, the opposite strategy is warranted. The apportionment probletuttdr ++

can be addressed with an adaptive scheme that apportions matvecs between low-rank
approximation and residual trace estimation, as is done in [PCK22] XTihace

and XNysTrace estimators introduced in next section solve the apportionment
problem by redesigning the estimator to exploit a leave-one-out approach.

Exchangeability. The second weakness Bitch ++is more conceptual. We have
the following property of the optimal (i.e., minimum-variance) trace estimator.
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{ '

Exchangeability principle. Consider the class of estimators forG® com-
puted using matvec&81—e+++*&8. with iid random vectorsS ;—e ¢ 8- .
Among these methods, the minimum-variance unbiased estimatip¥ @
is apermutation-invarianfunction of8 ;—e ¢ «8-. .

\ Vv,

This principle is due to Halmos [Hal46], and it is easy to con rm. Indeed, the vari-
ance of any estimatdr8 ;—e« « «8-. ° is reduced by averaging over all permutations
of the test vector§ 1—e ¢ 8- :

~

1 O a
VaI‘@—' b'18 f10—e® .8'f 1 00®
« f2s. -
1 O
= 1-102 Cov h'18f 110—“‘8'f 1:oo—b'18f ollo_ooog_f 01:00
T f-f 028, .
1 O h i 1.0
1- 102 Var B181j0—e e8¢ 1.0 Var 08¢ mgo—e 8 0. °
T f-f 02S.

= Vartfyi8 ;— e ¢ «8-. 2%

The rst identity is sesquilinearity of the covariance, the inequality is Cauchy
Schwarz for the variance, and the second identity follows from the observation that
018 ¢ 110—* » 8+ 1. 0° has the same distribution for every permutation

TheHutch ++ estimator is not exchangeable: Half the test vectors are used for low-
rank approximation, while the other half are used for residual trace estimation. As
such, there must be an exchangeable estimator with lower varianceltibeim++.

One way we could fashion such an estimator is by averaging the value of the
Hutch ++ estimator over all possible splits of test vectors between these two tasks,
as in the derivation above. Unfortunately, computing this symmettiagdh ++
estimator is computationally infeasible because thereiggqe 283 divisions of

2B 3 test vectors into two equal groups. A new, di erent approach is needed to
obtain an exchangeable, variance-reduced trace estimatorXTHaee estimator

will remedy this shortcoming olHutch ++ by using a leave-one-out design, which

is exchangeable by construction.



212
Chapter 14

THE LEAVE-ONE-OUT APPROACH AND APPLICATION TO
TRACE ESTIMATION

An idea which can be used only once is a trick. If one can use it more
than once it becomes a method.

George Pélya and Gabor Sze@®blems and Theorems in Analysis |
[PS98, p. VI

In the previous chapter, we developed our basic tools randomized Monte Carlo
and low-rank approximations for matrices and used them to estimate matrix at-
tributes. This discussion culminated with tHatch ++ algorithm, which showed
how combining Monte Carlo estimation and low-rank approximation can lead to
more accurate trace estimates than either approach individually.

In this chapter, we will present the leave-one-out approach for matrix attribute
estimation, a exibility methodology that combines Monte Carlo and low-rank
approximation in a way that squeezes as much information possible out of every
matvec. When the leave-one-out approach is applied to trace estimation, it results
in the XTrace and XNysTrace algorithms. Each method is an exchangeable
estimator that uses every matvec both for low-rank approximation and for Monte
Carlo estimation. This strategy ameliorates the weaknesseblwitih ++identi ed

at the end of last chapter.

This chapter presents a tutorial-style introduction to leave-one out randomized ma-
trix algorithm design, focusing on developing trace estimators for general and psd
matrices. The basic idea is simple, but the formulas appearing in the nal algo-
rithms can be complicated. This chapter will attempt to demystify these expressions
and to provide a clear example of how to derive a leave-one-out randomized matrix
algorithm. Subsequent chapters will present several additional applications of the
leave-one-out approach to matrix attribute estimation.

Sources.Both the leave-one-out approach and Xieace andXNysTrace algo-
rithms were developed in the paper:

Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. XTrace: Making the Most
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of Every Sample in Stochastic Trace Estimation. I8IAM Journal on Matrix
Analysis and Application@Mar. 2024), pp. 1 23.doi: 10.1137/23M1548323

This chapter re nes the original paper [ET\W24] by developing new implementations
of the XNysTrace algorithm with processing costs that are uptofaster than the
implementations given in the original paper.

Outline. Section 14.1 introduces the leave-one-out approach to matrix attribute es-
timation and uses it to derive th€lrace algorithm for trace estimation. To imple-
ment this algorithm e ciently, we require a downdating formula for the randomized
SVD, which is developed in Section 14.2. We devise an e cigfirace imple-
mentation using this formula in Section 14.3. Section 14.4 presédysTrace

an improved version oKTrace for psd matrices. Sections 14.5 and 14.6 discusses
implementation ofXNysTrace. Section 14.7 contains experimental comparison
of XTrace andXNysTrace to Hutch ++ and the Girard Hutchinson estimators,
Section 14.8 introduces resphered versionXdface andXNysTrace, and Sec-

tion 14.9 presents an application of trace estimators to computing the Estrada index
of a network. We conclude in Section 14.10 by summarizing the leave-one-out
approach to matrix attribute estimation.

14.1 XTrace : The leave-one-out approach
The leave-one-out approach to matrix attribute estimation consists of ve steps:

1. Compute a low-rank approximation to the input matrix by multiplying it
against a collection of test vectors.

2. Decompose the quantity of interest into known piece depending on the low-
rank approximation plus a residual.

3. Construct a Monte Carlo estimate of the residual using a single random vector.

4. Downdate the low-rank approximation by recomputing it with a test vector
removed, and use the left-out test vector as the random vector in step 3.

5. Average the estimator from step 4 over all choices of vectors to leave out.
At present, these steps are fairly abstract. To make this program more complete, we

shall deriveXTrace , a leave-one-out algorithm for estimating the trace of a general
square matrixH.
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Step 1. Compute a low-rank approximation to the input matrix by multiplying it
against a collection of test vectord'he rst step of the leave-one-out approach is
to construct a low-rank approximation of the matkx Here, sinceH is a general
square matrix, we employ the randomized SVD (Section 2.3). L&tK= - be a
random matrix with isotropic columns, compute the proddict and orthogonalize,
obtainingW= Orth *H °. The resulting randomized SVD low-rank approximation
is

A = WWH.

Step 2: Decompose the quantity of interest into known piece depending on the low-
rank approximation plus a residualNext, we decompose the quantity of interest,
tr1HC in this case, into a known piece depending on the low-rank approximation and
an unknown residual term. The simplest decomposition exploits the linearity of the
trace:

triHo = tr1fe | tritH RO = trW HWP | tril]  WWOHOe

We saw a better decomposition from our derivation of khéch ++ algorithm.
Indeed, using the identifif WW°? = | WW and the cyclic property of the trace,
the residual trace is

trif]  WWOHO = trit]  WWO2HP = trit]  WWPOH  WWooe
Thus, inXTrace , we shall also use the following decomposition of the trace:
triHo = triR | triH RO = tr'W HWP | tritl  WWPOHLl  WWeos
Step 3: Construct a Monte Carlo estimate of the residual using a single random
vector. Now, we construct a Monte Carlo approximation to the residual trace

tritl  WW°PH WWP°°using a single random vectBr. Assuming8 is isotropic,
the natural estimator is the single-vector Girard Hutchinson estimator

8 U WW°eHI WWe8 trtil WWPH WWO°°

One could also use resphering at this step, but we will postone this re nement to
simplify the presentation. Using the Monte Carlo estimate for the residual, we
obtain the following unbiased trace estimate:

B=tr'WHW , 8 1 WW°HI WW°8e (14.1)

Step 4: Downdate the low-rank approximation by recomputing it with a test vector
removed, and use the left-out test vector as the random vector in stef@far,
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the estimate (14.1) is nothing special, basically just a lopsided versidntoh ++
where only a single vectd@ is used to estimate the residual tracd Re. Now,
we employ the core device of the leave-one-out approach. Pick anindex :,
and leave out th&h column of the test matrix , resulting in a downdated low-rank
approximation

Rig = WgWigH whereWig = OrthiH s

Here and elsewhere, gdenotes without its 8h column, andB g denotes the
8h column of . The downdated low-rank approximatic#hg) is somewhat less
accurate because it has smaller rank 1, but we have freed up an isotropic vector
8 gthat isindeperdentof the low-rank approximatioﬁhga and the orthonormal basis
Wi.g. Introducing the downdated approximatibﬂga and the left-out vector vector

8 gin the trace estimate (14.1) from step 3, we obtain a new basic trace estimate:

bg:= tr'WgHWg®, 81 WigWg®H!l  Wig\Wi°8 ¢ (14.2)

We call rg the 8h basicXTrace estimator It is an unbiased estimate fortHe,
owing to the independence 8ffrom W.g.

Step 5: Average the estimator from step 4 over all choices of vectors to leave out.
Each basicXTrace estimatorfrg can individually be a poor estimate of the trace,
but we can reduce variance by averaging all of them:

10
by == b (14.3)
g1

We calltry the (full) XTraceestimator short for the & changeabl@race estimator.

Discussion.While it is not obvious yet, th&XTrace estimator (14.3) can be com-
puted using onl2: matvecs ( to computeG , : to computeGW. Equivalently,
a xed budget ofBmatvecs can accommodate a rank of bB 2c. (Henceforth, we
will assumeBis even for simplicity.) Thus, th¥Trace estimator takes the form

L ®2h i

=25 UWgHWG?, 8g WgWgtH W8, «  (14.4)
&1

Let us compareXTrace to Hutch ++ With its budget ofB matvecs,Hutch ++
dedicates?B 3 matvecs to generate a low-rank approximat®n= WWH and
B 3 matvecs to forming an estimate of the residual tritkl Ro. XTrace, in
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e ect, uses the same pool &2 matvecs both to generatefamily of low-rank
approximationshlgn and to estimate all of the residual tracesH Rig°. In
this senseXTrace uses all of its multipications with isotropic random test vectors
both for low-rank approximation and for Monte Carlo estimatioKTrace also
expends an addition& 2 matvecs to computelW, which is necessary to evaluate
the expressiong*W,g, HW,g°.

XTrace xes both weaknesses ¢tutch ++that we identi ed in Section 13.3. First,
XTrace is exchangeable, being a symmetric function of all the mat¥#®gcol-
lected in the rst phase of the algorithm. Second, and more importafifisace is
based on a rank® 2° approximation tdH, which is more powerful thaHutch ++s
rank-B 3° approximation. ThusXTrace can be signi cantly more accurate than
Hutch ++ for matricesH with rapid singular value decay, while maintaining accu-
racy for matrices with slow singular value decay. Moreo¥@rrace achieves this
increased accuracy automatically through an exchangeable, leave-one-out design;
it does not require manually or adaptively apportioning matvecs between the low-
rank approximation and Monte Carlo estimation roles, as in the adaptiieh ++
algorithm [PCK22]. (See Section 15.5 for discussion.)

14.2 Leave-one-out formula for the randomized SVD

ToimplemeniXTrace , we need away of e ciently evaluating thé€Trace estimator
(14.4). For the purpose of error estimation (Section 15.3), we will also need to
form each of the individual estimatol de ned in (14.2). To develop e cient
implementations, we can use the followidgwndating formuldor the randomized
SVD:

Theorem 14.1(Downdating the randomized SVDbetH 2 K= ~and 2 K™ -

be matrices, and assuntg is full-rank. Compute the matri¥V de ning the
randomized SVD approximatidihz WWH by an economy-siZ@R decomposition
H =WX The downdated matricd&ig = Orth*H ¢ admit the representation

WigWig = WA 5g5°W  for 8= 1-2—eee—e (14.5)
The vectorsgare equal to the columns &f |, scaled to have unit norm.

This result was developed by myself and collaborators in [ET24; ETW24].

| nd this result to be quite surprising. To compute the randomized SVD, we
must orthogonalize the matrid , which is conventionally accomplished using
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a QR decompositiorH = WX Theorem 14.1 demonstrates that the makijx

a useless byproduct in most randomized SVD implementations, contains all the
information needed to extract all downdated approximatiorﬁlg) = WgWigpH.
These downdated approximations can be represented implicitly using the formula
(14.5), and the arithmetic cost is or@*: 3 operations to compute ttsg vectors.

In particular, the cost is independent of both dimensions of the original ndtrix

Proof of Theorem 14.1Fix an index8 To computé\.g, we to form aQR decom-
position ofH g The decompositioRl g= WX gis nearly 8QQR decomposition,
but the matrixX gis no longer triangular whe@ Y : because it&h column has
been deleted. To restore triangularity, we take a (IQI} decomposition oX g

which we partition as

h o i e

ﬁ L1 . o 1- 01 - [ .
Xg= W q 0 forW2k '+ gaok" ' PgoKie

Using this factorization, we obtain@R decomposition oH g namely
H 8= WX 8— IWWBP K

In particular, Wiy := W& is an orthonormal basis for the column space-of g
Therefore, the outer product . with itself is

W,gW,g = WHRMR/ OW o
h [
Since W @ is unitary, the parenthesized term may be written as
h ih i
W =%@eq Wae aa=I aqq:-

Combining the two previous displays yields

WpWig = WAl @@ oW »

To establish the desired result, it remains to show that the unit v@&q@roportional
to the&h column ofX . By constructiong is orthogonal to the column space of
X g Thatis,X g = 0. Restoring the deleteh column toX and recalling thaX

is nonsingular, we conclude thit @ = U egfor some nonzero scalék Therefore,
g=U X egis proportional to th&h column ofX . m
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14.3 ImplementingXTrace e ciently

Having established Theorem 14.1, we can use it to calculate the Xasace
estimate$rg de nedin (14.2). This section begins with a derivation for an e ciently
computable formula for thgs, after which implementation is discussed.

Formula for the basic XTrace estimates: Derivation

The easiest way to derive e cient formulas for a leave-one-out algorithm, in my
experience, is to proceed methodically and introduce variables to represent inter-
mediate matrices that arise during the derivation. Let me demonstrate as we derive
an e cient XTrace implementation.

We begin with the randomized SVD step. First, generate a random matéx
K=" B2 with isotropic random columns. Next, form the product

=H (14.6)

and obtain its (economy-siz&R decomposition
_ =Wk (14.7)

Then, to use the randomized SVD downdating formula (14.5), generate the matrix
Y (with columnssg) by building X and recaling each of its columns to have norm
one. Finally, compute

T o= HW (14.8)
The matrices , W, Y, andWwill be used later in our derivation.

Next, we turn to the basi¥Trace estimatordrg which were de ned in (14.2). To
use the randomized SVD downdating formula (14.5), invoke the cyclic property of
the trace and write:

bg= triHWgW,g° , 851l WigWig°H W5 W,5°8 ¢
Now, invoke the downdating formula (14.5):

brg= trIHWI  5;5°W°, 8l WAl SSPWPOHI W 5,5°W°8 ge
| {z b {z }
® ®
(14.9)

The result is a sum of two term®, and®, which we will treat separately.

Begin with®. Use the cyclic property of the trace and (14.8) to rewrite

® = tr*'W HWAHL 5820 = trW " 1| 55550
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To evaluate this expression, compute
N=W"e (14.10)
The expressio® now simpli es as
® =1tr*N°® sgNsg (14.112)
This formula constitutes our nal expression 8t
Now, we treat®. Begin by forming the matrix
] =W - (14.12)
from which we may de ne a matri® 2 K'8%* B2 wjth columns
Xg'= 1 S58°W8g=Wg S5 SWg (14.13)
With this de nition, ® can be written as

®=841 WW, Ws;WOHI8, WP
= 18 81I WWO 5 WSSB SBWOly8 \X 80.

Since_ = H = WXis aQR decomposition,
1 WWO°g=0 and Wyg=rg

Therefore,
= 881| WWO\X 8_, W858 Sslrs NXSO.

To simplify further, introduce and form the matrix
Z=" (14.14)
Now, we may simplify® as
® = tgXg, WgNXg, WgSg Sg'rg Nxg
Finally, using the de nition (14.13) of the vectoxs, we simplify
® = tgXg, XgNXg, WgSg Sgrg

Combining this expression f@® with the expression (14.11) f®, we obtain our
nal expression fortrg
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Program 14.1diagprod.m . E cient implementation of thediagprod operation
(14.16).

function d = diagprod(F,G)

% Input: Matrices F and G of the same size

% Output: The diagonal of the product d = diag(F*G)

d = sum(conj(F).*G,1).";

end

Formula for the basic XTrace estimates: Implementation
We now discuss a few implementation details for evaluating the formula (14.15) for
the basic trace estimatlg

Diagonal entries of products. The formula (14.15) contains many expressions
such asf ggg Which constitute the diagonal entries of the matrix produd¥ for
L-M 2 K3t 32, We denote the vector of aflggg using thediagprod operation:

diagprodiL—M° = diag'L M°=1fggg:1 8 3,0 (14.16)

One way of evaluating theéiagprod operation would be to form the matrix product
L M and extract its diagonal; this approach expeﬁI}§E3ZO operations. How-
ever, computing these expressions directly is cheaper, requiring jusd j3s8,°
operations to evaluatésgg for each8 Code is given in Program 14.1

The vectorsxg The vectorsxgde ned in (14.13) can be packaged into a matkix
with formula
A =] Y DiagtdiagprodtY-] ©% (14.17)

Recall thatDiag*a® denotes the diagonal matrix with diagonal entGgsin MAT-
LAB, expressionY Diag!a® can be evaluated rapidly & .* a.'

XTrace implementation. Using all of the formulas we've developed, the vector
B =15:1 8 B2°ofbasicXTrace estimators (14.15) is

B =trtN°1 diagprod'Y-NY° diagprodZ—°  diagprod”* N ©
, diagprod?!] —Y° diagprodY—X° (14.18)
The XTrace estimator (14.4) is merely the mean of the entries of this vector; the

variance of the entries will be used for error estimation in Section 15.3. To evaluate
B, we evaluate the equations (14.6) to (14.8), (14.10), (14.12), (14.14), (14.17)
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Program 14.2xtrace.m . E cientimplementation of theXTrace estimator. Sub-
routinesdiagprod , random_signs, and cnormc appear in Programs 14.1, F.1
and F.2.

function [tr, est] = xtrace(B,n,s)

% Input: Function B() computing matrix products B(X) = B*X, number

% of rows n, and number of matvecs s
% Output: Estimate tr of trace(B), estimate est of the error
% abs(tr - trace(B))

% Define test matrix
k = floor(s/2); % Approximation rank is s/2
Om = random_signs(n,k); % Matrix of random signs

% Randomized SVD and downdate

Y = B(Om); % Collect matvecs
[Q.R] = gr(Y,"econ); % Randomized SVD
S = cnormc(inv(R"); % Downdate RSVD, cnormc normalizes columns

% Compute other necessary matrices

Z = B(Q); % Collect matvecs
H = Q*Z;

W = Q*Om;

T = Z*Om;

X = W - S .* diagprod(W,S).";

% Compute estimator, output
tr_vec = trace(H) * ones(k,1) - diagprod(S,H*S) - diagprod(T,X)...
+ diagprod(X,H*X) + diagprod(W, S) .* diagprod(S, R);
tr = mean(tr_vec); % Trace estimate
est = std(tr_vec) / sqrt(k); % Error estimate

end

and (14.18). Stringing these formulas together produces a daunting and mysterious
looking program, but this program is nothing complicated just matrix algebra.

An implementation oiXTrace is provided in Program 14.2. This implementation
outputs the trace estimatl as rst outputtr ; it also outputs an error estimate
est, which will be discussed in Section 15.3.

14.4 XNysTrace : Trace estimation for psd matrices

XTrace is an e ective trace estimator for general square matrices, but it can be
made even more e cient for psd matrices. This section will derKidysTrace,

an optimized trace estimator for psd matrices using the leave-one-out approach. We
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uncover the algorithm by following the ve-step process for deriving a leave-one-out
randomized matrix algorithm, similar to our derivationXfrace in Section 14.1.
Sections 14.5 and 14.6 will discuss e cient implementation. Throughout this
section, and the following section§,2 K= ~ denotes a psd matrix.

Step 1. Compute a low-rank approximation to the input matrix by multiplying it
against a collection of test vector&ince the matrixG is psd, we have a more rich
set of low-rank approximation algorithms available to us. Here, we will employ the
single pass Nystrom approximation

&=Ghi

associated with a test matrix 2 K= Bwith independent, isotropic random columns
(Section 2.5). An advantage of the single-pass Nystrém approximation is that we
can form a rank8 approximation using onl\B matvecs, whereaB matvecs only
allow us to obtan a rankB 2° approximation with the randomized SVD.

Step 2: Decompose the quantity of interest into known piece depending on the
low-rank approximation plus a residual.We decompose the trace by employing
the simplest possible approach

triGe = trrpe LG Bo.

Step 3: Construct a Monte Carlo estimate of the residual using a single random
vector. To estimate the residual traté G~ &° using a single random vector, we
employ the single-vector Girard Hutchinson estimator

8 1G &8 G &
which leads to the trace estimate

fr=t:8° 8 1G &°8. (14.19)
Step 4. Downdate the low-rank approximation by recomputing it with a test vector
removed, and use the left-out test vector as the random vector in steyo8v, we

invoke the leave-one-out trick. De ne the downdated the Nystrém approximation
by leaving out colummBof the test matrix |,

élg) =Gh g
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Using the left-out vectoB gas the test vect@ in (14.19) gives the family of basic
XNysTrace estimators

brg:=tri8ig°, 851G 8398, for8= 1—ese—Be (14.20)

Step 5: Average the estimator from step 4 over all choices of vectors to leave out.
Averaging the basi®¥NysTrace estimatordrggives the fullXNysTrace estimator

18
trXN = —B h’gz —B
g1 &1

~

trt élg}o . 8 81G é18)08 g * (1421)

Discussion.As we will show in Sections 14.5 and 14.6, the estimaibiysTrace
estimator (14.21) can be computed using onlyBheatvecs composinG . XNys-

Trace is exchangeable and dedicates all matvecs both to low-rank approximation
and to Monte Carlo estimation of the residual trace.

The use of Nystrom approximation for variance reduction in trace estimation was
originally proposed by Persson, Cortinovis, and Kressner [PCK22], who devel-
oped aHutch ++style algorithm using Nytssom approximation calletlystrom ++.

The XNysTrace algorithm improves orNystrom ++ by using an exchangeable,
variance-reduced design.

The main di erence betweeRlutch ++, XTrace, andXNysTrace is the rank of

the matrix approximation. Given a xed budgetBfmatvecsHutch ++uses a rank-

1B 3° approximation XTrace uses a rankB 2° approximation, ancKNysTrace
uses a raniBapproximation. This disparity results in signi cant di erences among
these estimatoiwher agplied to a metrix with rapidly decaying eigervalues As an
example, consider a psd matrixwhose eigenvalues decay at an exponential rate
_gG*  Wfor U2 10-1°. As we will show in Section 15.1Hutch ++ XTrace,
andXNysTrace satisfy error bounds of the form

1.2

E h’H++ tri G 2 11UP UBS;
1e2 _
Ebry triGe? PE P2 (14.22)
1e2
Ebyy triGe? B siL° U

Here, gtl° denote prefactors depending only bh For this matrix, the rate of
convergence oKTrace is 3+2 faster tharHutch ++, and the convergence rate of
XNysTrace is3 faster tharHutch ++.
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14.5 Leave-one-out formula for randomized Nystrém approximation

Just as the randomized SVD downdating formula (Theorem 14.1) was the main
ingredient in making an e cieniXTrace implementation, a fast Nystrom approxi-
mation downdating formula will support a fastNysTrace implementation. This
formula will also be useful in deriving other leave-one-out algorithms based on
randomized Nystrém approximation.

Theorem 14.2(Downdating randomized Nystrom approximatiobpt G 2 K~ ~
be psd and let 2 K~ - be a matrix, and assum& is full-rank. Denote
N = 1G ° Then, the downdated Nystrom approximatbrg = Gh 4 has
the representation

N l1._gN lig-o

— 0 1 (o]
Bg=1G ° N g 1G (14.23a)
1G N t_®1G N 11—@
=8 - . (14.23b)
N 118-98

The proof of this result relies on a consequence of the Banachiewicz inversion
formula. Here, we restate the version of this formula given in [PS05, eq. (0.7.2)].

Fact 14.3 (Banachiewicz inversion formulajlet V 2 K3 31w 2 K3 32X 2

K32 31y 2 K32 32 with V nonsingular. Then the block matrix
" #
vV W

XY

is invertible if and only if theSchur complemen® <V := Y XV Wis invertible,
in which case

n #l n #
1.V w v vimsewixyl vimseye!
> T x vy T 1 Sevo Ixy 1 1S e\o 1 (14.242)
" #o" # :
vio viw h '

_ ’ 1Sevo ! Xy 1 | e (14.24b)
0 0 !

As a consequence, we obtain a formula relating the inverse of a matrix to the inverse
of a submatrix.

Corollary 14.4 (Downdating the inverse)instate the notation and assumptions of

Fact 14.3, and denoté :=f3;, 1—***—43 3,0 Then
" #
VIO _ o

= s li.poyg Lippoyls lip_o.
0 0
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Proof. Rewrite (14.24b) as
) 1 " 1 1# h i
o \/0
st= V" 9 VWSSV s 1w ixy T 1geve T -
0 0° 1Se\o 1

and use (14.24a) to recognize the factors of the second term as submatfce’s of
n #

1 o\0 1 h [
VlgNl\S/o 1,0 =S M Eo- 15eeIxyl oisewel =g hE-o

Finally observe thaS <V = »S 1E-E°Y,! is the inverse of the block2—2° entry
of S 1. Combining these observations yields the desired result. O

With this formula and its corollary in hand, the proof of Theorem 14.2 is immediate.

Proof of Theorem 14.2The Nystrom approximatio®h i is invariant to permuta-
tion of the columns of (Proposition 2.9(b)). As such, we can assume without loss
of generality thaB=: by permuting th&th column of to appear last.

The downdated Nystrom approximati&} o takes the form
" #

é1;o:G . N1;0 ! :G=G
Invoking Corollary 14.4 and repackaging G=1G © yields the stated result.[]

Using the formula (14.23)

The Nystrom downdating formula (14.23) can be combined with the stable Nystrém
implementation from (2.11). We treat the shifas zero for the following discussion.

In practice, the shift given by (2.11a) should be used.

We compute the Nystrém approximation in outer product f&m LL using the
stable implementation in (2.11). First, we compute the matrix produst G .
Then, we obtain a Cholesky decompositionG = X X. Finally, we construct
the factor matridx. = _X 1. Using these matrices, the downdating formula (14.23)
may be written

Big=LL zgz; for8=1-2-see—: (14.25a)

where
102

*=LX Diagsm X 1! . (14.25b)

The matrix™ contains all of the information needed to do Nystrém downdating.
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14.6 ImplementingXNysTrace e ciently

We can use Theorem 14.2 to form tKdlysTrace estimator rapidly. This section
begins with a derivation of an e cient formula for the baskiNysTrace estimates
(14.20). Then, we will discuss how to implement this formula.

Formula for the basic XNysTrace estimates: Derivation
Begin by generating a matrix with isotropic columns, compute the Nystrom
&=LL via (2.11), and form from (14.25b). Then, substitute the Nystrom
downdating formula (14.23a) in the de nition (14.20) of the baXiNysTrace
estimators:

Bg=triLL  zz°, 841G 6. 757°8 ¢ (14.26)
By Proposition 2.9(d), the Nystrom approximatitb] satis es theinterpolation
condition88g= G8g Using this interpolation property, the cyclic property of the
trace, and the identitiL kﬁ =triL L°, the formula (14.26) simpli es as

Bg= kLkZ kzgk® | j z58 4
More concisely, the vector of trace estimates fig: 1 8 PBis

B =kLkZ 1 st © jdiagprodt® — ©j

Formula for the basic XNysTrace estimates: Implementation

In practice, we use the shiftgiven by formula (2.11a) to ensure numerical stability
and success of the Cholesky decomposition (2.11d). As a resulKNgsTrace
estimator produces an unbiased estimate o$ltied matrixG, " |. To correct for
the shift, we remove the trace of the correction 1° = =" from each trace estimate,
resulting in the alternative formula

B =kLkZ 1 smt o jdiagprod:® — °j2 =" 1.

We use this formulain our code. Code KikysTrace is provided in Program 14.3,
which outputs thé&XNysTrace estimatorrxy astr and an error estimatest ; see
Section 15.3 for discussion.

Remarkl4.5 (Comparison tXNysTrace implementation in [ETW?24]) Our orig-

inal paper onXNysTrace [ETW24] uses a distnctive implementation based on a
QR decomposition of . The implementation in Program 14.3 is signi cantly faster.
When applied to a problem of dimensiern= 10° with B= 10° matvecs, the pro-
cessing time (that is, the total runtime minus the time required to perform matvecs)
for Program 14.3 was 7faster than the implementation give in [ETW24].
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Program 14.3xnystrace.m . E cient and stable implementation cKNysTrace
estimator. Subroutinasystrom anddiagprod appear in Programs 2.3 and 14.1.
function [tr,est] = xnystrace(A,n,s)

% Input: Function A() computing matrix products A(X) = A*X, number

% of rows n, and number of matvecs s
% Output: Estimate tr of trace(A), estimate est of the error
% abs(tr - trace(A))

[F.mu,0m,R] = nystrom(A,n,s); % Nystrom approx in outer product form
Z = (FIR) .* (sgrownorms(inv(R)) .~ (-1/2))'; % Downdate it

% Compute vector of estimates

tr_vec = norm(F,"fro")*2 * ones(s,1) - sqcolnorms(Z) ...
+ abs(diagprod(Z,0Om)) A 2 - mu * n * ones(s,1);

tr = mean(tr_vec); % Trace estimate

est = std(tr_vec) / sqrt(s); % Error estimate

end

14.7 Synthetic Experiments
To compare th&XTrace andXNysTrace algorithms toHutch ++and the Girard
Hutchinson estimator, we evaluate on four test matrices with di erent spectra:

flat =[ ,Diagtlinspace 11-3—=29 ,— (14.27a)
poly =[ ,Diag!8?:8=1-sseF — (14.27b)
exp :=[ ;Diag!0s7®: 8= 0-eeo—=19 (14.27c)
step :=[ ,Diagll—see1-10 3—eee10 30 . (14.27d)
S 2 o R A
50times = 50times

Here,[ s 2 R™ ~ denote Haar-random orthogonal matridesspace 11-3—= de-
notes equally spaced entries between 1 and 3=and 0. Each matrix is real and
positive de nite, although thexp matrix is singular up to numerical precision.

Results are shown in Fig. 14.1. Here are my conclusions:

With spectral decayXNysTrace j XTrace j Hutch ++  Girard Hutchinson.

For matrices with eigenvalues decaying at a steady, and su ciently rapid, rate
(e.g., thepoly andexp examples), the ranking of methods is clexiNysTrace,
XTrace, Hutch ++, then Girard Hutchinson. This disparity is most visible with
theexp examples, whergNysTrace converges at@ faster exponential rate than
Hutch ++andXTrace converged<5 faster. The Girard Hutchinson estimator, by
contrast, converges at the much slower Monte Carlo rag1*2°.



228

Figure 14.1: Relative error of trace estimates by Girard Hutchinson estimator (yel-
low squares)Hutch ++ (purple asterisks)XTrace (blue crosses), andNysTrace

(orange circles) for the four test matrices (14.27) for di erent numbers of matvecs
B Lines show median of 1000 trials and error bars show 10% and 90% quantiles.

Without spectral decay, variance reduction by low-rank approximation doesn't
help. TheHutch ++, XTrace, andXNysTrace estimators depend on reducing the
variance of the trace estimate by using a low-rank approximation of the matrix as
a control variate. This technique does not provide any bene t, and in fact slightly
harms the quality of the estimate, when the matrix has a at spectrum. This e ect
is visible with theflat matrix, where the Girard Hutchinson estimator beats the
Hutch ++, XTrace, and XNysTrace estimators by a small multiple. (Though,
resphering can help improve the variance-reduced estimators on problems like this,
asin Fig. 14.3 below.)

Weakness oKNysTrace on step matrix. Perhaps the most interesting example of
these four test matrices is teeep matrix. This matrix has = 50large eigenvalues,

with the remaining= 50 eigenvalues being much smaller. It takdatch ++
aboutB= 3: = 150matvecs to produce a low-rank approximation capturing these
dominant eigenvalues, and it tak&3race aboutB= 2: = 100 matvecs. After
hitting this number of matvecs, the error biutch ++ and XTrace drop about
three orders of magnitude (and even more with resphering, see Fig. 14.3 below).
By contrast,XNysTrace begins reaping the bene ts of low-rank approximation
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at aboutB = 50 matvecs. Yet, the convergence ¥NysTrace for B j 50 is
more gradual than for eithétutch ++andXTrace . Consequentiiutch ++and
XTrace achieve lower error thakNysTrace for su ciently large B

An explanation for this behavior is visible in the error bounds for the randomized
SVD and the single-pass Nystrom approximation provided by Facts 2.5 and 2.11.
For a psd matrix, the error of the single-pass Nystrém approximation depends on
thesumof the tail eigenvalues g. _g whereas the randomized SVD error depends
on the > normof the tail eigenvalue$ . _§°1'2. On this example, the sum of

tail eigenvalues is larger than the norm of the tail eigenvalues by a factor of
aboutIo =. Thus, the randomized SVD-baskKdrace andHutch ++estimators can
approximate thetep matrix better than the Nystrom-bask¥tlysTrace estimator.

Which method should | usenfortunately, the pattern of resultsin Fig. 14.1 de es
a truly simple conclusion. Still, I think there are some pretty clear recommendations
that can be gleaned from these experiments.

One can imagine two distinct settings for trace estimation. In the rst setting,
one is writing general-purpose software, and the trace estimator must be designed
to handle arbitrary input matrices. In the second setting, one is interested in a
speci ¢ application, and the trace estimator needs only work well for matrices
appearing in that application. For the former setting, | would make the following
recommendation:

For general-purpose use, | would recommefidace or, for psd matrices,
eitherXTrace or XNysTrace . Both should be implemented with respherin
(Section 14.8).

While XTrace andXNysTrace are not the best trace estimators for every single
problem, the bene ts oveHutch ++ and the Girard Hutchinson estimator can be
substantial on some problems. For problems with slow spectral decay (liftatthe
matrix), the resphering step (Section 14.8) can substantially imptblysTrace .

In a speci c application, the choice of trace estimator can be determined by pro ling.
As arule of thumbXNysTrace is the best estimator for psd matrices witinsistent
spectral decay(Trace is the best estimate for general matrices with at least some
singular value decay, and the Girard Hutchinson estimator is the best estimator (by a
small margin) on problems with very little spectral decay. For additional approaches
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Figure 14.2: Comparison of the error ENysTrace on exp matrix (14.27c) on

Linux x86 machine (MATLAB Online, orange solid circles) and MacOS Apple
Silicon (Macbook Pro with M3 ARM chip, pink dashed triangles). The error on
the Linux system saturates at 2.7e-16 and the Mac system saturates at 4.6e-13,
1700 higher. Lines show median of 1000 trials and error bars show 10% and 90%
guantiles.

to trace estimation, see Section 15.5. The paper [ETW24] for comparisons of
XTrace with theNystrom ++and adaptivédutch ++ algorithms of [PCK22].

Remarkl4.6 (Platform dependencefuriously, during the numerical experiments
for this thesis, | observed that the numerical errorsXdlysTrace were many
orders of magnitude higher for matrices than in [ETW24]. In [ETW24], the results
showXNysTrace achieving machine precision, whereas the new results showed the
error saturating roughlg0®® higher. Eventually, | isolated the discrepancy to the
platform; the original experiments in [ET\W24] were performed on an Mac computer
with an Intel x86 chip, and the new experiments werre performed on a Mac with
an Apple Silicon ARM chip. | was able to reproduce the numerical behavior in
the original paper [ETW24] on MATLAB Online, which uses x86 Linux machines.
See Fig. 14.2 for a comparison.

| am not aware for an underlying reason for the platform dependence on the nu-
merical accuracy. The distinction between x86 and Apple ARM systems persisted
in every numerical experiment | ran across multiple machines, including multiple
MATLAB versions up to 2024b. To show the best performance for the algorithm,
the experiments in Fig. 14.1 were performed on MATLAB Online (x86).
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14.8 RespheringXTrace and XNysTrace
We can improve th&XTrace andXNysTrace algorithms by using the resphering
technique, discussed at the end of Section 13.1.

RespheringXTrace
To resphereXTrace , we replace ghy
p— M WgW,e°8sg
g= = B2 1 8 & ",
KU WigWig%8 gk

The e ect of this substitution is to scale the fac®nn (14.9) by

= B2, 1

LJ8 = .
KU W, W08 gk

Using the® matrix de ned in (14.17), we evaluate the denominator to be
KU WigWig®8gk? = 8gll WA §5°WO8,= k8gk?  kxgk?e

Consequently, the vector of scaling factors is

.. = B2, 1
Cscnt © scrin®

As usual, division is performed elementwise. With resphering, the vec¥ra@ce
vectors is given by

B =trtN°1 diagprod'Y-NY° k6 " » diagprodiZ—°
, diagprod*” N~ © diagprod!] —Y° diagprod!Y—X°%,

An implementation oiXTrace with resphering is provided in Program 14.4.

RespheringXNysTrace
To resphereXNysTrace requires a bit more thought. Remember that the basic
XNysTrace estimators take the form

bg=tr1@g° 84,1G &%o8, wherebip:= Gh ¢

To respher&XNysTrace , we need to identify a matrid such that G 8'%oM = 0.
Such a matrix is furnished the ti@erpolatory propertyof Nystrom approximation
(Proposition 2.9(d)), which shows thisk=  ghas this feature:

1G &% 4=0e
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Program 14.4xtrace_resphere.m . E cient implementation of XTrace algo-
rithm with resphering. Subroutineagprod andsqcolnorms are provided in
Programs 14.1 and F.4.

function [tr, est] = xtrace_resphere(B,n,s)

% Input: Function B() computing matrix products B(X) = B*X, number

% of rows n, and number of matvecs s
% Output: Estimate tr of trace(B), estimate est of the error
% abs(tr - trace(B))

% Define test matrix
k = floor(s/2); % Approximation rank is s/2
Om = randn(n,k); % Gaussian matrix

% Randomized SVD and downdate

Y = B(Om); % Collect matvecs
[Q.R] = gr(Y,"econ™); % Randomized SVD
S = cnormc(inv(R"); % Downdate RSVD, cnormc normalizes columns

% Compute other necessary matrices

Z = B(Q); % Collect matvecs
H = Q*Z;

W = Q*Om;

T = Z*Om;

X =W - S .* diagprod(W,S).";

% Scaling factor
alpha = (n - k + 1) ./ (sgcolnorms(Om) - sgcolnorms(X));

% Compute estimator, output
tr_vec = trace(H) * ones(k,1) - diagprod(S,H*S)...
+ alpha .* (-diagprod(T,X) + diagprod(X,H*X)...
+ diagprod(W, S) .* diagprod(S, R));
tr = mean(tr_vec); % Trace estimate
est = std(tr_vec) / sqrt(k); % Error estimate

end

Thus, we can resphedaNysTrace by replacingd gby

o o NeleSe Orth: ¢
.= = B, 1 or Wig = Orth?! N
° © T K WigWg8 sk g °

To compute the vectors, we need to orthonormalize the columns of the matrix
after every possible column deletion. Fortunately, the randomized SVD downdating
formulas (Theorem 14.1) are exactly what we need to perform this computation.
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Begin by computing &R decomposition of
=WZzZ- (14.28)

and form the downdating matriX by normalizing the columns & . The down-
dated orthonormal matricé¥.g then admit the relation

WigWig = WH  Sg55°W e
Using this display, a short computation shows the resphékg@dTrace estimators
with shifting are
B=kLkZ 1 smt o " j diagprodt®— °j® =" 1 (14.29a)

where
_ = B, 1
" scnt © sentho©

with” :=Z Z DiagtscntZ °° e  (14.29b)

An interesting observation is that the resphex@tisTrace estimator (14.29) de-
pends only on the triangular factor of ti@R decomposition (14.28). As such,
we can develop an implementation of the resphefé&lysTrace estimator that

avoidsQR decomposition entirely, which is bene cial sin@R decomposition is

expensive. Indeed, we can instead compute a Cholesky decomposition

=27

of the Gram matrix . Forming the Gram matrix is highly discouraged as

a general practice in matrix computations [Hig22], but it is benign here because
Gaussian random matrices are very well-conditioned (at least ifB 2) [Tro21,
Y11.2 and p. 166]. An implementation of the resphetBlysTrace estimator is
provided in Program 14.5.

Remark14.7 (Improved respheredNysTrace implementation) The publicly
available code from [ETW24] uses@R-based implementation of the resphered
XNysTrace estimator. We have improved it here by introducing the faster Cholesky-
based implementation.

Experiments

Figure 14.3 compares téutch ++ XTrace andXNysTrace algorithms and their
resphered versions on the matrifles andstep de ned in (14.27). We see that
resphering signi cantly improves the performance of all estimators orfl#te
example and th&XTrace andHutch ++ estimators on thetep example.
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Program 14.5xnystrace_resphere.m . E cientimplementation of XNysTrace
algorithm with resphering. Subroutindggprod , sqcolnorms, andsqrownorms
are provided in Programs 14.1, F.3 and F.4.

function [tr,est] = xnystrace_resphere(A,n,s)

% Input: Function A() computing matrix products A(X) = A*X, number

% of rows n, and number of matvecs s

% Output: Estimate tr of trace(A), estimate est of the error

% abs(tr - trace(A))

Om = randn(n,s); % Gaussian random test matrix

Y = A(Om); % Matrix product Y = A*Om

mu = eps*norm(Y,"fro")/sqrt(n); % Compute shift

Y=Y + mu* Om; % Apply shift to Y

H = Om™Y;

R = chol((H+H"/2); % Explicitly symmetrize H to be safe
F = Y/IR; % Triangular substitution

% Downdating
Z = (F/IR) .* (sgrownorms(inv(R)) .~ (-1/2))}

% Resphering

T = chol(Om™*Om);

Tinv = inv(T);

X =T - Tinv' / diag(sqgcolnorms(Tinv");

alpha = (n-s+1) ./ (sgcolnorms(Om) - sqgcolnorms(X));

% Compute vector of estimates
tr_vec = norm(F,"fro")*2 * ones(s,1) - sgcolnorms(Z) ...
+ alpha .* abs(diagprod(Z,0m)) * 2 - mu * n * ones(s,l);
tr = mean(tr_vec); % Trace estimate
est = std(tr_vec) / sgrt(s); % Error estimate

end

14.9 Application: Estrada index
As a running example throughout this part of the thesis, we will apply trace and
diagonal estimators to problems in network science. Given a graph with adjacency
matrix S, the Estrada index[Est22] is de ned as the trace-exponential of the
adjacency matrix:

estr:=triexptS ©%

The Estrada index is a measurecehtralizationfor a graph, that is, how clustered
or spread out its nodes are. This quantity is an ideal candidate for variance-reduced
trace estimators likXTrace, as the exponential function promotes spectral decay
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Figure 14.3: Comparison dfutch ++ XTrace andXNysTrace algorithms (light

solid lines) and their resphered versions (dark dashed lines) dlathe((14.27a),

left) andstep matrices ((14.27dYyjght). Lines show median of 100 trials, and error
bars on the right panel show 10% and 90% quantiles. (Error bars are omitted on the
left panel for clarity.)

Figure 14.4: Relative error of trace estimates by Girard Hutchinson estimator (yel-
low squares)Hutch ++(purple asterisksXTrace (blue crosses), andNysTrace
(orange circles) for Estrada index problem as a function of the number of matvecs
B Lines show median of 100 trials, and error bars show 10% and 90% quantiles.

in the matrixG = exptS °. The matrixG is psd, allowing us to apply estimators
designed for psd matrices liRE&NysTrace .

Figure 14.4 provides a demonstration of various trace estimators applied to the
Estrada index. | test on thgeast network S 2 R?361 2361 from [BZCX+03];

for this small example, the exact values of the Estrada index can be computed
for reference. To obtain matvecs witB = exptS °, | employ forty steps of

the Lanczos algorithm [Che24, Ch. 6], which is su cient to compute matvecs
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to relative errorl0 L. | implemented all trace estimators with resphering. The
conclusions are much the same as in Figs. 14.1 and 14.3, with ranking from best-to-
worstXNysTrace , XTrace, Hutch ++, Girard Hutchinson. On this example, the

di erence betweerXNysTrace , XTrace , andHutch ++is comparatively small, and

all of these variance-reduced methods leading to substantial accuracy improvements
over the Girard Hutchinson estimator.

14.10 The leave-one-out approach: Summary

This chapter descrived the leave-one-out approach to designing randomized algo-
rithms for matrix attribute estimation. At a high level, this approach proceeds in
ve steps:

1. Compute a low-rank approximation to the input matrix by multiplying it
against a collection of test vectors.

2. Decompose the quantity of interest into known piece depending on the low-
rank approximation plus a residual.

3. Construct a Monte Carlo estimate of the residual using a single random vector.

4. Downdate the low-rank approximation by recomputing it with a test vector
removed, and use the left-out test vector as the random vector in step 3.

5. Average the estimator from step 4 over all choices of vectors to leave out.

We employed this approach to derive th@race and XNysTrace estimators,
which improve orHutch ++by using an exchangeable design. These algorithms all
the matrix vector productbothfor low-rank approximatiomndresidual trace esti-
mation. We will see more leave-one-out randomized matrix algorithms in upcoming
chapters.

The leave-one-out approach is simple, but deriving e cientimplementations using it
required some e ort. To derive fast algorithms, our main tools were the downdating
formulas for the randomized SVD (Theorem 14.1) and randomized Nystrém approx-
imation (Theorem 14.2). The resphering technique further improves leave-one-out
estimators, at the cost of some additional complexity.
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Chapter 15

MORE ON TRACE ESTIMATION

From 1987 to 2020, an algorithm called Hutchinson's Estimator was the
state-of-the-art for the trace estimation problem, with analysis giving
matching upper and lower bounds at1e Y2° Matrix Vector products.
Notably, this 11+ Y?° lower bound was known only for this estimator,
and was not known to hold in general [WWZ14] We tried to generalize
that lower bound to hold for arbitrary Matrix-Vector algorithms, but that
didn't work. While looking into why, we instead found an algorithm that
only usedO 11 Y° Matrix-Vector products, calletiutch ++.

Raphael A. Meyer

The last chapter introduced the leave-one-out approach for designing randomized
algorithms for matrix computations. As a demonstration of that technique, we saw
theXTrace andXNysTrace algorithms for trace estimation and developed e cient
implementations using downdating formulas for the randomized SVD and Nystrom
approximation.

In this chapter, we will continue our discussion of trace estimation by discussing
a priori error analysis,a posteriori error estimation, adaptive determination of
parameters, and alternativesXdrace andXNysTrace .

Sources.This chapter is based on t8race paper

Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. XTrace: Making the Most
of Every Sample in Stochastic Trace Estimation. ISIAM Journal on Matrix
Analysis and Application@viar. 2024), pp. 1 23.doi: 10.1137/23M1548323

Several aspects of the presentation have been signi cantly expanded, including
the discussion of how to interpret thé€lrace error bounds in Section 15.2, the
discussion of adaptivity in Section 15.4, and the discussion of trace estimation
alternatives in Section 15.5.

Outline. Section 15.1 presengspriori error bounds foXTrace andXNysTrace,

and Section 15.2 discusses how to interpret them. Section 15.3 describes how to
estimate the error cKTrace andXNysTrace a posteriorj and Section 15.4 ex-
plains how these error estimates can be used to implexieate andXNysTrace
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adaptively to meet an error tolerance. Finally, Section 15.5 presents alternatives to
XTrace andXNysTrace for trace estimation.

15.1 A priori error bounds

In this section, we introduca priori error bounds foiXTrace andXNysTrace,
analogous to Theorem 13.5 fétutch ++. Versions of these bounds originally
appeared as [ETW24, Thm. 1.1]. The rstresult is the following bounfbrace :

Theorem 15.1(XTrace: mean-squared error bound)et H 2 R~ ~ be areal
square matrix, and consider th€Trace estimator with test vector8 (—e ¢ +8p>»
drawn iid from the standard normalormal g10-4=° or spherepE SIR™, This
estimatortry is an unbiased estimate for the tratrgH° with mean-squared error

: 4¢’B s e 2 4B s 2
Varthy® min —————— H EHE — H EHE, " -
X' AB24 B2 A 32 AF: B2 A 3 A
(15.1)
In particular, the root-mean-squared error decreases at a rate of at l@aBt'°:
const
»Ellry  triHoo%k? —5 Kk (15.2)

An analogous result holds fofNysTrace [ETW?24, Thm. 1.1]:

Theorem 15.2(XNysTrace : mean-squared error bound)et G 2 R~ ~ be areal
psd matrix and consider th€NysTraceestimator with test vector8 1—e ¢ +8p,
drawn iid from the standard norm&ormal g10-4-° or s.pherepE SIR™ distribu-
tions. Then th&XNysTraceestimatortrgy provicdes an unbiased estimate forG°
with root-mean-squared error

5¢? L

Vartryn©? Bmin ———— G E GE
artryn min B A 52 G E GE,
p P5 #

2

B A sz 0 D ORE

In particular, the root-mean-squared error decreases at a rate of at l@aBt'°:

t
Ellryy  tri o2k &gs tr1 Goe (15.4)

These bounds, particularly thidutch ++style O1¢B convergence rates of
XTrace (15.2) andXNysTrace (15.4) are easy to misinterpret; we will elabo-
rate more on what these bounds do and do not mean in Section 15.2.
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For now, let us focus on the main error bounds (15.1) and (15.3), which are more
informative than theD11¢ B convergence rate but perhaps harder to interpret. To
help make things simpler, we remind the reader of the comparison (14.22) above.
Let G be a psd matrix with eigenvalues decaying at an exponential gg® U

for U 2 10-1°. Then theXTrace (Theorem 15.1XNysTrace (Theorem 15.2), and
Hutch ++ (Theorem 13.5) theorems imply that the root-mean-squared errors decay
at rates

E by, trige 2t 2,110 UBS:
Efy triee 22 B2 P2 (15.5)
Efryy trice 2 12 B 31L° U

Here, the prefactor@;WP—21P-31P ; 0 depend only ond. We see that
XNysTrace andXTrace convergeaB andls5 therate oHutch ++, respectively.
These theoretically predicted convergence rates are mirrored exghexample in
Fig. 14.1.

We will prove theXTrace bound (Theorem 15.1) and omit the proof of iys-
Trace bound (Theorem 15.2), which is similar. The essence of the theorem is
contained in the following structural bound.

Lemma 15.3(XTrace : Structural bound)Import the setting of Theorem 15.1. The
XTraceestimator is unbiaseBrx ¥+ trtH° and the variance admits the bound

4 2 2
Vartx® 2 B WiyoWplH 4B W WgpoH

Here,Wi;c = OrthtH 1°andW;» = Orth*H %:-3:B2°°.
Before we prove this lemma, let us use it to establish Theorem 15.1.

Proof of Theorem 15.1Combining theXTrace structural bound Lemma 15.3 and
the randomized SVD bound (Fact 2.5) gives

B2 2

4 e 2
Vartrye - —~ = H EHE
arlx®  g,min 2o AF
. B2, A 3 N e N
4 mn —— - H EHE — — H EHE, % o
* "AB24B2 A 3 A B2 A 2 AF

Simplifying, we obtain (15.1). To prove (15.2), we get= bB4c 4 and invoke
Fact 13.6. O
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We now prove the lemma:
Proof of Lemma 15.3The unbiasedness of th€lrace estimator follows form its
construction; see [ETW24, p. 18] for a detailed proof.

By bilinearity of the variance and since every pdigr £ has the same distribution,
we have ) )
Varlh'xo = —B Varlhlo s 1 —B COVlh']_—h'zo‘ (15.6)

We will bound the varianc¥artr,° and the covarianc€oviir,—r,° separately.
To evaluate/arttr;°, use the chain rule for the variance:
Vartr© = Esvarty | 19V VarEsty | (P (15.7)

To compute the second term in (15.7), we observeEst j 1% trtH°. That

is, even conditional on the other test vectBrs-« ¢ +8-5-, the rst basicXTrace
estimator¥; is unbiased. Thus, the second term in (15.7) is zero. To evaluate the
rst term of (15.7), we invoke Fact 13.2 to obtain

Vartryj 1°=Var'8 gt WigWgPH  WiaW,°8g) 1°
2
21 WigWig?HH - WigW,g° £
Thus, we have
2
Vartlr° = Esarttry j %% 2 1 W,gW,q°H F- (15.8)

We have dropped the second projedtor W,,W,g,, which can only increase the
Frobenius norm.

Now, we boundCovitr;—fr,°. Introduce
A=t \/\/1120\/\/11200|'|1I W112°W112°°' (15.9)
This matrix is independent of both; and8 , by design. Therefore, we may write

Covilr—ir,° = Exfry  triHooWr, triHeoy,
=E»fr triHo, trino 8,78 oy, triHooY,

The second line follows becauBgis unbiased approximation té, even conditional
on18g: 8< 2°. The third line follows because the rst factor is mean zero, even
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conditionally on'8g: 8< 1°. Now, invoke Cauchy Schwarz and the fact that the
two factors are identi cally distributed to obtain

Covitrf,° Elry triHe trino 8,78 2 (15.10)

Conditional ont8 g: 8< 1°, the termdr*H° andtri” © are constants and the quantity
in the absolute value signs is mean-zero. Furthermore, the rst term of

h']_ = trl\/\/110 leoo R 8 11| VV110VV1100H1| VV110VV11008 1~
is also conditionally constant. Therefore, we obtain,
h [
Covifrr,° E Var 8,»1 W oW, °HI W oW, .° 28, j) 1
Using Fact 13.2, we bound the right-hand side as

2
Covitrit2® 2B 1 WipWoyolHH WoWy e ~ e (15.11)

We now do some wrangling to bound the right-hand side of (15.11). Introduce the

projectors 1 = W;;,0Wi 0 and 12 == W;; W, , @and note the identity

I 1= 1] 1°1| 120 =1 12°1| 10' (15.12)
We compute
kil 1°H1 © A k,2: = k1| 1011 12°H1 12°1 2 A k|2:
= ki OA 1 0 A2
— Il OA 1 0o 1 oA A |2
T I O N L Y ¥
— 2
= k1| °N N kF
=k 2% KR, k1M KE
1 1¥F, 1 Be

kA k2, k 17 K2
— 2 2
=k 1 2%k, ko1 12°7 ke
— 2 2
— k/\ 1 1 120k s kl 1 120A k

2k~ ke

The rstline is the identity (15.12), the second line is the de nition'o{15.9), the

fth line is the Pythagorean theorem, the sixth line is the nonexpansiveness of the
orthoprojector 1, the seventh line invokes the identity 1, = O, the eighth

line observes that 1 4 12° is a rank-one matrix, and the nal line holds again
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because the orthoprojector; 12 Is honexpansive. Combining this result with
(15.11) and using the de nition of , we obtain

2
CovtlrB,°0 4E 1 W oWy xPHU Wi Wi 50 o

Substituting this covariance bound and the variance bound (15.8) into the variance
decomposition (15.6) yields the stated result. [

15.2 How to interpret the Hutch ++and XTrace error bounds

When theHutch ++paper was released, it generated a large amount of interest, both
among specialists in randomized matrix computations and researchers in adjacent
areas such as machine learning, quantum information, and scienti c computing. In
my view, part of this interest can be attributed to the lthéch ++ paper showing

that its method i®ptimal Speaking precisely, the paper [MMMW21b] shows that
Hutch ++is optimal in the following sense:

{ N\

Optimality of Hutch ++ Hutch ++ produces an approximation to the
trace of apsd matrix G with relative errorY using B= O1eY° matvecs.
Conversely, there is no algorithm that produces a trace estimate up to reldtive
errorYfor anarbitrary pscinpuimétrix in fewer tharB= O11e»Ylogle YO4°
matvecs.

\ 7

This lower bound was later improved Bx= O11e Y° [Mey24], establishing that the
B= O11-Y° rate of Hutch ++is optimaleven up to logarithmic factord consider

the matchingD 11 Y° complexity upper and lower bounds for trace estimation to be
one of the most beautiful results in the eld of randomized matrix computations.

Given these facts, it is very tempting to invert the relati®dn 1Y to claim that

the convergence ratéor Hutch++isY 1¢B Based on this analysis, we would
expect that plotting the error versus number of matvecsifdch ++on a log log

plot should result in a curve with a slope of. Figure 15.1 tests this proposition.
Here, we evaluatelutch ++ (left) andXTrace (right) on a family of psd matrices of
dimension= = 1000with eigenvalues g! G° = 8 Y for each xedU = 0-0s5— ¢ « «3

Darker curves show lower values Ofand lighter curves show higher values. We
report the average relative error over 100 trials. For reference, the tuBis
marked as a black dashed line. Perhaps surprisingly, the error-versus-matvec curves
for both Hutch ++ show a number of convergence rates that are both fasigr
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Figure 15.1: Root-mean-squared errorsHutch ++ (left) andXTrace (right) on

the family of psd matrices with eigenvaluegtG® = 8Y for U = 0-0e5— e« 3
Higher values oJ are indicated using lighter shades, and the the dashed black line
showsY = 1+ B Root-mean-squared errors are estimated using 100 trials.

slowerthan theerror 1+ Bconvergence rate we predicted frédntch ++ analysis.
What's going on?

Part of the issue is a cultural di erence between how di erent researchers talk about
the complexity or rate of convergence of an algorithm.

" Under one view, which might be labeled tkemputational mathematics
view, the performance of an algorithm is determined bydsvergence rate
In the context of trace estimate, the convergence rate is the nuvhiiech
that the errory scales likeB’ (or better). Equivalently, the convergence rate
V is gives upper bound on the slope of a log log plot of the error plotted
against the number of matvecs. Under this interpretation, an algorithm has
a convergence rate d# Bonly if doubling Bhalves the error (or better). As
Fig. 15.1 shows, the convergence rateHoftch ++andXTrace can be both
slower and faster thatr» Bfor di erent input matrices.

A second perspective, which we might label as theoretical computer

science viewis concerned with the amount of computational resources (in

this case, matvedd required to achieve an of errdfifor aworst-case input

matrix. Under this viewpoint, the complexity of an algorithmBs: O 11 Y°

if the error-versus-matvec curve lmunded abovéy a curve of the form
constBforall B =. Itisinthis second sense in whigtutch ++is optimal

and has a complexity &= O11eY°.
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Having understood these two viewpoints, we reconcile the perhaps surprising results
in Fig. 15.1 . The error analysis ¢futch ++ andXTrace doesnot say that their
convergence ratis O 1+ B, just that the error-versus-matvec curve is bounded above
by a curve of the formconstB for all B =. Indeed, this is exactly the case in

Fig. 15.1: The error curves for bottutch ++ andXTrace are bounded above by

3+ Bfor each of the seven test matrices.

This understanding of thidutch ++ andXTrace error bounds delivers both good
news and bad news about how these algorithms perform.

The good: Spectral convergenc@n the positive sidd;lutch ++andXTrace often
convergamuch fastethan theO 11+ B analysis would suggest. In fact, they converge
spectrally with the trace errors decreasing at a rate proportional to the error of the
best rankO 1B approximation, measured in an appropriate norm. This phenomenon
was demonstrated theoretically in (15.5), which shows that the variance-reduced
trace estimators convergeometricallywhen the eigenvalues decay geometrically.
Spectral convergence is also demonstrated empirically in Fig. 15.1, where several
curves are seen to decrease signi cantly more rapidly then the d&He® rate.

This spectral convergence means that stochastic trace estimators are very e ective at
estimating the trace of a matrix with rapidly decaying eigenvalues, such a matrix of
the formexpt VG arising from partition function calculations in quantum physics.

The bad: Hutch ++and XTrace are not always better than Girard Hutchinson.
The Girard Hutchinsorcorverge: at a rate ofO *1¢ B*2°, in both the computational
math and theoretical computer science senses. GiverBtheD 1 Y° complexity

of Hutch ++XTrace and theB = O1+Y?° complex of the Girard Hutchinson
estimator, one might surmise thidtitch ++ or XTrace will always achieve lower
error than the Girard Hutchinson estimator, except possibly for very small values
of B Unfortunately, this is not the case.

For problems with su ciently slow spectral decay, the Girard Hutchinso
estimator will be (slightly) more accurate theiitch ++andXTrace .

Let us justify this claim by applying bothlutch ++ and the Girard Hutchinson
estimator to the identity matrixc = |. To yield generalizable conclusions, we use
Gaussiartest vector8 Normal r10-° these are a bad choice for computation

in practice, but they su ce to illustrate the conceptual point. By Fact 13.2, the
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variance of the Girard Hutchinson estimator for this problem is

2 2=
Varlb'GHo = —Bkl k|2: = —B'

Consequently, the root-mean-squarelative error is

" e po
tri|o trGH 2 _ E

trijo B2 =12

Now, let us turn tdHutch ++. For the matridVproduced by thélutch ++algorithm,
the matrixtl WWP°I1l WWP°isacompression of the identity matrix to a uniformly
random subspace of dimensien B 3. Thus,
2 6= B3°
Vartfr, . = 53k wwer WWOKZ = —

Ergo, the root-mean-squared relative errordaitch ++is
! 2 po
tri|e b’H++ 2 _ 6 1= 5301.2
tri|© T g2 =

We observe two things: First, ttcorveigenct rate of Hutch ++ on this example

is 1e B2, the same as the Girard Hutchinson estimator. Second, except for large
valuesB 3=, the root-mean-squared error fdutch ++is larger than the Girard
Hutchinson estimator by aboBt_B. This simple computation demonstrates that, for
problems with slow spectral decay, the Girard Hutchinson estimator can be better
than Hutch ++ by a constant factor. The same qualitative conclusions hold for
XTrace andXNysTrace.

15.3 Posterior error estimation

In the past sections, we studiagriori bounds on the error for trace estimation algo-
rithms. Sharp forms of these error bounds are typically inaccessible in applications,
as they depend on the singular values of the matkixAs such, it can be helpful

to haveposteriorbounds on the error for trace estimation algorithms. This section
develops posterior error estiamtes for ¥ierace andXNysTrace algorithms.

Our approach to error estimation is straightforward. XAeace andXNysTrace
algorithms generate family of trace estimatelgfor 8= 1—ese—with = B2
(XTrace) or = B(XNysTrace). The scaled standard deviation of these estimates
serves as a natural posterior estimate for the gbrgr triHOj or jrxy  tri Goj.
Speci cally, we de ne the error estimate

~ ~

(@)
e B2 wherer=1 b (15.13)
1 81

Err? =

1 10 .



246
We have the following result:
Proposition 15.4(XTrace andXNysTrace: Posterior error estimatejor both
algorithms, the posterior error estimaté5.13)satis es

1 Corlh'l—h'zo
1.1 1° Corttr,-tr,°

E Er? = E triHe b >

whereCoris the correlation. Moreover, ifl is arealsymmetric matrix, the columns
8 1—+++8 areiid standard Gaussian vectors, and the algorithnXigace, then

EkU W, W, °HIl W, W....°k?
Cortfr, 1,0 2 12 12 1. (15.14)
EKH WioWopoOHH Wpo W, 00k2

Here, W, andWi;» were de ned in Lemma 15.3.

See [ETW24, Y5.6] for a proof.

In practice, we ndthatth&Trace andXNysTrace estimates have a small positive
correlation. For example, [ETW24, Y5.6] reports empirical correlations of at most
006 on theexp example (14.27c). In this typical setting, Proposition 15.4 shows
thatErr provides a slightinderestimatef the error, on average.

The second result of Proposition 15.4 provides some control on the size of these
correlations in the case whet¢ is real and symmetric and the test vectors are
Gaussian. In particular, if the matrix hasskbow rate of spectral decay, then the
Frobenius norm in the denominator of (15.14) denominates the spectral norm in the
numerator, so the correlations are small.

Figure 15.2 compares the actual error to the error estimate fofTtrace algorithm

applied to the four test matrices (14.27). Across each test matrix for most numbers
of matvecsB the error estimate closely tracks the true error, agreeing up to a factor
of 15 . There are two situations where the error estimate performs somewhat
less e ectively: The rst is at the value oB= 100 matvecs for the step example.

This example confounds the error estimator because there is a large gap between
the eigenvaluesp,'G° and_p, 11 G°, causing the basiXTrace estimators to
become more correlated, underestimating the error by a factor of aufhe
second example occurs on thep example for large values & Here, the trace
estimates are so accurate that the size of rounding errors comes into play, and the
error estimate is less quantitatively sharp. This is a non-issue in practice (in double
precision computation, at least), because the error estimate correctly diagnoses that
the trace has been computed up to machine accuracy .
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Figure 15.2: Left-hand axes on each subplot show the error (blue solid crosses) and
the median error estimate (blue dashed crosseX)ffaaice on the four test matrices
(14.27). Right-hand axes show the ratio of the median error estimate to the median
error (red dotted). Medians are computed using 1000 trials.

15.4 Adaptivity

TheXTrace or XNysTrace algorithms can be implemented to adaptively determine

the number of matvecs required to achieve an error tolerance. The basic scheme is

simple. Begin by running th&Trace or XNysTrace algorithm with some initial

number of matvecBand compute the error estimate (15.13). If the error estimate

is below the tolerance, output the estimated trace. Otherwise, collect an additional
Bmatvecs, seB B, B and update estimates with the newly collected vectors,

repeating as many times as necessary to achieve the error tolerance.

A basic version of this scheme withB:= Bwas proposed in [ETW24, Y3.2]. With

this approach, the number of matvecs is doubled every time the error tolerance is
met. This approach can be wasteful, as it may collect roughly twice as many matvecs
as needed. On the other hand, it maintains the postprocessing 5¥ef of the
original algorithm, since

B= 1B20°= 1B4%%= = O1B=0

A more economical approach is to use a constant incren@sty, B= 10. Imple-
mented directly, this approach requires a post-processing cGs8E£° operations,



248

since
B= 1B 10°>= 1B 20°P>=, =O!1B=0

However, the cost of the algorithm can be reduce® t&=° by carefully updating
the matrix factorizations as new matvecs are collected. In particklBrace
requires an incremental version of Q& decomposition, discussed in Appendix A.
An e cient adaptive version ofXTrace (using thescipy routine qr_update

for the incrementaQR functionality) was developed by Matt Piekenbrock and is
implemented in th@rimate software [Pie24].

15.5 Alternatives toXTrace and XNysTrace

XTrace and XNysTrace are very e ective trace estimators faruly black-box
trace estimatiorof matrices enjoyingapidly decaying singular valuesHowever,

in many applications, we have additional structure or lack decaying singular values.
In such cases, there may be more e ective trace estimators, which we brie y review
in this section.

Adaptive Hutch ++

The adaptivédutch ++algorithm was introduced by Persson, Cortinovis, and Kress-
ner [PCK22] as a way of both solving tapportionmenproblem ofHutch ++(how

should matvecs be allocated between low-rank approximation and residual trace es-
timation?) and determining when to stop the algorithm. The core of their idea
is that the number of matvecs needed to perform trace estimation on the residual
matrixl WW°G! WWPe° is determined by the Frobenius norm of that matrix (in
view of Fact 13.2 and related results). Thus, the number of additional residual trace
estimation matvecs can be estimated at runtime using a randomized norm estimator.

The adaptivédutch ++algorithm gives a natural strategy for improving thetch ++
algorithm, and it is more straightforward to implement than adaptive versions of
XTrace. However, in experiments reported in [ETW24], we nd that adaptive
Hutch ++ produces less accurate results théirace does for a xed budget of
matvecs, with a few exceptions.

Stochastic Lanczos quadrature
Consider the task of computitig5* G° for a Hermitian matrixG. The starting point

for stochastic Lanczos quadrature is the observation that the trace is an integral
1

trt5:G° = 5'Qd G-
R
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I - :
where” g = g, X a0 denotes the (unnormalizedpectral measuref G. Thus,
computing trace-functions o0& can be reformulated as a quadrature problem to
approximate integral with respect to the measuge

Our rst move to solve this problem will be to introduce a stochastic approximation
for * . For a vectoB 2 K=, we de ne theeigenvector spectral measuné G and
8 to be N N

G
"G8 = ju88j2 Xge WhereG= g Glugdugis a spectral decompositien

&1 &1
The eigenvector spectral measure(blandS has the property that
8 51G°8 = 5'1Qd gglGe

R
Stochastic Lanczos quadrature is based on the following observatidh:isifan
isotropicrandom vector, then tirandor meesure” g is an unbiased approxima-
tion to the spectral measureg, E» cg ¥+ ~ . (In general, de ning the expectation
of a random measure requires care; no issues arise here because the measures
and " ¢ are both supported on the spectrum@fa nite set.) Thus, given ap-
proximate eigenvector spectral measubess,  cs, for iid isotropic vectors
81—*8., we can fashioln a Monte Carlo approximation to the spectral measure

‘chbyaveraging, ¢ 1 ! 4 css
To approximate the eigenvector spectral measutg of the pair G and8, we
can deploy the Lanczos algorithm [Lan50; Che24]. Given an initial vegtor
the Lanczos algorithm computes an orthonormal b¥¢ig K= Cfor the Krylov
subspace
KA G-8° = spari8 —G8—-G?8—+++G-18¢g

and a Hermitian tridiagonal matrix such that

W GW=Z-

whereWt:—1° = 8 « k8 k. We have the following amazing fact:

Fact 15.5(Lanczos and quadraturdntroducebgg = k8 k? ° z-e,, WhereZ is the
tridiagonal matrix produced b¢steps of the Lanczos procedure. Thrgg is the
uniqueCpoint Gaussian quadrature measure for the eigenvector spectral measure

" cg. Thatis,
1 1

8 ?21G*8 = ?1Q@d ggl@= ?1Qdbgg!@®
R R
for all polynomial ? of degreeY 2C
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See [Che24, Ch. 2 3], [Tro20, Y3], and [GM10] for more details on the Lanczos
method and the proof of this result.

Stochastic Lanczos quadrature consists of two levels of approximation

. 16 10
G - G8s bo=-— Zge,®
S| S|

First, we approximate the spectral measugghy an average of eigenvector spectral
measures g, generated by iid isotropic vecto8s Second, we approximate each
" 68, by aquadrature approximatione, generated from the tridiagonal matéy
obtained from applying the Lanczos method to e&ghOnce formed, thetochastic
Lanczos quadraturapproximation

10 O & jug gq?

bg == Zoer = _

S 81 91

. \ olZg° e
can be use to compute the traceaoly trace-function ofG at a minimal additional
cost ofO®: C operations:
1
tr1 51 GP° 5@ dbsl@ =
R 81 %=1

Ju8_§8] 5L 912800.

i »
Here,Zg= g:l_ngSOUS_gs_éjenotes a spectral decomposition of edgh

To re ne the stochastic Lanczos quadrature approximation, one must increase both
the number of isotropic vectorsand the number of Lanczos ste@sThe rate of
convergence is Monte Carlo in and the rate of convergence @idepends on the
regularity of the function5. For analytic functions, the convergence is geometric
[CTU25, Y3.2].

Stochastic Lanczos quadrature has advantages and disadvantages for computing
tr1 51 G°° over variance-reduced trace estimators kkgch ++andXTrace. As a
disadvantage, the (root-mean-square) error of stochastic Lanczos quadrature con-
verges at the un-accelerated Monte Carlo @te *2°, the same as the ordinary
non-variance-reduced Girard Hutchinson estimator. For problems with decaying
eigenvaluesHutch ++ and XTrace can converge must faster. As an advantage,
once the stochastic Lanczos quadrature rule has been computed, one can estimate
tr1 51 G°° for as many di erent functionsb as desired. This feature contrasts with
Hutch ++andXTrace , which must be applied separately for each functton
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Krylov-aware stochastic trace estimation

The virtues ofHutch ++ and stochastic Lanczos quadrature are combined in the
Krylov-aware trace estimatoof Chen and Hallman [CH23]. As with stochastic
Lanczos quadrature, their algorithm applies to functibhG® of aHermitian matrix

G. Fix a block sizel, number of Lanczos stefdrank: , and number of Girard
Hutchinson steps . The Krylov-aware trace estimator begins by applying (roughly)
d +1le , (stepsoftheblockLanczos method [GU77] to a matrix with iid standard
Gaussian columns to build an approximation

951G W5IZOW e

This approximation is then truncated to ranky symmetrically projecting onto the
matrix W. = WA:—1 : : © containing the rst: columns of\W

51G° S :=WW W5Z'W W W =W »51Z0%1 ;=1 ::°W

Then, they estimate the residual trace5!G° S © using the resphered Girard
Hutchinson estimator, resulting in the estimate

— : é '815160' (o]

trKA =tr18°5 — 8 fOI‘.g: 1] WWO$8—$8iid

Normal g10-°e
&1 "8 8

Matvecs5! G°. gin this display are performed usii@gteps of the Lanczos algorithm.

See [CH23, Y3] for details and [PCM25] for analysis of the approximagion

The Krylov-aware trace estimator ankiirace accelerate thédutch ++ method

in di erent ways. The Krylov-aware estimator consolidates the computation of
matrix vector products5tG° and 5'G°W into a single invokation of the block
Lanczos algorithm, but retains the need to perform matrix vector prodblo®s. g

for residual trace estimationXTrace still needs two batche§'G® and 5'G°W

of matvecs to form a low-rank approximation 6t G° but removes the need for
additional matvecs for residual trace estimation.

The main advantage of the Krylov-aware trace estimator ¥ieace andXNys-
Trace is that it can be used to evaluaté 5 G°° for a family of functions5 at
minimal additional e ort. For this reason, the Krylov-aware trace estimator is often
the best algorithm for thit 51 G°° problem.

Probing methods
Another family of methods for trace estimation are basegrmbing Here, is one
version of the idea. We know that the Girard Hutchinson estimator with random



252

sign vectors has a variance depending only on the sum of the o -diagonal entries:

Varl8 G8° = 2O 03, for G2 R™ “symmetrican®  Uniff 1ge
&9

Let us use this fact to our advantage. Suppose that we are able to partition the index
setfl—e«e«e—gas a disjoint union of a small number of s&%— ¢+ *S< with the
property that the o -diagonal entries of each submat&}Sg-S¢ are small. Using
such an approximation, we can obtain an accurate approximation to the trace by
applying the Girard Hutchinson estimator separately to each submé&i8g-S¢°
where the random vectoB are supported on each partiti®3 In particular, we
can de ne thestochastic probing estimator

G & 88 4 1SP 008435 @ Uniff 18e
-1 84453850 With _ o 0 338 J
Cot o1 38g1SP = =8gaS¢ = O

Here,Cdenotes the number of matvecs perS@and§8 '= f1—eee—gnSgdenotes
the complement of eacBs

Stochastic probing methods were initially developed in quantum chromodynamics
[MBFJ+11; BBCF+12], and they reached computational mathematics shortly there-
after [ASE14; GSO17]. There are also deterministic versions of probing [TS12].
See the paper [FRS25] for analysis of stochastic probing methods and a literature
review on probing.

Probing methods require a good partitiBg- » * «S<, which demands prior infor-
mation about the matrix. In a typical application of probing, one is interested in
evaluating the trace (or diagonal) Gf= 5'N° for a sparse matri. In this setting,
one can construct a partitioniry—  * *S< from a (distance3) graph coloring of
the adjacency graph ®f, with the hope thab'N° possesses decaying entries away
from the sparsity pattern d.

Access to a good partitioning is a nontrivial requirement for probing methods.
However, when such an a partitioning is known, probing methods can be very
e ective [FRS25, Fig. 3].
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Chapter 16

DIAGONAL ESTIMATION

Extracting [the diagonal of the inverse @] is considered a challenging
task, in part because the problem cannot be easily expressed in the form
of a system of equations. The problem is usually harder to solve than a
linear system with the same matiix So far, not much literature has

been devoted to this topic, whereas the related problem of estimating the
trace ofH [= G !] received much more attention.

Jok M. Tang and Yousef Saa#l,probing method for computing the
diagonal of a matrix inversgrs12]

Chapter 14 presented the basic leave-one-out methodology and applied it to the
problem of trace estimation. This section will use the same approach to develop

diagonal estimatorsDiag andXNysDiag, for general and psd matrices. We will

also encounter another approach to matrix attribute estimation based on unbiased
low-rank approximation.

Sources.The XDiag estimator was developed in tbdrace paper:

Ethan N. Epperly, Joel A. Tropp, and Robert J. Webber. XTrace: Making the Most
of Every Sample in Stochastic Trace Estimation. ISIAM Journal on Matrix
Analysis and Application@ar. 2024), pp. 1 23.doi: 10.1137/23M1548323

TheXNysDiag algorithm and the unbiased randomized SVD algorithms are newly
developed in this thesis.

Outline. Section 16.1 introduces existing approaches to diagonal estimation not

using the leave-one-out approach, Section 16.2 presentsDieg estimator for

the diagonal of a general matrix, Section 16.3 developXisDiag estimator for

the diagonal of a psd matrix, and Sections 16.4 and 16.5 provides an experimental
comparison. We conclude with an alternative approach to matrix attribute estimation

based orunbiased low-rank approximatian Section 16.6. Th&Diag estimator

can also be derived using this approach.
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16.1 The BKS andDiag ++ diagonal estimators

To begin this chapter, we brie y discuss existing approaches to the diagonal estima-
tion problem and propose a few modi cations. Ldt2 K= ~ be a general square
matrix.

In Section 13.1, we reviewed the BKS diagonal estimator (13.4ifg* H°. Given
iid isotropic vectors8 1— ¢ * 85, we de ned

~

13
dlaggys == 'H8¢ Be (16.1)
B
&1
The BKS estimator is an unbiased Monte Carlo estimatodfag*H°. Given its
similarity to the Girard Hutchinson trace estimator, this estimator is also sometimes

calledHutchinson's diagonal estimatoAnalysis appears in [BN22; DM23a].

Remark16.1 (Original BKS estimator)The original work [BKS07] of Bekas,
Kokiopoulou, and Saad treated the rqal cdg® R~ and considered the estimator
I
SlelH88° 88.

dla = 16.2
gBKS—orlg 8:188 88 ( )

Division is performed entrywise. The original BKS estimator (16.2) and simpli ed
BKS estimator (16.1) coincide when the vect8rgare drawn iid from the random
sign distributionUnif f 1g~. This thesis will work exclusively with the simpli ed
BKS estimatodlaggys given in (16.1).

TheHutch ++ variance reduction framework extends naturally to the diagonal esti-
mation problem. Given a budget Bmatvecs, begin by computing the randomized
SVD approximation of rank®3. In detail, generate a test matrix 2 K=* B

with isotropic random columns and fordlY = Orth*H ©°. As usual,Wde nes a
low-rank approximatiorh = WAW H°. Now, we decomposeiag*H° as

diagH° = diagtR° | diagtH R

and apply the BKS estimator to estimate the residual diagonal. The resulting
unbiaseddiag++ estimatoris
1 ©°
dlag .. = diag!WEW Heo | 53 1 WWeHSH: Sy (16.3)
&1
The vectorsb— ¢ « *$ 5 are chosen to be isotropic and iid. The computational cost
of the unbiasediag++ estimator is2B 3 matvecs withH, B 3 matvecs withH ,
andOB=° additional arithmetic operations. See Program 16.1 for code.
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Program 16.1udiagpp.m. Unbiasediag++estimator for the diagonal of a matrix.
Subroutinerlandom_signs is provided in Program F.2.

function d = udiagpp(B,Bt,n,s)

% Input: Functions B() and Bt() computing matrix products B(X) =

% B*X and Bt(X) = B"*X, number of rows n, and number of

% matvecs s

% Output: Estimate d of the diagonal of B

% Randomized SVD

k = floor(s/3); % Approximation rank is s/3
Om = random_signs(n,k); % Matrix of random signs
BOm = B(Om); % Matvecs with B

[Q,~] = qr(BOm,"econ"); % Randomized SVD

% Unbiased Diag++ estimator

BtQ = Bt(Q); % Matvecs with B'
k = s - 2%k; % Remaining matvecs
Ga = random_signs(n,k); % More random signs
BGa = B(Ga); % Matvecs with B

d = diagprod(Q',BtQ") + mean((BGa - Q*(Q*BGa)) .* Ga,2);

end

In the original paper on variance-reduced diagonal estimation [BN22], Baston and
Nakatsukasa use the following alternative de nition of thieg++ estimator:

63

. 1
(§1agD++ = diag*WWIHWW®O B3 »1 WWPH?! WW°84/4 Be (16.4)
&1

This estimator requires only matvecs wiland not its adjoinH , an advantage over

the unbiasediag++estimator. In general, the originBiag++ estimator is biased,
although this bias may be small relative to the diagonal if the mairhas rapid
singular value decay. To distinguish between the two estimators (16.3) and (16.4),
the Diag++estimator will always refer to the originddiag++ estimator (16.4).

16.2 XDiag : A leave-one-out diagonal estimator for general matrices
The idea ofXDiag is similar toXTrace . We proceed with a derivation.

Step 1: Compute a low-rank approximation to the input matrix by multiplying it
against a collection of test vectorsie begin by computing a low-rank approxi-
mation toH using the randomized SVD. Let 2 K= B2 be a random matrix with
isotropic columns, form the produtt , and orthonormaliz&/= Orth*H °. We
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obtain the approximation
A = WWH.

Step 2: Decompose the quantity of interest into known piece depending on the
low-rank approximation plus a residualThe diagonal operation is linear. As such,

diagtH® = diag*R° | diagtH R° = diagtWWHe | diag*l WW°Hos

Step 3: Construct a Monte Carlo estimate of the residual using a single random
vector. To approximate the residual diagordihgtl WW°HC, we employ the
single-vector BKS estimator:

diag*tl WWwW°H° 1] WWC°H8 8-
This step leads to the unbiased diagonal estimate

dlag = diag!WWH° 1| WW°H8 8=

Step 4: Downdate the low-rank approximation by recomputing it with a test vector
removed, and use the left-out test vector as the random vector in stepl@w,
rather than using a fresh vect®r we downdate the randomized SVD, obtaining a
new matrixWig = Orth*H ¢ thatis independent from tt&h test vectoB g This
process de nes a family of baskDiag estimators

d;‘agg = diaglvvlsa\/\ésa HO N 1 I VVISJV\/ls,oH88 8_8 for 8: 1_0 . o_.B

Step 5: Average over all choices of vectors to leave dtihally, we average over
the index8to obtain the fullXDiag estimate

®2 h i

1 .
fagy = o5 diagWigWigh 11 WigW,z°H8s Bp+  (16.5)
&1

E cientformula and implementation. To implemeniXDiag e ciently, we employ
the randomized SVD downdating formula (14.5). In particular, we form H ,
compute theQR decomposition = WX and obtain the downdating matriby
normalizing the columns oK . The basicXDiag estimator is then

dlagg = diag'WAl  sSPW HO |11 WW , WgsWOH8, B
We can simplify this equation is several ways. First, de ne and compute

TEHW
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Program 16.2xdiag.m . E cient implementation of XDiag. Subroutinegnormc
anddiagprod are provided in Programs 14.1 and F.1.

function d = xdiag(B,Bt,n,s)

% Input: Functions B() and Bt() computing matrix products B(X) =

% B*X and Bt(X) = B"*X, number of rows n, and number of

% matvecs s

% Output: Estimate d of the diagonal of B

% Randomized SVD

k = floor(s/2); % Approximation rank is s/2

Om = random_signs(n,k); % Matrix of random signs

Y = B(Om); % Matvecs with B

[Q.R] = gr(Y,"econ™); % Randomized SVD

S = cnormc(inv(R"); % Downdate RSVD, cnormc normalizes cols

% Form estimator

Z = Bt(Q); % Matvecs with B'

d = diagprod(Q',Z") + mean((Q*S)... % XDiag
* (-conj(Z*S) + conj(Om) .* diagprod(S,R).",2);

end

Second, observe that WW annihilatesH8g = ygand W H8g = Wyg = rg
Introducing”™ and these observations, the basigiag estimators simplify as

dlags = diagprod!W — © Wg 1 sy, Srg B
Averaging, we obtain a formula for the futilDiag estimator.

diagx = diagprC)le—‘ 0’ %»\NY 1 T; o DiagldiagprodlY—Xoool/L-

Code is provided in Program 16.2.

Remarkl6.2 (OriginalXDiag estimator) In our original paper [ETW24], my coau-
thors and | used the original BKS estimator (16.2) for residual trace estimation in
XDiag. However, all of the experiments used the random sign distribution and were
thus insensitive to the choice between the original and unbiased BKS estimators.
| now prefer the version oKDiag presented in this thesis, because it is unbiased
for any choice of isotropic test vectors. The publicly released code for the paper
[ETW24] available at https://github.com/eepperly/XTrace implements

the same version ofDiag that appears in this thesis.
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16.3 XNysDiag : A leave-one-out diagonal estimator for psd matrices

We can develop an improved estima¥itysDiag for the diagonal of a psd matrix by
using Nystrom approximation in place of the randomized SVD. The relationship be-
tweenXNysDiag andXDiag is analogous to the relationship betweédysTrace
andXTrace .

Having presented many detailed algorithm derivations in the leave-one-out frame-
work, we now proceed more quickly. L& 2 K~ ~ be a psd matrix. Begin by
drawing a matrix 2 K= Bwith iid isotropic columns, and de ne the Nystréom
approximation

8:=Gh i

Leaving out each column of in turn gives downdated approximations
Big =Gh g for8=1-2—eee—Bs
For eact the diagonal may be decomposed as
diag! G° = diag 8:9° , diag!G B.g0e

Estimating the second term using the single-vector BKS diagonal estimator yields
the basicXNysDiag estimators

dlagy = diag'@.g°, 1 G 8.g°8g B for8=1-2—eee—Be

Averaging over the indeyields the fullXNysDiag estimate

~

G

1
(ﬂagXN = B &398’
&1

E cient formula and implementation. To implementXNysDiag e ciently, we
compute the Nystrom approximati(ﬁ: LL wusing (2.11) and form the matrix
in (14.25b). The basiZNysDiag estimators are

dlags=diaglLL  zgzP,'G LL , zz°8,; B,

In view of the interpolatory property Proposition 2.9(d), we have the ide@8y =
1LL ©°8g so this formula simpli es to

dlagg=smiL® jz§% 1z, 8P z8g
Averaging over the indeRyields a formula for the fulKXNysDiag estimator:

1 o 1o — : .
(ﬂagXN = srnlL® _Bsrnl 0’ _Bl () Dlagld|agprod1 — 00 1.
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Program 16.3 xnysdiag.m. E cient and stable implementation oKNysDiag
estimator. Subroutineystrom is provided in Program 2.3.

function d = xnysdiag(A,n,s)

% Input: Function A() computing matrix products A(X) = A*X, number

% of rows n, and number of matvecs s

% Output: Estimate d of diag(A)

[F,mu,0Om,R] = nystrom(A,n,s); % Nystrom approx

Z = (FIR") .* (sgrownorms(inv(R)) .~ (-1/2)); % Downdate it

d = sgrownorms(F) + (-sqrownorms(Z) + sum((Z...% Compute estimator
* conj(Om)) .* diagprod(Z,0m).",2))/s ...
- mu * ones(n,l);

end

For stability, we applyXNysDiag to G, | with the shift from (2.11a). We
correct the shift by subtractingl from the diagonal estimate. Code is provided in
Program 16.3.

Remarkl6.3 XNysDiag andXNysTrace ). Observe that thENysTrace estimator
is the sum of the entries of théNysDiag estimator. In contrast, th&Trace
estimate does not equal to the sum of the entries oKibiag estimate.

16.4 Synthetic Experiments

We compare diagonal estimators on two sets of synthetic examples. First, we test
with the four synthetic test matrices from (14.27) with varying spectral properties.
Second, we test on two matrices with similar spectra but very disparate distributions
of diagonal entries.

Tests on matrices with di erent spectra

Figure 16.1 provides a comparison of the BKS, unbiaB&afy++ XDiag, and
XNysDiag algorithms on the synthetic matrices from (14.27). To quantify the
discrepancy between a diagonal approximalﬂ’mg and the true diagonaliag, we

use the maximum relative error:

maxrelerr= lrna>5 M- (16.6)

g= jdiagy
The comparison of diagonal estimators in Fig. 16.1 is similar with the comparison
of trace estimators in Fig. 14.1: ThéNysDiag andXDiag estimators outperform
unbiasedXDiag and the BKS estimator on problems with spectral decay (i.e., the
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Figure 16.1: Maximum relative error of diagonal estimates by the BKS estimator
(yellow squares), unbiasddiag++ (purple asterisks)XDiag (blue crosses), and
XNysDiag (orange circles) for the four test matrices (14.27) as a function of the
numbers of matvecB The error metric is the maximum relative error, de ned in
(16.6). Lines show the median of 100 trials, and shaded regions range from the 10%
to the 90% quantile.

poly andexp matrices), and the BKS estimator slightly outperforms the other
estimators when the spectrum is at (i.e., th& example). Thestep example
demonstrates a dissimilarity between the diagonal estimation and trace estimation
problems: For diagonal estimation, thé&lysDiag estimator outperformXDiag

on this example for any number of matvdgsvhereas{NysTrace does worse than
XTrace on this example for su ciently large values &

Tests on matrices with similar spectra but di erent diagonals

A key distinction between diagonal estimation and trace estimation is that the diag-
onal entries may vary across many orders of magnitude. In such cases, itis harder to
estimate all of the diagonal entries up to a small relative error. To demonstrate this
point, we compare the diagonal estimators on two matrices with similar spectra but
very di erent diagonals: th@oly matrix (14.27b) de ned above and the following
scaledWishart matrix

scaledWishart = J 1"2M MJ 12 (16.7)
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Figure 16.2: Maximum relative error of diagonal estimates by the BKS estimator
(yellow squares), unbiasddiag++ (purple asterisks)XDiag (blue crosses), and
XNysDiag (orange circles) on theoly matrix ((14.27b)left) andscaledWishart

matrix ((16.7),right). The error metric is the maximum relative error, de ned in
(16.6). Lines show the median of 100 trials, and shaded regions show the 10% and
90% quantiles.

whereM 2 R% = is a matrix with iid (real) standard Gaussian entries dnd=
Diag!8 2 : 8= 1—+«+-°5s a diagonal matrix with entries decaying at an algebraic
rate. We again set:= 10°. These two matrices have the following properties:

~ Similar eigenvalue decayBoth poly andscaledWishart have polynomi-
ally decreasing eigenvalues spanning a similar ranggx® _min is 1.0e6 for
poly and 5.0e6 foscaledWishart .

" Dustubct diagonal values. Despite their spectral similaritiegpoly and
scaledWishart have very di erent diagonals. The diagonal entriepofy
are comparable, wittmax0OggminQOgg= 6.9el, while the diagonal entries
of scaledWishart span many orders of magnitude, wittaxOgg min Ogg=
1.0e6.

Results appear in Fig. 16.2. We see that whiledtignal rankingof the algorithms
remains unchangeXysDiag > XDiag > unbiasediag++> BKS), the maximum
relative error is signi cantly higher for thecaledWishart example than thpoly
examples. These experiments demonstrate that accurately approximating the small
diagonal entries of a matrix whose diagonal entries span multiple orders of mag-
nitude can be challenging for variance-reduced diagonal estimators. This behavior
makes sense: Unbias@iag++ XDiag, andXNysDiag all work by computing a
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Figure 16.3: Maximum relative error of diagonal estimates by the BKS estimator
(yellow squares), unbiasddiag++ (purple asterisks)XDiag (blue crosses), and
XNysDiag (orange circles) for estimating the subgraph centralities. We show both
the the maximum relative erroleft, (16.6)) and the relative, error (ight). Lines
show median of 100 trials, and error bars show 10% and 90% quantiles.

low-rank approximation of the input matrix, which naturally capture large matrix
entries better than smaller ones.

16.5 Application: Subgraph centralities
In Section 14.9, we used stochastic trace estimators to compute the Estrada index of
a graph with adjacency matri® , which is de ned as

estr:=triexptS ©%

The Estrada index serves aglabalmeasure of how centralized or clustered the
nodes of a graph are. Tkabgraph centralitief=Est22] provide an analogous notion
of how central each node is to a graph. The vecsorof subgraph centralities is
the diagonal ofG = exp'S ©:

sc:= diaglexp'S ©%

Consequently, the sum of the subgraph centralities is the Estrada index.

Figure 16.3 shows estimates of the the subgraph centralities calculated with dif-
ferent diagonal estimation algorithms. As in Fig. 14.4, we useydast dataset
[BZCX+03] and perform matvecs witls = exp'S © by forty steps of the Lanczos
algorithm [Che24, Ch. 6]. The left panel shows the maximum relative error (16.6)
and the right panel shows the errorkdlag diagks kdiagk. We see thaxNys-

Diag clearly outperformsXDiag and unbiasediag++, which in turn outperform

the BKS estimator. In absolute terms, the maximum relative error for all methods
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is fairly large, with theXNysDiag estimator achieving a maximum relative error of

0.3 with B= 300 matvecs. Thes errors are much smaller for all methods. The
reason for the large discrepancy between the maximum relative erros anr is

that the diagonal entries @ span many orders of magnitude, similar to the scaled
Wishart example (16.7). Thus, the variance-reduced methods compute the largest
diagonal entries to high-accuracy but struggle to accurately approximate the smaller
entries. We will explore a partial solution to this small diagonal entries problem

in Sections 17.2and 17.7.

16.6 Another view: Unbiased low-rank approximation

In this section, we will develop another way of deriving KiBiag estimator. This
strategy extends naturally to construct estimators for other matrix entries or linear
functionals. So far, we have approached the problem of matrix attribute estimation
by designing purpose-built unbiased estimators that target each particular matrix
attribute. But one could instead form an unbiased estirRaté the input matrix

H 2 K< = itself. Given such &3, one can obtain unbiased estimates for lin-/

ear matrix attribute! *H® by computing! 1R, Here,! : K< =! V denotes an
arbitrary linear map. Trace estimation and diagonal estimation are special cases of
this framework with! = tr and! = diag. Other special cases includéH°® = 1g9
(computing a speci ed entry) drtH° = trtl H° (computing the inner product with
another matrix ).

We can use the leave-one-out approach to develop unbiased low-rank approximation
primitives. We will illustrate by developing an unbiased version of the randomized
SVD. Consider the task of computing an unbiased raakproximation to a general

matrix H 2 K< =. We follow the leave-one-out approach:

Step 1: Compute a low-rank approximation to the input matrix by multiplying it
against a collection of test vector&egin by generating a matrix 2 K= - with iid
isotropic columns, and form the randomized SVD approximatidts OrthiH ©
andWWH H.

Step 2: Decompose the quantity of interest into known piece depending on the
low-rank approximation plus a residualThe matrixH can decomposed as

H=WWH, 1 WWCHs

Step 3: Construct a Monte Carlo estimate of the residual using a single random
vector. To approximate the residudl WW?°H, introduce a copy of the identity
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matrix and introduce the unbiased stochastic approximatio88 furnished by
an isotropic vecto8 2 K=:

1 WWPH=1 WW°H | *1 WW°H 88 -
This results in a stochastic approximationHp

H WWH,!l WW°H88 -

Step 4: Downdate the low-rank approximation by recomputing it with a test vector
removed, and use the left-out test vector as the random vector in stégpBeach

8 downdate the randomized SVD approximation to produce a downdated low-rank
approximationi,qW.q H that is independent &g For eact8 this procedure yields

an unbiased low-rank approximation

Rg:= WgWigH , 11 WigW,g°H8 8 g° (16.8)

Step 5: Average over all choices of vectors to leave ¢tihally, average (16.8) over
the index8to obtain the unbiased randomized SVD low-rank approximation
16 h i
=— WigWigH, 21 WgW,o°HB8 B¢ (16.9)
s

Implementation. To develop an e cient unbiased randomized SVD implemen-
tation, we substitute the downdating formula (14.5) in (16.9) and simplify alge-
braically, a la Section 14.3. As usual, the derivation is somewhat complicated; we
omitthe details. Here is the procedure: First,compute H , the (economy-size)

QR decomposition = WX the downdating matriyx in (14.5), and the product

| := H W. The basic unbiased randomized SVD estimators (16.8) are

Rg=WI , Wg! s5l , Sgrg 8g°— (16.10)

and their mean is

YY 1 . .
R=w | — | , = Y Diagdiagprod!Y-X©°° .

An implementation appears in Program 16.4.

Deriving the XDiag estimator from the unbiased randomized SVBomparing
theXDiag estimator (16.5) to the unbiased randomized SVD approximation (16.9),
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Program 16.4usvd.m. Unbiased randomized SVD algorithm for unbiased low-
rank approximation and matrix attribute estimation. Subroutidegprod ,
random_signs, andcnormcare provided in Programs 14.1, F.1 and F.2.

function [U,S,V] = usvd(B,Bt,n,k)

% Input: Functions B() and Bt() computing matrix products B(X) =

% B*X and Bt(X) = B™*X, number of rows n, and number of
% matvecs s

% Output: Unbiased low-rank approximation Bhat to B, presented as an
% economy-size SVD Bhat = U*S*V'

% Define test matrix
Om = random_signs(n,k); % Matrix of random signs

Y = B(Om); % Matvecs with B

[Q.R] = gr(Y,"econ); % Randomized SVD

S = cnormc(inv(R"); % Downdate randomized SVD
C = Bt(Q); % Matvecs with B'

% Compute unbiased randomized SVD

F = (eye(k) - S*S'/k) * C' + (S .* diagprod(S,R).) * Om' / k;
[UU,S,V] = svd(F,"econ");

U = Q*UU;

end

we see theXDiag estimator is the diagonal of the unbiased randomized SVD
approximation. Inthis way, the unbiased randomized SVD algorithm (Program 16.4)
gives another way of implementirn§Diag: Simply run the unbiased randomized
SVD and formXDiag estimator by the formuldlag = diagprod[ — \ °. This
approach has the advantage that one can reuse the same unbiased randomized SVD
approximation to estimate other entries of the matrix on an as-needed basis via the
formula

1g9 b.ggz[ 180 \ 190 »
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Chapter 17

ROW-NORM ESTIMATION

| often say that when you can measure what you are speaking about, and
express it in numbers, you know something about it; but when you
cannot measure it, when you cannot express it in numbers, your
knowledge is of a meagre and unsatisfactory kind; it may be the
beginning of knowledge, but you have scarcely, in your thoughts,
advanced to the stage of science, whatever the matter may be.

Lord Kelvin [Kel89]

Among matrix attribute estimation problems, the trace estimation and diagonal
estimation problems have received the lion's share of the attention. But there is
another problem of fundamental interest that also merits study: the problem of
estimating theow normsof a matrixH.

This chapter uses the leave-one-out approach to develop algorithms for estimating the
row norms of an implicit matrix. The resultifgRowNorm and XSymRowNorm
estimators are applicable to general and Hermitian matrices, respectively.

Sources.This chapter is based on original research that has not yet been published.
It uses the leave-one-out approach developed iiX@race paper [ETW24].

Outline. The squared row norms dfl comprise the diagonal dfiH , so it is
natural to ask: Should we just use diagonal estimators for row-norm estimation? We
answer this question with a de nitive no in Section 17.1. In fact, as we discuss

in Section 17.2, sometimes one can (and should) use row-norm estimators to solve
diagonal estimation problems! With the importance of purpose-built row-norm
estimators established, Section 17.3 describes existing variance-reduced but non-
leave-on-out row-norm estimators, Section 17.4 developsRwevNorm algorithm

for general matrices, and Section 17.5 introducesXB8gmRowNorm algorithm

for Hermitian matrices. Sections 17.6 and 17.7 provide experimental comparisons.

17.1 Isrow-norm estimation just diagonal estimation?
Viewed one way, the row-norm estimation problem is a special case of the diagonal
estimation problem, owing to the identigyn*H® = diag*HH °. Therefore, the
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row-norm estimation problem can be solved by applying a diagonal estimator, such
asXNysDiag, to HH .

However, the most accurate algorithms for the row-norm estimation problem do
not proceed via diagonal estimation. To see why, let us compare two estimates of
srntH° = diag*HH ©°: The BKS estimator

~

10
SINBKs = — HiH 880 8_8 (17.1)
gl

versus the Johnson Lindenstrauss row-norm estimator

~ ~

16, 10 —
srnyL=— JH8g°=— H8¢ H8¢ e (17.2)

S S
The rst di erence between these estimators is their computational cost; to form a
. -term estimate, the BKS estima®&mngks requires matvecs withtH and: matvecs
with H . The Johnson Lindenstrauss estimat®;_requires just matvecs with
H. Perhaps a more signi cant di erence emerges from the error analysis of these
two estimators.

Theorem 17.1(Comparison of Monte Carlo row norm estimatesg¢t H 2 R* =
be arealmatrix with rows#g, and consider the squared row norm estimgtes 1)
and(17.2)using iid vectors on the sphePe_=SlK:°. Then, foreaci 8 <,we
have the variance bounds

Eanl® #g° =- —= g #g'— (17.3)

E srnpks'®  #g - K jHat e (17.4)
' o1

The constants areg = 2=e1=  2°and ¢ ==-1=, 1°.

This result suggests that the Johnson Lindenstrauss row-norm estimator (17.2) is
superior to the BKS diagonal estimator appliedH#&d (17.1). The error of the
Johnson Lindenstrauss estimator of @k row norm depends only on tt&h row

norm of H; by contrast, the bound on the error of the BKS estimator depends on the
magnitude of the inner products of t&k row of H against all of the other rows. For

this exampleH = 1# , mean-squared error for the Monte Carlo row-norm estimator
(17.3) is roughly a factor o£ smaller than the bound (17.4) on the mean-squared
error for the BKS estimator. On this extreme case, the BKS estimator (17.1) is
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essentially worthless as it expend$<©® matvecs to achieve a nontrivial result.
(Recall that any matrix attribute estimation problem can be solved at a trivial cost
of mint<—=* matvecs.) The Johnson Lindenstrauss estimator (17.2), by contrast,
computes any row norm of any matrkt to root-mean-squared relative erréin

just O11e Y2° matvecs, independent of the dimensiongof

Theorem 17.1 demonstrates that dedicated algorithms for the row-norm estima-
tion problem can signi cantly outperform diagonal estimators applied to the outer
product matrixHH . This result justi es our study of the row-norm estimation
problem as distinct from diagonal estimation, and motivates the development of
purpose-build row-norm estimators.

Proof of Theorem 17.1Both the BKS and Johnson Lindenstrauss row-norm esti-
mators (17.1) and (17.2) are averages aid copies of a single-vector unbiased
estimator; ergo, the mean-squared error for eadh istimes the variance of the
single-vector estimator.

Begin with the Johnson Lindenstrauss estimator
Ny = jH8j2—

and restrict attention to th&h coordinatesrnyc!® = j#88j2. We may rewrite
this coordinate in the form of a Girard Hutchinson trace estimaorn,cl® =
8 #g#,°8. The matrix has simple eigenvaluég ? and a multiple eigenvalue
with multiplicity = 1. The average eigenvalue is= #g %oz, Therefore, by

Fact 13.2, we obtain
I I
22 2:2
2 Hg 1= 1o #g = 1

4
Varlsrnycl®° = ¢ #8 K #8 .

Now, we treat the single-vector BKS estimator
Sngks=HH8 T

and restrict attention to tHh coordinatesrngks!® = #gH 8 T7g Observe that we
can writel g= 8 e, and#g = g;H. Therefore,

S]'nBKsls’ = I_1H18+°H 8 =8 1e8e8HH 08 e

Invoking Fact 13.2, we obtain

Varlsrngks!®® g egHH i: K #HeH 2=k jgHgle
=1
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This completes the proof of the stated results. m

Remarkl7.2 (History) Standard probabilistic proofs of the Johnson Lindenstrauss
lemma [JL84] show thasrn;_approximates each squared row normkbip to

a constant factor, provided the number of matvecs s Olog=°C. As such, it

is natural to attribute the estimat@m;_to Johnson and Lindenstrauss. However,
despite being an immediate corollary of the Johnson Lindenstrauss lemma (1984),
| was unable to nd a reference whesen;_ was used to estimate the row norms of

an implicit matrix earlier than Spielman and Srivastava's work in 2008 [SS08]. The
papers [DMMW12; LMP13] also use this technique. The value of purpose-built
row-norm estimators over diagonal estimators is emphasized by Mathur, Moka, and
Botev [MMB21] and in recent works of Michael Lindsey [Lin23; FL24].

Numerical demonstration and application: Leverage-score estimation

As an application and a demonstration of Theorem 17.1, we compare the Johnson
Lindenstrauss row-norm estimator and the BKS AhysDiag diagonal estimators

for the problem ofleverage-score estimatiorRecall that the leverage scores of a
matrix H are the squared row norms df = Orth 1H°. Estimating leverage scores

is major application for row-norm estimators. Following [CP19; MMMW+23], we
focus on leverage-score estimation for polynomial regression.

Let G— ¢+ *<Glenote equally spaced points enl-1%and de ne the polynomial

regression matrid 2 R< = with entrieslgg=) g 11GP; here,) . denotes the th

Chebyshev polynomial (of the rstkind). We set:= 10° and=:= 10%. Figure 17.1

shows the results of applying the Johnson Lindenstrauss row-norm estimatér to

and the BKS an&NysDiag diagonal estimators t&/W, whereW = Orth 1H° For

each method, we report the approximation ratio between the true leverage scores
= srn?WP and the approximate leverage scdesalculated as

«C ¢ ) )

approximation ratio= max max S8 ig=1-eee_=

8
As seen in the left panel, the approximation ratio for the Johnson Lindenstrauss
row-norm estimator is dramatically lower than for the diagonal estimators. The
diagonal estimators also produce many negative leverage-score estimates, which are
clearly vacuous. The right panel shows the (positive) leverage-score estimates as a
function of the positiorG The Johnson Lindenstrauss estimates closely track the
true leverage scores, whereas the other estimates carry essentially no information.
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